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Coupled energy-drift and force-balance equations for high-field hot-carrier transport
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Coupled energy-drift and force-balance equations that contain a frictional force for the center-of-mass
motion of electrons are derived for hot-electron transport under a strong dc electric field. The frictional force
is found to be related to the net rate of phonon emission, which takes away the momentum of a phonon from
an electron during each phonon-emission event. The net rate of phonon emission is determined by the Boltz-
mann scattering equation, which depends on the distribution of electrons interacting with phonons. The work
done by the frictional force is included into the energy-drift equation for the electron-relative scattering motion
and is found to increase the thermal energy of the electrons. The importance of the hot-electron effect in the
energy-drift term under a strong dc field is demonstrated in reducing the field-dependent drift velocity and
mobility. The Doppler shift in the energy conservation of scattering electrons interacting with impurities and
phonons is found to lead to an anisotropic distribution of electrons in the momentum space along the field
direction. The importance of this anisotropic distribution is demonstrated through a comparison with the
isotropic energy-balance equation, from which we find that defining a state-independent electron temperature
becomes impossible. To the leading order, the energy-drift equation is linearized with a distribution function by
expanding it into a Fokker-Planck-type equation, along with the expansions of both the force-balance equation
and the Boltzmann scattering equation for hot phonons.
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I. INTRODUCTION with respect to the moving center of mass. The center-of-

There have been many theories proposed over the years @SS motion will couple to the relative scattering motion
describe the transport of hot electrons through a solid whefIrough a Doppler shift in the electron energy along the field
the electric field being applied to the system is large, and thgiréction. This can be modeled as a frictional force acting
current-voltage characteristics deviate from those of linea etween the drifting electrons and thg stationary lattice and
response theory. The semiclassidabgula) Boltzmann impurity atoms® As a result, the motion of the electrons

transport equation, with momentum-drift included, seems td*

be the only one of these early theories amenable to practiciven though this frictional force can be measured classically,

use. However, even the regular Boltzmann transport equatio' is a quantum-statistical average of all the frictional forces

becomes laborious when the system goes beyond the Iineag
field regime. Frolich and Paranjdpased a displaced Max-

cting on all the electrons in the relative scattering motion,
nd thus it depends on the distribution of electrons in differ-
. S ) . ent quantum states. This distribution of electrons in the vari-
wellian distribution to describe the electron transport in in- o quantum states is determined by the Doppler-shift-

sula}gors and semiconductors at high temperatures. Lat€f,qjified elastic and inelastic scattering of the electrons,
Arai“ used a similar model to describe electron transport iNncluding phonon and impurity scattering.

metals at low temperatures, using a Fermi-Dirac distribution  The most straightforward and simplest way to treat a
instead to predict a finite electron temperature under an apsteady-state distribution of electrons is by introducing a
plied electric field, even when the lattice temperature went tGtate-independent electron temperature for use in a Fermi-
zero. Soon after that, Lei and Tihgroposed coupled force- Dirac distribution of hot electrons. This electron temperature,
balance and energy-balance equations to describe electrogigferent from the lattice temperature, can be found by using
in semiconductors and metals at both low and high temperaan isotropic energy-balance equation for the relative motion
tures by assuming an isotropic quasi-thermal-equilibriunof the electrons. However, this simple method cannot be
(Fermi-Dirag distribution for hot electrons with a tempera- used when an external field is present, even in a steady state,
ture different from the lattice temperature. Very recently,since in that case, the assumption of an isotropic Fermi-Dirac
Huanget al# used the Boltzmann scattering equation to re-distribution for hot electrons cannot be justified. Indeed, the
place the energy-balance equation, and then accurately detemergy-balance equation itself cannot be justified when the
mined the electron temperature. drift velocity is large, producing a Doppler shift that is com-

It is well known that the drifting of electrons under a dc parable to the phonon energy. Finally, even though the
field can be treated as a field-driven center-of-m@sdlec- energy-balance equation can include the screening effect, it
tive) motion of many electron3The scattering of electrons excludes the effects of electron-electron scattering on elec-
by the lattice ions or impurities within the lattice can then betron transport. For these reasons, we introduce a more rigor-
considered as a relative motion within the center-of-mas®us method to describe the relative motion of hot electrons
frame. A spatially-uniform external field will only couple to undergoing anisotropic scattering that involves the use of the
the center-of-mass motion. The lattice ions and the ionize®oltzmann scattering equation, with the addition of an
impurity atoms within the semiconductor remain stationaryenergy-drift term. When the dc electric field is very strong,
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the distribution of hot electrons is far from equilibrium, and drift and force-balance equations for hot-carrier transport un-
the definition of a state-independent electron temperature beler a strong dc electric field. The numerical results are dis-
comes impossible. Therefore, the approximate treatrients played in Sec. Ill for the calculated drift velocities and

of hot phonons are no longer valid. mobilities as functions of the dc field, and they are explained

The motivation of the current paper is as follows. It is physically. The paper is concluded in Sec. IV along with
known that the regular Boltzmann transport equation in-some remarks.

cludes carrier drift in momentum space, but does not apply to
hot-carrier transport under a strong dc field. On the other
hand, the energy-balance equation includes hot-carrier ef- II. THEORY

fects, but the isotropic carrier distribution that is assumed The motion of many electrons in-doped bulk semicon-

does not include any anisotropic momentum dependence igctors can be separated into the center-of-mass and relative
the carrier distribution along the field direction; the State'scattering motions. The center-of-mass motion of electrons is

independent electron temperature that is introduced becomeg. jiped by a Newton-like force-balance equation for the
unphysical when the dc field is very strong, and the Condl'drift velocity of the center of mass. The forces in this equa-

tions are far from equilibrium. We propose coupled energyglf)on contain a driving force from a dc electric field and a

drift and force-balance equations that can be applied to ho rictional force from both impurity and phonon scatterin
carrier transport by including both the hot-carrier effects an purity P 9.

the anisotropic momentum dependence in the carrier distri= uring the. scattering of electrons with phonons, each
bution along the field direction, without introducing a state-Phonon-emission process takes away the momentum of a
independent electron temperature. phonon_ from an electron. Meanwhile, each phonon-
The energy-drift and force-balance equations propose@Psorption process adds the momentum of a phonon to an
here are based on the following physical considerations: electron. The relative scattering motion of electrons should
(i) Transport of carriers under a dc field results from thebe described by the energy-drift equation, i.e., the Boltzmann
center-of-mass drifting motion. This slow motion can bescattering equation without momentum drift included, but
treated classically after a quantum-statistical average haaith energy drift included. The energy drift is due to the
been taken. work done by the frictional force against the center-of-mass
(i) Interaction between moving carriers and static latticedrift motion of the electrons. This work increases the internal
ions and static impurity atoms in a motion relative to theenergy(i.e., the thermal energyof electrons, causes the dis-
center of mass is modified by a Doppler shift in the energy otribution of electrons to deviate from an equilibrium one, and
the moving carriers in the field direction. This couples thereduces the mobility of hot electrons due to enhanced scat-
center-of-mass motion with the relative motion. tering with phonons. When the dc field is weak, the phonons
(i) The relative scattering motion of the carriers becomesyre described by a distribution that is nearly in equilibrium.
anisotropic in the field direction due to the Doppler shift. yowever, when the dc field is strong, the phonons are de-
This contributes to a nonzero frictional force that resists thgsriped by a nonequilibrium distribution. For this latter case,

dc—dri_ving f_o_rce. This frictional force contains gontributions many phonons must be generated to balance the strong dc-
from impurities and phonons. The phonon-emission proces

) ~==driving force.
will take the momentum of a phonon away from a carner,a g force

while the phonon-absorption process will add the momentur’g In order to make this paper self-contained, we will rewrite
of a phonon to a carrier. ome of the key equations from Ref. 4 in a slightly more

(iv) The classical center-of-mass motion can be describegeneral fgrm. In the presence of a spatially-uniform dc elec-
by the force-balance equation including a frictional force,tric field Eq, the Hamiltonian of manynteractingelectrons
while the relative motion is composed of many-particlein bulk semiconductors can be written as
guantum-scattering events that can be described by the &2

energy-drift equation, including the work done by the fric- H= 1*2 6|2+ > = —eDF By
tional forces to increase the thermal energy of the carriers. 2m 5 i<j Amegel|r = T i

The increased thermal energy of hot carriers is expected to s B o one 2

reduce the field-dependent carrier drift velocity and mobility. + 2 UMP(F - Ry) = 2 0y - VU -Ry), (D)

In this paper, we have generalized our theory in Ref. 4 by a he

using the Boltzmann scattering equation with energy driftwhere i=1,2,... N, is the index of N, electrons, a
included and by using momentum dissipation in the repre=1,2,...N,, is the index for N, impurity atoms, ¢
sentation of the phonon-induced frictional scattering forces=1,2, ... N, is the index foN, lattice ionsf; is the position
This allows us to completely eliminate the need for any Sorector for theith electron R, andR, are the position vectors

of electron- and lattice-temperature definitions, and allows ug¢ impurity atoms and lattice ionsi, represents the ion dis-

to describe events far from equilibrium. This approach alsgy|5cement from the thermal equilibrium positian’ is the
brings the hot-electron transport formulation closer to that ok ffactive mass of electrong, is the dielectric constant in the
the semiconductor Bloch equatiohahich should allow the  yacyym, ande, is the relative dielectric constant of host
COUkE’l“”g ofr;these rt]WO f?rmfél_llsrln_stto P;PCGEO' W'_tholu(tj ad”Ysemiconductors. The single-electron momentum operator is
l{ohrg fft?rsé.w en coherent optical interactions are include I%i:—ihvﬁ, and both the impurity potentidl™(f ~R.) and

The organization of the paper is as follows. In Sec. II, wethe ion potentiall’°(r;~R,) are included. We first define the
introduce our model and theory, and derive coupled energyeenter-of-mass momentum and position vectors by
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is the Fourier transform of the impurity potentiah™P(r”

+§C—§a), andC,, is the electron-phonon coupling constant
that will be given later in this section. The coupling of the

center-of-mass and relative motioftbe factor exfig -FEC)]

P can be seen from the impurity and phonon parts of the rela-

bl =pi— N_P r=r-R. (3 tive Hamiltonian in Eq.(5).
© From the total Hamiltonian, we derive two Heisenberg

By using the center-of-mass and relative momentum and paequations for the center-of-mass motion of electrons,
sition vectors defined in Eq§2) and(3), we can separate the 1 - A )
total Hamiltoni_an, including the Hamiltonians o_f electrons d—pcz %[PciHcm"' Hyet] = Ne€Ege— i >, chqeid-R‘:
and phonons, into one center-of-mass Hamiltorfiy, and t g
another relative Hamiltoniaf,, given by

> U A
Pe=2> B, W:WEri, )
i e i

and those for the relative motion by

X (bg, + bg)pg = iZ Ui(@)Ges X Rapg,  (6)
g,a

(PC)Z -
Hem= - NeEEdc R, (4) ~
2Nem R d ﬁc
u=—R°= _[RC Hem* Hrel] TN (7)
1 at 2 ntn Nem
Hiel= 2 e ha E ﬁQq)\bcj)\bﬁ)\ “ “ ~ .
Ko G Whel’epnggoa@_qga@r represents the density-wave operator
1 2 of electrons. Applying a quantum-statistical average-)),,
=D qzvé;qaég'—qo'éﬁ’o’éﬁo to Egs.(6) and(7) and defining the following quantities:
<! G €o€r
kk',o,0" 4
. d d=>
~r Nem' — —P° , 8
+ IZE % Cq)\(bd)\ + biq)\)elq R ak+q0'ak(7 € dt 0~ << dt >>av ( )
G(R-R) AT WhereJOE«ISCINem*))a\, is the drift velocity related to the
+%%U (e ak+q0a"“‘ ®) center-of-mass momentum, we obtain the following force-

balance equation:
whereV is the volume of the systend(), is the phonon d ) R R
energy with wave numbeq for mode \ (totally three Nem' —Ug = NeeEge + Fi[ﬁo]+Fp[Go]- ©)
modes, s, =%%k?/2m’ is the kinetic energy of electrons with dt
wave numbek, and the indexr=+1 is for the up-and down-

spin states of electrons. We uéég (3c.) to represent the Here Fi[Uo] and F[Uo] are the frictional forces resulting

_ o ~ o n from impurity and phonon scattering, respectively.
creation(annihilatior) operator of electrons anaf;, (b) to For the relative motion of electrons, the energy-drift equa-
denote the creatiotannihilation operator of phonondJ;(q)  tion for electrons in a dc field can be derived as

dnk em
— =72, (G- Up)N, Ui(@)[?Seyeq — ek + A - Uo) (nk+q Q)+ E @q- UO){[Nq)\(“’q)\) + 1]{ }[ ]®|;@\_ Nar (@gn)

q

d d d i
{;} EZ?} —E @ u&{[N wLo>+1]{ k}[ OGN 4%){6 }[ ]®E,%S}+WE”><1-na>—W&°“Dn@
n n

(10

where n; is the electron-distribution function in th&  equatiod® to determine a macroscopistate-independent
state, and the energy-drift term (?f[ﬁ/ﬁsk][n]{(ﬁi[ﬁo] electr_on_ temperature. On the other hand,_the wor_k done by
LETG -G due to th K d by the frictional f the frictional force is introduced here to microscopically de-
P_[UO]) 'huo}('j _fl:e 0 er:/vorb one Iyd g ”ﬁ lona Or(zje_ftermine the thermal effects on the electron distribution under
against the drift motion, has been included. The energy-driff;q, ejectric fields, without having to define an electron tem-
term physically represents the rate for increasing the thermajg o e which is unphysical in the situation described here.
energy of electrons in thé state. The work done by the The introduction of this additional term in E€LO) is crucial
frictional force was introduced in the energy-balancefor the discussion of thermal effects on hot-electron trans-
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port. In Eq.(10), {9/ dey}y indicates that the energy deriva- Ng(x)=[exp(x)-1]™ is the Bose-Einstein function, andis
tive only acts upon the occupation probability or ng.g, the initial lattice temperature. For optical phonons, the non-
#.G-Uy is the Doppler shift in the energy of moving electrons equilibrium distribution Ng(w_ o) can be determined in a
along the field directionfiwg, is the energy of acoustic similar way by the following equation:

phonons in thex mode with a wave vectoq, 7w ¢ is the

energy of the longitudinal-optical phononsU;(q) dNg(@Lo) = @ N(w,o) + 1]_®absN§( )

=7 e, (P+Q2)V] is the interaction between electrons dt 44 g "d\®“Lo

and impurities,Z; is the charge number of ionized donor
atoms,Q2=(€?/ gye,) (M | m°h?)(3m20r3p) Y/ for static screen-
ing, and o3p=N./V is the electron concentration in the T4
doped-host semiconductorg, (wg,) is the nonequilibrium
acoustic-phonon distribution which satisfies the following

Boltzmann scattering equation for hot phonons: _ g 3 R
time for optical phonons with wave vectar The lack of
dNg) (wq) dependence ofv o on the wave numbeq will alter the
dt :®SHNdx(“’qx) +1] _ggsNdh(qu) momentum exchange between the electrons and the optical
phonons during a scattering process. We have introduced a
relaxation-time approximation in Eq§ll) and (12) for ad-
ditional phonon scattering other than the electron-phonon
scattering. This additional phonon scattering includes both
where®g" and ®gfsare the rates for acoustic-phonon emis-phonon-phonon interaction and boundary scattering of
sion and absorption, respectively, is the relaxation time phonons.
for acoustic phonons with wave vectgrand in moden, The scattering-in rate for electrons in the fikadtate is

~ Ng(wLo) = No(fiew o/kgT)

: (12

where ™ and ®2° are the rates for optical-phonon emis-
g q

sion and absorption, respectively, amglis the relaxation

_ Nd)\(wq)\) - No(ﬁwqx/ kgT) (11)
Td)\ '

; 2 L o 2
W(k’m) = Na?E |Ui(q)|2[n|2—c35(8k ~8&kqt hq - Ug) + n|2+q5(8k T Ek+q T hiq-Ug)] + 72 |Cq)\|2{nlz—de)\(wq)\) ek — Ek—q~ hwqx
a 4\
. . 27 .
+7G - Up) + N Ny (wgp) + L]y = epaq + i, — AiG - Ug)} + 72 |ColH{n-gNg(@L0) ey = £xq = i o + A - Uo)
q

. 2m e 2
+ N Ng(wLo) + 1] 8(ey = eyaq + fiw o = AiG - Up)} + ?2 (—ZV> (1 =g )Ng-gnir+goek + e = kg~ Er+g), (13)
K'.G €0€Q

where the last term in Eq13) is due to Coulomb scattering, and the scattering-out rate for electrons in the krstae is
ouh _ , 2 2 . Lo 27 2
W = NG S U@L = Naq) Sreq = g1+ A - o) + (1= ieg) g — 1= A G + = [Cop (1 = i)
q an

I o 2T
X N (0qn) &g = g = g, + G - Ug) + (1 —Ni_g)[Ng\(wgn) + L] (ey—q = e+ g, — g - Up)} + 72 |Cy?
q

X{(1 = ngyg)Ng(@L0) 8erg — 8k = w0 + 71G - Ug) + (1 —ni_g)[Ng(w o) + 1]8(ey-q — &+ i o — G - Ug)}
21 ( e

2
m) Mg (1 =Ng_g) (L =N i) Nexq + exreg — &k~ k) (14)

K'.q

For the scattering-in rate, the first term in H43) is dia- resented by the top panel in Fig. 2. On the other hand, the
grammatically represented by the top panel in Fig. 1. Thdirst term in Eq.(14) for the scattering-out rate is diagram-
second and third terms in E(L3) are diagrammatically rep- matically represented by the bottom panel in Fig. 1. The
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> > > >
Euq= &~ RQ-Up Eq= &+ AQ-Uy

®",
_8 .y
<=
?'ZI) [UO]

A7
0= 075 =~ ICal"Z g1 -0
k k

X 6(8k - Sk—q - ﬁwq)\ + hq . l:io)

%3 [#%1 + N1 — Ngig) Aepaq — £k~ rwgy + 71G - Ug)}.
__a__9>< __ai__x 3 (16)
= = For optical phonons, we have
® @ A &
s s . 41
f= Eq- G0,  (OUY €= Eyuq + G-l @gm = 2 ®EE = 7|Cq|22 {Ngeg(1 —np)
FIG. 1. Diagrams for scattering-ittop panel and scattering-out k k
(bottom panel rates of moving electrons with static-impurity at- R
- , _ X o(eg— +h —-hq-u
oms. The solid lines with arrows represent the electron states with (&= 8ierq + o0 =1 - Uo)
wave vectors indicated. The dashed lines with crosses repre;sent the +ng(1 - ng_q)é(sk_q - g+ hwo—hG- Uy},
interactions of electrons with impurities with the wave vecafpr 17)

The circled wave vectok of electrons denotes the initial state for
the scattering-out rate and the final state for the scattering-inigte.

is the electron drift velocity with its direction indicated by a hollow
arrow in the dc-field direction. The conditions for energy conserva-
tion in each case are also shown among the electron kinetic energies
e andey.q, and the Doppler shifig- Go.

vy
05= 3 075= —"|Cy*2 necg(1 1)
k k

X 6(8k - Sk_q - tho + ﬁq . Go)
+ (1 —Ngyg) Segeq — &~ frw o +AG - Ug)}-
(18)
For the phonon-emission rate in E45), its diagrammatical
representation is shown by the top panel in Fig. 3. On the
other hand, the diagrammatical representation of the phonon-

absorption rate in Eq.16) is displayed by the bottom panel
in Fig. 3. In Egs.(13)—(18), we have defined

second and third terms in ElL4) are diagrammatically rep-
resented by the bottom panel in Fig. 2.

The emission rate for acoustic phonons in thenode
with a wave vectol due to the interaction of phonons with
electrons is

Am 2_ 22, 9 2 ( q’ )2
= ran = 5 ICal? (L =g Coll®= 55— | Do+ =/, (19
o %(H)k‘““ —ICal %{nk+q(1 ng) |Cafl 2inwq({ o°+ (ehy } 7+ (19
X 8y~ Exsq + hwg, — hq - Uo) A 13 d \?
T o Cal?= s ——2 (e =, (20
+ (1 = Ng_g) ey — ek + Frwg, = i - Up)}, 2piVwq 64 q°+Qg

(15 for the couplings between the electrons and the longitudinal
(A=¢) and transversg\=t) acoustic phonons withwg,
=gs, in the Debye model, whersg, is the sound velocity of
acoustic phonons in themode,p; is the ion-mass densitid

is the deformation potential, arfd, is the piezoelectric con-

stant. For optical phonons, we have

and the absorption rate for acoustic phonons inxheode
with a wave vectoq is

®

>

e, -1 k-§
Q- 9-U,] -[Qq5- 9-9] K > 9 >
(& § e T e
(in) Qg -Ug] Q- 9-U]
(& R k+g R R+ (emission)
A _9__ R+3
> > 1 +q
Q- - - > >
@ Q- 9-Ug] [€2- QU] 3 &
(out) -[Qqi-a-4g] -[Qqi-9-96]
k-4

FIG. 2. Diagrams for scattering-itop panel and scattering-out (absorption)

(bottom panel rates of moving electrons with static-lattice ions.  FIG. 3. Diagrams for phonon-emissigtop panel and phonon-
The solid lines with arrows represent the electron states with wavebsorption(bottom panél rates due to interaction of moving elec-
vectors indicated. The dashed lines with arrows represent the intetrons with static-lattice ions. The solid lines with arrows represent
actions of carriers with phonons with the wave vedfofhe circled  the electron states with wave vectors indicated. The dashed lines
wave vectolk of electrons denotes the initial state for the scattering-with arrows represent the interactions of carriers with phonons with

out rate and the final state for the scattering-in rélg,=wg, or
o denotes the phonon frequency aipdi, is the Doppler shift.

the wave vectod. (g, = o Or w o denotes the phonon frequency
andd-Uy is the Doppler shift.

195205-5



HUANG et al. PHYSICAL REVIEW B 71, 195205(2005

FIG. 5. Diagrams for changes of the electron momentum due to
phonon emissiorileft pane) and phonon absorptiofright pane).
For each phonon-emission event with a r@%” and an occupation
factorNg, +1, the electron wave number is reduced from the initial
valuek, to the final valuek,—q, in the field direction by the phonon
wave numbeig,, as indicated by a hollow arrow in the left panel.
FIG. 4. lllustration for orientations of electratk) and phonon  For each phonon-absorption event with a r@@s and an occupa-
(6) wave vectors. The applied electric ﬁeﬁéc and electron drift  tion factor Ng,, the electron wave number is increased from the
velocity U lie in the (x) direction. The electron wave vectircan ~ initial valuek, to the final valuek, +aq, in the field direction by the
be decomposed as a parallel comportégt (in thex direction and ~ Phonon wave numbeg,, as indicated by a hollow arrow in the right
a perpendicular componekt (in the y direction due to rotational Panel- The total change of the electron wave vector in the direction
symmetry. The phonon wave vectdf can also be decomposed in perpendicular to the field is zero, since the individual ccintrlb_utlons
the same way. The angle betwe@nand they direction within the ~ cancel each othetly, denotes the phonon frequency aqdiy is
y-z plane is denoted by, and the angle betweek and thex the Doppler shift.

direction within thex-y plane is represented by pane). The diagrammatical representation felfu,] in Eq.
(23) can be found from Fig. 6.
, _hoof1 1 e? Wheney, g.q>7%0,Ug, g, is assumed for high densities
ICyl*= v\ o) e o?) (21)  of electrons, we can expand the energy-drift equation up to
€& &/ eld+Qy) the second order by introducing a continuous distribution
wheree, and e.. are the static and high-frequency dielectric function  f(s, &, ) = p(edne=[(2m")¥ (&) "2/ (27°h3) Iny,
constants of host semiconductors. with e =g te, & =hAK12mT, gy =RAG/2MT, K

By assuming a dc electric field along thedirection, as  =(k, k,), and G=(q,,q,). When the acoustic-phonon fre-
shown in Fig. 4, the force-balance equation for the center-ofquency(dominant phonon modes at low temperatiirasd
mass motion of transported electrons is cast into the form ofhe Doppler shift are smaller than the plasma frequency of

q electrons, the static-screening model can be justified. For

Nem*_UO = NeEy.+ F, Ug], (22)  steady-state electron transport, the Coulomb scattering effect

dt can be approximated by a homogeneous level broadening

where the quantum statistically averaged frictional force isrelated t(.) the lifetimes of qgasipartiples. By using the abqve
found to beF{ug] = F'[ug]+ FPTug] with®8 assumptions, the energy-drift equation leads to the following
XLEOITEXLH0L T X LHO linearized Fokker-Planck-type equation, with respect to the

distribution function,

: 2
Filuol = = =X A0(Nisg — RN Ui ()2
x[ 0] A < Ox\Nk q k || |q| nk(1'nk-q)'nk-q(1'nk)
X &egaq — &k h0kUo) , (23)

th[uo] =- 2 ﬁqX{(’DE,rg)\[qu(wqx) +1]- ®E,bqs>\Nd>\(wq>\)}
K,G,\

- 2 hadOFING(w10) + 1] - OFiNg(wL0)}.
kg

> >
(24) K = K-g
i ph . . _ FIG. 6. Diagrams for changes of the electron momentum due to
FX[UO] and Fx LUo] are due to impurity and phonon scatter scattering with impurities. For each scattering event, the electron

ing, respectively. Because of the Doppler shift in LO-phonor\Nave number is reduced from the initial vallagto the final value

energy, i.e.mo—#d-Uo for phonon absorption and emission k.—ay in the field direction by the wave numbeg of an impurity

rates. 'n_ Eqs(17) and (18), the LO-phonon contrlbutlon. to atom, as indicated by a hollow arrow at the bottom of the figige.
the frictional force in Eq(24) becomes nonzero. In addition, s the electron drift velocity with its direction indicated by a hollow
Eq. (24) reduces to Nm Ug/ 7, in the leading order of  arrow, andN,|U;(g)|? represents the strength of impurity scattering.
small UO under a weak ele_CtrIC.erld, Wheﬂ'@h can be viewed nR(l_nR—d)_nE—q(l‘nIZ) represents the phase_space f||||ng effect
as a momentum-relaxation time of electrons from phononpayii exclusiohwhen the electron stateis the initial or final state
scattering. The diagrammatical representatior=§i{us] in  in two opposite scattering events. The total change of the electron
Eq. (24) can be seen from Fig. 5 for the phonon-emissionwave vector in the direction perpendicular to the field is zero, since
event (left pane) and the phonon-absorption evefiight  the individual contributions cancel each other.
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d
af(skﬂekx) =Ar(ex e ) e e ) = [Vrlex ex)

+VF(8k 1€k )]{i + i]f(gk 3k)

0 Ek (98kx
+ [DT(SkﬂSkX) + De(ex e )]
x ‘9—2+ 7 }f(sk &), (25)
(?Sk de k

which is subjected to the conservation of the total number of
electrons,

_ 1 f+wdk . fmdkx flex, ex) 28
7O om2), )L plex, *+ex) |
The spontaneous phonon-emission rate is
Ar(eg ex) 2 |Canl L 8(ek = exaq + Fiwg, = FillUo)
- 5(8k T Ek—q~ ﬁwq)\ +hQuo) ]
2
+ 72 |Col A 8ek — ekq * i o = FillUp)
g

— 8ey — &g~ w0 + gy Up)]. (27)

The thermal(T)-and dc-field (F)-induced energy transfer
rates are
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X ey - Ek-q~ hwqx +7hig,Up) + [Nd)\(wq)\) +1]
X &&= &aq + g, —idUo)}
+ ﬂ'fiz (010 = Oxlp)*|Cel ANg( w1 0)
g
X ey = &-q— w0 + fidyUo)

+[Ng(w o) + 1]d(ex = &g + o = ilUo)},
(30

Dk, &) = = mNifig 2, G]U;(0)|*Sleiaq = ex+ FithUo)
q

- Zﬂﬁuoz qx|Cq)\|2{(qxu0 - wq)\)
g\

X[Ngr(@q)) + 1]8(ex = kg + g,
— fiQxUp) — (OUp + wqp )Ny (@gp)

X 8ek = 8rq ~ fiwg, ~ Ao}

- 27771“0% O/ CqlH (aixtp — w1.0)

X[Ng(w o) + 1]8(ek — ysq + w0 — AOLUO)

= (O + 0 0)Ng(wL0)

X &lex = Ek+q ~ haro = hidUo)}. (31
—_ _ 12 _ Similar to the second-order expansion of the energy-drift
Ve, ) ZWN'UOZ 0| Ui (@[T Sl e1c-q + Fitkd) equation, we can expand the frictional force up to the first
order,
— ek~ &g~ ROUQ) ] + 2772 (g, — OUo) 1
) " Flluol = 22— NiguolUi (@) *Oleicq = o1+ i)
X |Cq,)\| {Nﬁ)\(wq)\) ey~ Ek—q~ hqu + hg,Uo) k.d P&k

- [Nd)\(wq)\) +1]6(gy - Ekiq T ﬁwq)\ - thUo)}
+2m E (w10 = O | Cgl % Ng(w o)
q

X &gy~ &g~ hw o +iglg) — [Ng(w o) + 1]

X ey~ Eiq Tt fiw o= hqxuo)}: (28)

VF(SkLvSkX) =- ZWUOE qX|Cq,)\|2[6(8k — Eyeq + gy, — Qo)
g

+ ‘%Sk—q — &t hwq)\ —figUp)
- 277“02 qX|Cq|2[5(8k — Eyeq + hw o — Al Up)
q

+ 5(8k—q — &+ fiw o~ figUp)]. (29)

The thermal(T)-and dc-field (F)-induced energy-diffusion
rates are

Dr(ex ey ) = 7N; huoE QU)X 8ey ~ £xeq + Fillello)
+ e — Ex+q~ figyuo)]

+ ﬂ'hE (U)q)\ - qxu0)2|cq,)\|2{Nd}\(wq}\)
g\
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1
J f(Sk ,Skx)
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078kx] ( k, 1€k, %CM q|2|Z: ()
X[ ek = exsq + fiw o = iblp) + dex-q = ek + iwio
_thUo)]

+47ﬁi2 qXICqIZE ( 5

+ 1]5(8k Ekiq T tho Qo)
+ (QyUp + w 0)Ng(w o) ey — &g~ Frw o — hiGcUg)}
J

J
X| —+—— f(Sk Sk) (32)
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By using the same expansion technique, the emission and f(e £k 18 k)
absorption rates of acoustic phonons can be rewritten as G)gm |Cq|22 o(ed —— ey~ Exeq T hw o — AidUg)
K
flex, &)
05 = _|th|22 () — — [ek— Bieq t gy, ~ o) + 5(8k— — g+ fiw o — hOep) ] + 47| Cyf (w0 — Gxlo)
k
+ 5(8k_q - &k + ﬁwq)\ - thUO)] + 4’7T|Cq)\|2(wq)\ - unO) X E p( k) 6(8k 8k+q + ﬁwLO ﬁqXUO)
X 6 wqth AU d d
E (e — &k q Wgy ~ Gy o) )| =2+ 2 t(e 80), (35)
0"8kL é)skx L X
J
X[ —+—|f 33
|:08k 0 k] (Sk SkX) ( ) ( )
k )
abs |Cq|22 e — [ ek~ &q— hrw o+ hOUp)
b ( k ’ kx) K ( k)
®ng _|Cq)\|22 — [ dex— Ek-q~ ﬁwqx +hig,Uo) 2
p(ey) + 5(8k+q — ey~ hwo+houg)] - 47T|Cq| (w0~ Oxlo)
+ 8Eeq — £k~ Tiwg, + AileUo) ] = 471 Cyp| Ay — U
5(8k q~ €k W\ Qo) 77| q)\| (wq)\ QyUo) % 2 5(8k 8k—q_ﬁ‘ULo+ﬁQXUO)
K
X 2 5(8k Ek-q~ ﬁwq)\ + iy Ug) p p
X| —+ — f(Sk Sk) (36)
9 9 (98k (98kx
X 2 +(9_ f(Ski,Sk). (34)
e e X
‘@ & By defining the following three dimensionless functions after
For optical phonons, we have similar results, the angle integration ovep,
|
(0. = f { S L — 2}, 37
[_z * 2kqu + q: * ZkJ_qJ_ COS¢i quuo]
Yo o
0@ = f { — Yo — 2}, (38
Yo+ [0+ 2k + 7 £ 2k, G, OS¢+ 2(quU — TS,)]
Lo “7dg Yol
PIRED= 50 = - — 1, (39
0 27| 2+ [0+ 2k + 07 £ 2K, 0, COSPE 2(Gully - Q)]
[
where{k} (kx,kl) kl—kL/kf, k =ky/ ks, k= (k2 k2)1’2 {q} s P o= _
— X| —=+—= [f(ex ,&r), 40
=(Gd.),  d=du/k,  G=ddk,  q=(a] +qx)1’2 Uo Jey, dey (61, 121) 40

=m Uolﬁkf, S)\ mS)\/ﬁkf, O= mQLol(kaf) ’yO ’}/O/Sf, kf

=(3m03p)t, e=h%K;/2m', and y; is homogeneous level picp is subjected to the constraistee Eq(26)],
broadening due to Coulomb scattering, the Fokker-Planck-
type equation can be cast into a dimensionless form,

+o0 o +0o0 o — i l
J ko_kJ_ dk)((ki + k)2() 1/2f(8kiyskx) = ;y (41)

d— _ - = = _ 0 -
d_Tf(S_kﬂSkx) :AT(E_I(lvgkx)f(s_kiist) - [VT(S_I(Lvskx)
where t=gt/#, f(_k ,sk) sf/37'r ozp)f(ex e )= [(_k
+VF(_k gkx)]l_ + —}f(_k &x) +e1 )1 2127000, & =8 lsr, ex =i/ 1. The expansion co-
de,  dek efficients in Eq. (40) can be found from Eq9A1)—(A5) in
— — — Appendix. In a similar fashion, we can also express the dy-
*[Dr(ex, o) + De(ey, .&,)] namical equation for hot phonons into a dimensionless form
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dNg\ (20s,) N L and(43), the expansions for the dimensionless emission and
—a .qﬂNqA 20s,) + 1] - ®a N\ (20s,) absorption rates of phonons are given by E4€)—(A12) in
t the Appendix. In addition, the force-balance equation can
Ng\(20S,) — No(2qsx/T) . also be cast into a dimensionless form,
Tq)\
dNg(20) w_z . F
qd—t = O2TNG(20) + 1] - O3 N,(20) g~ Fact F.lUol, (44)

Na(20) - NO(ZQ/T)

4

(43)
B whereEy.=eEy/kses, and the dimensionless frictional force
where T=kgT/es, 7o\ =esm\/h and 73=g;75/%. In Egs.(42)  takes the form of

x[Uo] niUO

X[_O] Neerk;  2maap

f " dikik wdE(EJi)‘l’zf " f ) G2 Uy (@2 ({K}, {T)l

0 - 0

+oo

07 o o 3 too +o0 .
+§]f@l,skx>—§ J dk,k, | dkx<k2 KRV (e sk>2 T @m f d60,|Cqp L7 (k@)
Ky 0

400

+o0 +oo +oo
+ éi_)({k},{q?)] + 37Tf dkj_kj_f dkx(ki + kﬁ)‘”E dﬁﬁJ doya(aUo —q—s)\)|Ca>\|2 X {[Nm(Zq_sx)
0 - r» Jo

—o0

o o _ _ - 3’”_ +00 o +o0 o

+1]s§*>({k},{a})+th(2qsx)¢§‘><{k},{a}>}{_i+é]f(s_ki,skx>—— J dk k; f dk,(K;
F?SkL (98kx 2 0 —o0

+ )V (e i) f da.q, f Ao/ Co2Ly (k. {ah) + (K {gh] + 3 f dk k, f dk (K
0 -0 -

0

+12)12 f da,q, J Aot (Chlio — Q)| CgfAING(202) + 1]y (k) + Ng(2Q) (ks {ah)}

0

x {_i + %]f_(s_k ), (45)

where n=N,/V, |Ea>\ 2,

(ABG)—(A8) for \=t, ¢, and|Ui@|2 can be found right below
Eq. (A5).

Edz can be found from Egs. Figure 7 displays the time evolution of the calculated drift
velocity ugy as it gradually reaches a steady state. This time-
evolution method has been used previotistyseek a stable
steady-state solution. In this case, the dc field is turned on
right aftert=0. Fromeig. 7, the steady state is reached with
Ug on the order of 10cm/s aftert>1.2 ps, whenr=30 K
lIl. NUMERICAL RESULTS andE,.=0.75 kv/cm.

For our numerical calculations, we have chosen GaAs as In order to elucidate the physics, we show the calculated
an example for the host semiconductor. For GaAs, we haveistribution functions of electron:/?)f(s, . ) in Fig. 8
taken the following parameterssp=1x 10 cm™3, n=1  atT=30 K andEy=0.75 kV/cm as functions oska/sf with
X 10 cm3, m'/my=0.067,Z,=1, =13, .=11, =12, k, =0 in Fig. §a) ande, /e with k=0 in Fig. &b). For the
5¢=5.14x 10° cm/s, §=3.04x 10° cm/s, D=-9.3 eV, his  purpose of comparison, the equilibrium Fermi-Dirac distri-
=1.2x10" V/cm, p=5.3 g/cmi, y,=5meV and r4=7  bution function is also shown in Fig. 8 by the dashed-dotted
=753=3.5 ps. The other parameters, lattice temperafuaed  curve with the symball. From Fig. &a) it is easy to see that
electric fieldEy4., will be given in the figure captions. The electrons are moved frork, >0 states(dashed curve with
electric field is assumed to be in thalirection. the symbolA) to k,<0 stateg(solid curve with the symbol
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100 T T d T T T T T 0.10 r - r 1T 1T 1 1 1"
| GaAs Semiconductor (@ |
0.08 L % —1018 cm'3 ------ Eqilibrium |
80 | . ) n= 10" cm*® —e— Hot-Electron (k <0)
T 30 K --A-- HOt-E|eCtr0n (kx>0)
- . 006 k =0 0 ]
g 60 | i f L ./0/ e
mo = | 0/ PR & a
A mxv 0.04 LIV \ *\
Z ol GaAs Semiconductor ~ I il kY
. 0,p=1 0" cm® el ‘.d. A \\ﬂ
> ni=1015 em? 0.02 f(‘ \}. E
20 | T=30K - / N
E,.=0.75 kV/ cm 0.00 PN S
Field is turned on after t=0 . . .
" L 1 L 1 1 L 1 L 1 L
0 : L . L : L : L 00 02 04 06 08 1.0 12 14 1.6
0.0 0.3 0.6 0.9 1.2 1.5 e /e
t (ps) "

FIG. 7. Time evolution of calculated drift velocity, as a func- 010 = T ' ' T T
tion of time t_ at T=30 K a_nd E4.=0.75 kV(cm for_ hot electror_ls. GaAs Semiconductor (0) ]
The dc field is turned on right after0. ug linearly increases with B 118 D |

initially, and d is finally reached after1.2 0081 0,=10"cm

t initially, and a steady state is finally reached atterl.2 ps. n=10" cm® —-m—- Equilibrium
O) in the field direction, which is in sharp contrast with the _ g0g| I=3%K —— Hot-Electron
assumption of an isotropic distribution of electrons in the . T .
momentum space adopted by the energy-balance eqdation= —
Relatively cool electrons irk,>0 states(sharp tail at the < 0.04 0/ a" ") .
Fermi surfacgare found in comparison with hot electrons in - - I /./ a7 3
k, <0 stategsmooth tail at the Fermi surfacévioreover, we -~ o

: , i 0.02 | A -
see by comparing Fig.(B) with Fig. 8a) that the depen- v
dence off(ey &) onk, andk, is also anisotropic, and the A
electrons are relatively unheated or coolatinost identical 0.00F o Npg—n—n
Fermi surfacg by the dc field in the direction perpendicular P T T T S T S T
to the field. This excludes the possibility of defining a state- 00 02 04 06 08 10 12 14 16
independent electron temperature as introduced by the &/

energy-balance equatidn.
Figure 9 illustrates the field dependence of calculated drift FIG. 8. Comparison of calculated dimensionless electron-
velocity ug in Fig. (@) and mobility u.=uy/E4. in Fig. Ab)  distribution funcﬂonsfﬁ< ) =(81/3m°03p) (e &) as func-
at T=30 K when the energy-drift term in EQLO) is included  tions of e =&y /e ande, =g /efin () and(b) atT=30 K and
(solid curves with the symboll) and excluded(dashed- E4.=0.75 kv/ém for hot and equnlbnum electrons. The dashed-
dotted curves with the symbaD). In Fig. 9a) we can see dotted curves in botla) and (b) with the symbol represent the
that the energy-drift effect heats the electrons in the fieldesults from the equilibrium electrons. (@), k, =0 and the solid
direction and reduces the drift velocity whéi, is strong and dashed curves with symbalsand A represent the results from
(greater than 0.75 kV/cjm The nonlinear relation between the hot electrons witlk, <0 andk,>0, respectively. In(b), k=0,
the drift velocity and the applied dc fieldolid curve can be and the solid curve with the symba@l represents the result from the
seen very clearly in the strong-field regime when the energyPot electrons.
drift effect is included, which is an indication of the high-
field transport of hot electrons. Moreover, we find in Fig. isotropic assumption adopted by the energy-balance equation
9(b) that the mobilityu, decreases witk,., which has been cannot be justified under a strong dc electric field. On the
observed previously from numerical calculatidAsand the  other hand, when the dc field is weak, our coupled energy-
energy-drift effect further reduces the mobility whEg. is  drift and force-balance equations reduce to the same results
higher than 0.75 kV/cm. as those obtained from coupled energy-balance and force-
Finally, we conclude from Figs. 8 and 9 that the energy-balance equations, as well as from the regular Boltzmann
drift equation derived in this work does include the addi-transport equation, when only the linear-field terms are
tional hot-electron effect in the high-field transport in com- kept3*
parison with the regular Boltzmann transport equation.
Furthermore, the energy-drift equation also includes the an-
isotropic distribution of electrons in momentum space along
and perpendicular to the field direction, due to the accelera- In conclusion, coupled energy-drift and force-balance
tion of electrons by the dc electric field. This implies that theequations have been derived for high-field hot-electron trans-

IV. CONCLUSIONS AND REMARKS
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140 T T 1 T — ation in light-emitting diodes or quantum-well lasétshe
GaAs Semiconductor @ J study of saturation drift velocities in different
120 & =10"em® N semiconductor&? the study of phonon-drag thermoelectric
ni’mu—, om? power? and the study of the nonresonant interaction of car-
T=30 K e riers with terahertz radiatiot?.
o~ 100 | o’ | By further incorporating the electric and magnetic poten-
c ._,/"/./' tials into the proposed energy-drift and force-balance equa-
m‘; 80 | ,,;_ " . tions, we will be able to explain nonlinear miniband trans-
- o port in superlatticé$ and the magneto-transport effect in a
- ol //:/' | two-dimensional electron ga®DEG).'> Moreover, by in-
> . cluding the energy-drift term in the semiconductor Bloch
‘ equations, we will be able to explain transport effects on
40 - —=&— With Energy Drift 7 laser-induced optical coherence and vice versa.
---@-- Without Energy Drift
20 " L 1 N 1 L 1 " 1 L 1 L
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~ o6} N . APPENDIX
5° ~N e
'\.\ ® e e g By using the three dimensionless functions defined in
014 & With Energy Drift "~ ] Egs.(37)—(39), we can express all the dimensionless expan-
+ —--@-- Without Energy Drift N sion coefficients of the Fokker-Planck-type equation as
L 1 L 1 1 1 L 1 L 1 " 1 1 "
010 o1 0z 03 04 05 06 07 08 — . hAr(egeg) 1 R
E, (KV/cm) AT(Sklekx) = s—f = Z% . dg,q,

FIG. 9. Comparison of calculated drift velocitiag and mobili-
ties u.=ug/ E4c as functions of the electric fiel. in (a) and(b) at
T=30 K with (solid curves with the symball) and without(dashed
curves with the symbaD) an energy-drift term in the energy-drift

equation.

X f dog|Can L& (K {aD) - &K )]

1 +oo L +00 - _
R f daICL (. (@)

2770 —

port. The work done by the frictional force has been included
in the Boltzmann scattering equation for electron relative-
scattering motion and has been found to increase the thermal

energy of the electrons and to reduce the field-dependerv(s_ )=
T8k &) =

drift velocity and mobility of the electrons. The importance
of the hot-electron effect in the energy-drift term under a
strong dc field has been demonstrated. The Doppler shift in
the energy conservation of scattering electrons interacting
with impurities and phonons has been found to give rise to
the anisotropic electron distribution in momentum space
along the field direction. The importance of this anisotropic
distribution has been demonstrated through a comparison
with the isotropic energy-balance equation, from which the
possibility for defining a state-independent electron tempera-
ture has been excluded.

The proposed energy-drift and force-balance equations
can provide new physical insight in several areas. These in-
clude the study of current-injected hot-carrier energy relax-
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X {[Ng(2Q2) + 11" ({k}, {a})
+Ng(2Q) ¢ (K} {@D)}, (A5)

wheren;=N,/V is the concentration of impurity atomEkL
=& ler, ek =ex /e Ui(Q) =(Z€kK(/ eoere) | (0 + 05+ Q)),
Q2=(e%/ €p€;1)/ (27%). Moreover, we find the dimension-
less form for the electron-phonon coupling,

—, k(1 1 1
|Cq| S R S — (A6)
i \e &/ F 4@+ QL
— mkd\| = 9 — (F +q)%?
o= 5 52 v+ gL
pise (@ + 05+ Q)
(A7)
T m*k:f‘} E’ — (ail+a§)3/2
Cal2= | S | S ehd> == (A8)
208/ 64 (o + o5+ Q)2

whereD=D/¢g;, ehja=eh/kies.

By using the dimensionless functions defined in Egs.
(37—<39), we can express all the dimensionless emission
and absorption rates of the dynamical equation for hot
phonons as

ﬁ@gm +0oo +o0
M= — R _onic |2 K k. Mo (12 4 12\-1/2
®ﬁ>\ = —2’7T|Cq>\| f dkikif dk, (k7 + k%)
f 0 0

X [& (KT + & (K} {q) ] + 4(Cq|A@S, - Bhlo)
“ J Tk k. f " 4k + 12 (0,

0

x[ 2 4}78—&,8@), (A9)

6’8kL askx

a

_ @‘%bs o too to _

03’ = —qu* = 2m|Cq[? f dk k, f di(k: + 1)
0 —o0

X [£({Kh{a) + £ (K} {q] - 47(Cqp [2(Gs, — Golo)

X J dkk, [ dk(@ +1Q) 25 (K {a)
0 -0

xli+é]f_(s_ki,?kx).

— (A10)
(3]8kL élgkx

For optical phonons, we have similar results,
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