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Quantum state detection of a superconducting flux qubit using a dc-SQUID
in the inductive mode
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We present a readout method for superconducting flux qubits. The qubit quantum flux state can be measured
by determining the Josephson inductance of an inductively coupled dc superconducting quantum interference
device (dc-SQUID. We determine the response function of the dc-SQUID and its back-action on the qubit
during measurement. Due to driving, the qubit energy relaxation rate depends on the spectral density of the
measurement circuit noise at sum and difference frequencies of the qubit Larmor frequency and SQUID
driving frequency. The qubit dephasing rate is proportional to the spectral density of circuit noise at the SQUID
driving frequency. These features of the back-action are qualitatively different from the case when the SQUID
is used in the usual switching mode. For a particular type of readout circuit with feasible parameters we find
that single shot readout of a superconducting flux qubit is possible.
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[. INTRODUCTION A natural candidate for the measurement of the state of a
dlux qubit is a dc superconducting quantum interference de-
system can be used to solve certain problems significantlg'Ce (dc-SQUID). A de-SQUID s a loop containing two Jo-
faster than a classical computeThis idea has motivated ephson junctions. Its critical current, which is the maximum
intense research in recent years on the control and measui@Percurrent that it can sustain, depends on the magnetic flux
ment of quantum mechanical systems. The basic units in gnclosed in the looThe state of a flux quibit-** was mea-
quantum computer are two level systems, also called quarfitred using an underdamped dc-SQU#BThe critical cur-
tum bits or qubits. Many types of qubits based on variougent of the SQUID, and thus the state of the flux qubit, is
physical systems have been proposed and implemented estetermined as the maximum value of the current, where the
perimentally. SQUID switches to a finite voltage state. Due to thermal and
Qubits based on solid state systems have the advantage gfiantum fluctuations, switching of the SQUID is a stochastic
flexibility in design parameters and scalability. An important process® The qubit states are distinguishable if the differ-
class of solid state qubits are the superconducting qubit&nce between the two average values of the switching cur-
They are mesoscopic systems formed of superconductoent, corresponding to the qubit flux states, is larger than the
structures containing Josephson junctions. The energy levstatistical spread of the measured values of the switching
structure in these systems is the result of the interplay becurrent. The measurement of a flux qubit using a switching
tween the charging energy, associated with the electrostatic-SQUID was characterized by an efficiency as large as
energy due to distribution of the charge of a single Coope60%. Further improvement of the measurement efficiency is
pair, and of the Josephson energy, associated with the tunnedessible. Also, the back-action on the qubit coupled to the
ling probability for Cooper pairs across the Josephson juncmeasurement apparatus, in the situation where no measure-
tions. Quantum coherent oscillations have been observed fanent is performed, can be reduced to acceptable é¥els.
a few versions of qubits with Josephson junctiohsand  Nevertheless, switching to the dissipative state has a few
coupling of two qubits was demonstrat&d. drawbacks. The finite voltage across the dc-SQUID deter-
A suitable qubit state detection apparatus for individualmines the generation of quasiparticles which causes decoher-
qubits is an essential ingredient for the implementation ofence of the qubit® The long quasiparticle recombination
algorithms for a quantum computer. Efficient measurement isime is a severe limit to the reset times for the qubits. In the
necessary to extract all the relevant information on singldinite voltage state the SQUID generates ac signals with fre-
qubit states within a restricted time. Moreover, for correla-quencies in the microwaves range and broad spectral content,
tion type measurements in a multiple qubit system, the unthat can induce transitions in a multiple qubit system, con-
wanted back-action of the first measurement should not disstrained to have energy level spacings in the same region.
turb the system so strongly, that subsequent measuremerniibe mentioned types of back-action will not have an effect
will be meaningless. In this paper we discuss a measuremenh the statistics of the measurements osirggle qubit, as
method for superconducting flux qubits. Flux qubits are dong as the repetition rate of the measurements is small.
qubit variety formed of a superconducting loop interruptedHowever, in a complex multiple qubit system switching of a
by Josephson junctions. The basis states have oppositely ciote-SQUID to the finite voltage state is a strong disturbance
culating persistent currents in the loop. The control paramef the state of the total system which introduces errors in
eter is an external magnetic flux in the qubit loop. The qubitsubsequent computations and/or measurements.
state can be determined by measuring the magnetic flux gen- A dc-SQUID can be used as a flux detector in an alterna-
erated by its persistent current. tive mode of operation, in which switching to the dissipative
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state is avoided. This is based on the property of a SQUID tda)
behave as an inductor, with a Josephson inductance that de 10
pends on the magnetic flux enclosed in the 18dfhe value 0
of the Josephson inductance can be determined by measurir 5.9
the impedance of the SQUID. The flux sensitivity in this
operation mode is increased if the junction is shunted by a
capacitor and the circuit is excited with an ac signal at a(c)
frequency close to the resonance frequency. A SQUID in the
inductive mode integrated in a resonant circuit was used forI ) L c
H 1 J

the measurement of spectroscopy of a flux gtfbit. v | B

The inductive operation mode resembles the RF-SQUID T D I i
in the dispersive mod&The RF-SQUID contains a super- 550 6°°v6*zglﬂ_7|‘:; 750 800
conducting loop with a single Josephson junction; the imped- ‘
ance of a high quality tank circuit inductively coupled to the  FG. 1. (a) Ground(E,) and excited E,) state energy levels for
loop is measured near resonance, where it is very sensitive tp pcQ with two junctions equal, witlE;=258 GHz andEc
the value of the magnetic flux in the loop. For charge mea=6.9 GHz, and the third junction smaller by a factgy=0.75, re-
surement, a similar device is the RF single electron tunnelsulting inl,=300 nA andA=5.5 GHz.(b) Expectation value of the
ling transistor(RF-SET), with the difference that a dissipa- loop current for the ground(l4y,) and excited(({lqy1) energy
tive property of a SET transistor is measured directly. Thestates with the parameters mentionedan (c) Schematic represen-
RF-SET was used as a detector for charge qubits by Buty tation of the PCQ and of the measuring dc-SQUID, with crosses
al.6 Motivated by research on superconducting qubits a fewindicating Josephson junctions. The SQUID junctions have critical
flux or charge detectors based on the measurement of a reurrentslc; andlg,. The SQUID acts like a variable inductor, with
active circuit element have been recently implemented. Aan inductancé; dependent on the state of the coupled flux qubit.
flux qubit was studied by Grajcast all” by measuring the The impedanc@ of a resonant circuit formed of the dc-SQUID and
susceptibility of the qubit loop using a coupled high quality & shunt ca_pacitof: is pIo_tte_d vs the frequencyo_ for the_cases
tank circuit. A detector for charge qubits based on the meagorresponding to the qubit in the ground stétentinuous ling or

surement of the inductance of a superconducting SET wad the excited statédashed ling The parameters of the circuit have

propose by or and mplmene b Sl a2 V) ales, 3 it se s n ccden s

sensitive measurement of the critical current of a Josephsorr‘?IO 9 9y

junction which exploits the nonlinearity of the current phaseqent is applicable to flux qubits in general. The PCQ is
; iddimti a] 20 ; . : s

relation was demonstrated by Siddifi a|-21The state of &  formed of a superconducting loop with three Josephson junc-

charge qubit was read out by Wallrait al.= by measuring  ions. Two of the three junctions are of equal size, with Jo-

the transmission through a coupled transmission line resoN&ephson energf; and charging energig., while the third

tor. _ _ _ junction is smaller by a factos,. Figure 1a) shows a rep-

The paper is organized as follows. In Sec. Il we discuss gesentation of the energy levels vs the value of the external
few genergl constraints on the parameter range Where ”}ﬁagnetic flux in the loop®,, for a set of typical param-
dc-SQUID in the inductive mode can operate. We continUgters, The qubit quantum state can be represented as a super-
in Sec. Il with a general analysis of the response function ofyqsition of two basis states that are persistent current states
this device as a flux detector. The response function is dgp, ine loop, with values of the current equal tb,-and -,
rived for a gene(al type of circuit embedd_lng the.dC'SQU|D-respectiver. Away from the symmetry poifity,=®,/2 the
In Sec. IV we discuss the qubit-SQUID interaction and Wegnergy eigenstates are almost equal to the persistent current
identify the relevant aspects of the measurement back-actiogistes. Wherb,, approachesb,/2, the energy eigenstates
The_ energy relaxation rate and the dephasmg rate of the qubite superpositions of the basis states. $gs=d,/2 the en-
during the measurement are derived in Sec. V. Because of aGqy eigenstates are the symmetric and antisymmetric com-
driving of the SQUID and quadratic coupling of the qubit to yinations of the basis persistent current states and are sepa-
the SQUID, the qubit relaxation rate is proportional to the gieq by an energy gap denoted &yA representation of the

spectral density of circuit noise at frequencies which are the,sectation value of the current for each energy eigenstate is
sum and the difference of SQUID ac driving frequency andgiven in Fig. 1b).

qubit Larmor frequency. Similarly, the dephasing rate is pro-~ The dc-SQUID is characterized by the gauge-invariant

portional to the spectral density of circuit noise at the fre'phase variables across the two Josephson junctions, denoted

quency of the SQUID ac driving. In Sec. VI we discuss theby y, and y,. The two variables are connected through the
results of the calculations on the measurement back-actiofyxgid quantization conditiony; - y,=—2md,/ by, Where

We analyze the measurement efficiency for a specific reado%o is the flux quantum and, s the total flux in the SQUID
circuit and we find that single shot readout of a flux qubit isloop. The flux in the SQUID loop contains an external com-
possible. ponent®d, and a self-generated component, which can be
Il. GENERAL CONSIDERATIONS neglected for_ the typical parameters we will discuss. With
this assumptiony, — y,=-2=f,, where f,=®,/d,, and the
In this paper we focus on the readout of a persistent curSQUID can be described as a single Josephson junction with
rent qubit (PCQ,'%1! though the analysis of the measure- a critical current given byl (f,) =2l |cogf,)| for a sym-
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metric SQUID (I =1=1y). For symmetric qubit-SQUID limit on the quality factorQ will be set by the fact that the

coupling(when the two SQUID branches have mutual induc-response time of the resonat@/ wg, has to be smaller than

tances to the qubit loop with opposite valtike flux gener-  the intrinsic qubit relaxation time, which is in the microsec-

ated by the SQUID in the qubit loop is given Bydg.  onds rangé:*® WhenQ> 2L,/ 4L the two circuit resonance

where My is the inductance between the qubit and thepeaks, corresponding to the different qubit states, are sepa-

SQUID loops andlg=(lsq1=1sq2)/2 (With Isq, andlgq,  rated and a further increase @ will not contribute to an

being the currents in the SQUID junctioris the circulating increase in the ac voltage difference.

current in the SQUID loop. The circulating current of the  The above considerations show that, given the typical qu-

SQUID is given by bit energy level splitting and relaxation time, the constraints
<

lve = | oo SIN(F,)COS e, ) on the circuit parameters aig=<1 GHz andQ<100.

where y.=(y;+v,)/2. The current and the voltage of the

SQUID are related to the variablg through the two Joseph- ll. DETECTOR RESPONSE FUNCTION

son relations: In this section we analyze the dc-SQUID in the inductive

I =1(f)sin e, (2)  mode as a flux detector. We consider the case of moderate ac
driving, when the SQUID behaves as a linear inductor. The
function describing the conversion of flux in the SQUID loop

Dy dy,e to ac voltage is determined for a general type of circuit in
=S dt (3 which the SQUID is embedded.
If the magnetic flux in the SQUID loop varies in time, the

From Egs.(2) and(3) it follows that in the linear approxi- relation between the transport current and the voltage across

mation(sin(ye) = ye) the SQUID behaves as a linear inductor the terminals of the SQUID is given by

with the Josephson inductance,

o

L;= . 4
= 2, (4)

and

1 ‘ ! !
I(t) = m] V(t"dt', (6)

wherelL,(t) is the time-dependent Josephson inductance. Let
If an ac current is injected in the SQUID at frequengy s consider
with a small amplitude,., the voltage across the SQUID has
the amplitude V=27l l ,c=Porplac/l. The maximum 1 i(l +a() )
voltage across the SQUID is very smdh-2 uV for v, L;(t) - Lo a7

=1 GH2); very low noise amplification is necessary to detect . _ .
such a voltage in a short time. Increasing the valueyofill where a(t) parametrizes the variations of the magnetic flux

result in a proportional increase in the value of the maximuri® the SQUID. The time-dependent Josephson inductance
ac voltage. However, from Eqg¢l) and (2) it follows that _I_J(t) can be represented as the parallel combination of the
when the SQUID current varies at frequengy the circulat-  inductanced ;o and L/ a(t) (see Fig. 2a)). In the case of
ing current contains a significant frequency component athe qubit measuremeni(t) describes the dynamics of the
21, and additional higher harmonics for strong driving in the qubit generated flux. The extreme valuesadf) in this case
nonlinear regime. The flux generated by this circulating curcorrespond to the qubit in a clockwise or anticlockwise per-
rent in the qubit loop can cause transitions between the qubgtistent current state and are given approximately by
energy levels if the harmonics of the driving current are closet7 tan(7f,)MI,/ @, (see Eq(5)). We assuméa(t)| <1, con-
to the qubit energy levels splitting. With typical level split- sistent with the usual value of the flux generated by the
ting of 1-20 GHz, the value ofy is limited to <1 GHz. coupled qubit in the SQUID loop which is of the order of 1%
The relative change in Josephson inductance when thef ®,.”126From Eqgs.(6) and(7), it follows that the current
qubit evolves from the ground to the excited state is given byn the SQUID can be written as

S| _ |9l _ 27-r|tar(ﬂ-fx)\%, (5) I=lg+1y, (8)
L le ®o with

where it was assumed that the measurement is performed at a t

bias flux in the qubit away fron®y/2, so that the expecta- lo(t) = 1 V(t)dt! (9)

tion value of the qubit current in each energy eigenstate ap- Lo

proaches in absolute valug (see Fig. 1)). The typical and

values forMg and I, limit the value of 6L,/L; to a few

percent. If the SQUID is driven with a constant ac current, ONE

the maximum difference in ac voltage corresponding to a '1(t):L_J0 V(t)dt'. (10

qubit state change, from the ground to the excited state, is

~®yvedL,/L,. This can be increased if the SQUID is placed As discussed in Sec. I, the measurement of the Josephson
in a resonant circuit and the driving frequengy is taken  inductance is more efficient if the dc-SQUID is integrated in
close to the circuit resonance frequen@ge Fig. Ic)). A aresonant circuit. In this case the circuit is driven with an ac
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FIG. 2. (a) The time-dependent Josephson inductance can be represented as a parallel combination of thelipgastirg,/ «(t). (b)
A schematic representation of the circuit in which the dc-SQUID is insdgee the text for explanations

*

%e—i(w(ﬁnw)t + %ei(womw)t) ) (13)

current source at a frequency close to the resonance fre-

quency and the ac voltage is suitably amplified. The output Vi) =2 (
ac voltage depends a#(t). Since there is a certain freedom :
in the design of the resonant circuit, we calculate here th
dependence of the output voltage oft) for a general type
of circuit in which the dc-SQUID is embeddedee Fig.
2(b)). We consider a linear network with three ports that

containsL j, (the constant component of the SQUID induc- o
tance, theJ?mpedance of the dﬁving current source, the am®f Im(t) (note thatl;(t) is imposed and has frequency compo-

plifier input impedance, complemented by other linear circuit"ents at o). Th§§e valur:esfcan be r_eplaced]ﬂ), and thed
elements. The porP; has its terminals across the current [€/MS corresponding to the frequencigs- nw are separated.

source. The por®,, is connected across the Josephson inducYSing the equations corresponding ne0,1-1 in expan-

tanceL . Finally, the portP, has its connections at the input SIoNS Of the form(13) and neglecting the terms, , andly, -,

of the amplifier. Three elements are connected to the portg1e va]ues forln?,o, Ima, andlp can be obtamiad in lowest
P., P,, andP,, respectively: the ideal current sourcé), an order in|ay|. Using these values in E(L2) for =0 leads to

ideal voltage amplifier, and the inductancg/a(t). A spe- the following expression for the components of the output

cific electrical circuit described in the way indicated here isvoltage at frequenciesy+ « and o~ w:
shown in Fig. 8a).

%\ similar expression fot,,, can be written ifV is replaced by
| in expression13).

From Eq.(12) written for «=m, one obtains the Fourier
components o¥,,(t) as a function of the Fourier coefficients

ag

The relation between the current and the voltage at port Vo1= __Zmi(wo)l_ezom(woJ, ) (14)
P, is determined by the inductantgy/ a(t): iwol 30 2
o [t and
~ln(®)= T | Vit (11 *
Lo ! le
Vo,—1= i ol Zmi(wo)EZom(wO_ w). (15)
0-J0

which is Eq.(10) with changed sign in order to preserve the
sign convention for the three-ports netw@fKkThe voltage at
the portP,, «=0,m can be written as

The expressiong14) and (15) for the up- and down-
converted voltage at the output of the circuit are proportional
to the amplitude of the driving currehf and to the ampli-
tude of the flux modulationay|. These expressions are us-

* , - able only when the driving conditions$. and wy) are such
fo Zan(t)lm(t = t")dt" that the maximum amplitude of the current in the SQUID is

not close to the SQUID critical current. Besides the up- and
(12) down-converted components, ; andV, _;, the output volt-
age contains a strong componeéfy, at frequencyw,. V,

Here Z,4(1) is the impedance matrix for the three-port net- depends only quadratically 4| and thus it cannot be used

work, with a,8=i,m,0. We assume that the ac driving current for an efficient detection of the flux.
is I;(t)=I, codwyt) and the flux variations in the dc-SQUID

Va(t):szai(tl)li(t_t’)dt, +
0

|00p (See Eq(?)) are described byY(t):Rdao exd—iwt)). \VA QUB'T—SQU'D INTERACTION

Equation(11) implies thatV,, and |,, have components at

frequenciesyy+nw, with n being an integer. The voltagé, In a basis formed of two persistent current states, the
can be written as Hamiltonian of the flux qubit can be written‘as
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€. A intrinsic evolution, in the absence of circuit driving. The first

= 5%2% 5 % (16)  term on the right-hand side of E¢R0) corresponds to the
evolution due to driving, and it is the same as the first term

where g;, i=X,y,z, have the Pauli matrices representation.on the right-hand side of E¢18).
The coefficient of the first term in16) is e=2l,(Pyy The essential feature of the interaction Hamiltonian given
—®y/2), whered, is the flux in the qubit loop. The maxi- by (17) is that the coupling to the external phase operator
mum persistent currerit, and the minimum energy level does not have a linear part. Recent work on the influence of
splitting A (see Figs. (a) and 1b)) are parameters fixed by nonlinear coupling of the noise on the evolution of a two
the qubit junctions design. The average flux induced in thdevel system has been dofiemotivated by results reported
SQUID loop by the qubit isMI(c,). The flux-dependent by Vion et al.® where long coherence times were obtained
term in the energy of a SQUID is the Josephson energy givefor the operation of a qubit at settings where the energy level
by —2®/(27)1 o COK ye)cOL Do/ Po). The total fluxdggin separation was insensitive in the first order to external noise.
the SQUID loop contains the external fluk, and qubit- [N the sepond order approximation, the back-action flux noise
induced fluxMI (). It follows that the interaction Hamil- IS described by
tonian can be written as

0

Ao = Mil cog3osin(mt, ), (17 o= M'f(l "2 ) 20
where we assumed that the flux generated by the qubit is

small and thus a linear approximation could be used. A rig-WhICh can be separated in three parts as

orous derivation of the interaction term in the Hamiltonian . 32

for a coupled dc-SQUID and a three Josephson junctions & . = |:<1_Lh(t)) _ Yer®) 13 (t)}
. . . ! bl f Ye,conl) Yen .

qubit, assuming a SQUID with a small self inductance and 2 2

using the two level approximation for the three Josephson (22)
junctions loop leads to the same result(43).

If (17) is compared ta16) with €/2=1,(Pyp=Po/2), it The first term on the right-hand side (£2) can cause tran-
becomes clear that the back-action due to the measurementggions between the qubit energy levels. As we discussed in
described by an equivalent flux operator, expresse@@as Sec. ll, resonant transitions occur when the qub_it_energy lev-
=Mige. Iy is the operator corresponding to the circulating €!S sphttmgdls_, clos?_ tol thet h;’ihrmomcs gfr;the drl\(lngTﬁC f[re-
current in the dc-SQUID and is given byo=l; cos7,), quency, and in particular to the second harmonic. The time

i . ) average of the first term if22), dependent on the amplitude
wherel =l sin(w,) (see Eq(1)). Classically, qubit deco- of the ac driving current, will be considered a part of the

herence can be understood as a result of the fluctuations El.lbit flux bias®,, The effects of the second term (@2)
the flux bias, due to the SQUID. I, is treated as a classical |\ qre analyzed bqy Makhliet al23 for Ohmic and 1/ type

variable, its time evolution is given by spectral densities. In this paper we focus on the calculation
Ye(t) = Yecor() + Yen(®), (18) of decoherence determ_med by the third term(28). In th(_a

_ _ second order perturbation theory, used for the calculation of

where Ye.con(t) = RE(Veo EXP(—T wpt)) with Yoo  the decoherence rates in the next section, the contributions

=27l Zim(wo) / (iPowp) the response to circuit driving and from the different terms ifi22) can be treated independently.
Yen(t) is a random term, corresponding to, e.g., thermal fluc-
tuations. The “classical” flux is given by®y(t)

=MI; cogy4(t)), which can be approximated by V. CALCULATION OF THE DECOHERENCE RATES

ZA() In this section we calculate the relaxation and dephasing
Dy(t) = le(l - e—) (19 rates of a flux qubit during the measurement by a dc-SQUID
2 in the inductive mode. It is assumed that the external qubit

The statistical properties ob,(t) are thus determined by flux ®qp is fixed. However, the calculations can be extended
yi(t). From (18) it follows that for the case when the phase to include the case of the measurement performed during

oscillations amplitude is large compared to the typical valued"duced Rabi oscillations or other control sequericéSThe
of ye4(1), the most important contribution will be the mixing

model Hamiltonian used for the combined system qubit-

term e co(t) ven(t). This results in frequency conversion of SQUID is
the circuit noise. - - -~ A
The analog of Eq(18) for the quantized system is H(t) =Hgp+ He + Hsquin(t) (23
~ - ~ A A
Yel) = Yecor(D) + Yerl), (20 whereHg, is the qubit Hamiltonian given by16), H, is the

in which 3/'e(t) is the phase operator in the interaction repre-interaction term given by17) and Hsqyg(t) is the SQUID
sentationwith respect to the qubit-SQUID interactipwhich ~ Hamiltonian, which is time-dependent due to driving. If a
is thus equivalent to the Heisenberg representation for th#ansformation is made to the qubit energy eigenstates, the
SQUID system.y, (1) is the phase operator representing thefirst two terms in(23) become
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R / 2 . 2 L .
Hgp= verd 7 (24) To= X Aij(t)(Tj + _zf f dt; dt;(Oy;(ty, 1) 7
2 Jlmexy,z h t>1y,t,>0
and A - ~_
. - Oj(ty, )7 - Ej|m0|m(t1'tz)))- (32
H.= M, l; cogye)(cog 6) 7, = sin(0)T), (25)

In the last expression,

Ofltut) = > Aw-t)ChtLtA;(t), (33

where ther, i=x,y,z are Pauli matrices in the energy eigen-
state basis and taf) =A/e. In the interaction representation
with respect to the qubit-SQUID interaction, the operatx{)rs

L. . kl=xy,z

evolve in time according to
R R with
A1) =A; (07 (26) .

with the matrixA given by Cty,tp) = 5(?L(t1)?:<t2) + () fi(ty) (34)

COS((UOlt) - Sir((l)o]_t) 0 and
At) = sin(w01t) COE(wOlt) 0 , (27) A - A A A

0 o 1 Cyltyt) = (i) - fiR)fit). (39

in which wy;=1€?+A?/# is the frequency corresponding to The last two expressions are symmetrized and antisymme-
the qubit energy level separatio®+A2. The evolution of trized products of operators at different times. Their expec-
the operatorg!’ in the Heisenberg picture is obtained using tation values calculated for a thermal equilibrium state are
time-dependent second-order perturbation theory. As exsonnected with the linear response functions by the
plained in Sec. IV, the relevant part of the interaction Hamil-fluctuation-dissipation theorefi.Note that, to obtain32),
tonian (Eq. (25)) for the calculation of decoherence is given the integral in(29) was extended to the regian<t, because

in the interaction picture by the integrand is symmetric under the interchangg ahdt,.
N We assume that initially the qubit and SQUID states were
Hy(t) = = M1l ¢ Ve con() Yen(t) (COL0) 7, = SIN(0) 7)) . separable and the SQUID is described by the thermal equi-
(28) librium density matrix. For the case of the coupling Hamil-

R tonian given in Eq.28), the relevant correlation functions
The evolution of the operatorﬁ*, which allows us to de- gre

scribe the qubit operators expectation values if the initial 1
state Is known, is given by Crltuty) = <5{&L<t1>, &L<t2>}+> (36)

0
“ri“(t):?i(t)—% f f dty d[[7 (1), Hy(t) L Hy ()] and
t>t1>1,>0

_ i n -
29 C(tut) = <5{y'e<t1>, yL<t2>}_> (37)
In the following, the second term on the right-hand side of
Eq. (29) is calculated. For the initial calculation we assumewhere +/— denote the anticommutator/commutator, and the

the most general interaction Hamiltonian with linear cou-expectation value is taken for the SQUID thermal equilib-

0

pling to the bath, which can be written as rium density matrix. From32)—(37) we see that the time
. - evolution of the operators, i=x,y,z, depends on their ex-

H( = > fio7), (300 pectation values for the initial qubit state and on a two-

i=xy.z dimensional integral involving the expectation values of op-

erators of typg36) and(37).
The interaction between the qubit and the measurement
5 ) ] i dc-SQUID has the consequence that the qubit quantum state
fi(t) corresponding to our case, as given by E28), willbe  pecomes a mixed state. In general one distinguishes between
considered: energy relaxation corresponding to a change in the qubit
- . . energy expectation value, amttphasing corresponding to
fL(t) = Myl Sin(6) e cort) Yer V). randg)r/nizaﬁ)ion of the phase of pa cohgrent su%erpos?tion of
R energy eigenstat@d.To calculate the energy relaxation, we
f'y(t) =0, determine the transition rates between energy eigenstates by
determining the evolution c(ﬁ?(t)). If in this calculation the
Fley — - initial qubit state is chosen to be the ground or the excited
V) = = Mipls cos6) Yeor(t) YerlD- (3Y) state, these rates will represent tifesorptionand emission
If the commutation and anticommutation relations for the rates, respectively. To calculate the dephasing rate, we
operators are used, E9) results in determine the decay of the expectation values

Whereﬂ are bath operator@ote that the interaction repre-
sentation is used if80)). In the end the form of the operators
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(1127 (1) i7) (1)), with the qubit initial state being &
eigenstate.

The calculation of the integral on the right-hand side of L
(32 involves a product of the functions dest; ;) and + —co2(O)K2 S 43
sin(wpqty o), resulting from the expression for the free evolu- h? (O veo) ye(wO)' (43
tion matrix A (see Eq(27)) and of the functions c@&qt; ,)
and sifwot; »), resulting from the time dependence of the
coupling operatorg;(t) (see(31)). The correlation functions VI. DISCUSSION
appearing in(36) and (37) only depend on the time differ-
encet; —t,. For times that are long compared ta /20, and

1
Ty = 33P0k (vl S, (o1 + @o) + S, (w1~ wp)]

In this section we discuss the results of the calculations of

. A . the parameters characterizing qubit decoherence and we ana-
2/ woy the relaxation(decay 0f<7j;(t)>) and the dephasing Iyzepa practical circuit whicr? ?;an be used for single-shot

(decay of(1/2(7/(t) £i7}/(1)))) can be described as an inte- readout of a flux qubit.

gral of the product of the Fourier transform of one of the e start with a discussion on the emission and absorption
spectral function<y e(tl’tZ) and a weight function that has @ 4165 along the lines of similar analysis done for chirge
width depending on the integration timeThis weight func-  and charge-phadequbits. BothI'; andT'; are proportional
tion is given by to sirf(#), due to the fact that the operat@; (see (25))
L causes transitions between the energy eigenstates. The differ-
_ L io(ty-t,) ence between the two rates given (39) and(40) is due to
W) = 2 ffoqltzq dty dp &7, (38) the last term in the integrand in expressi@2), connected
with the fact that a commutator is nonvanishing, so it can be
and has the property Ilmoc W(w t) 5((1)) The express|ons attributed to quantum noise. Lﬂg and Pe be the prObabili'
below for the relaxation and dephasing rates are given adies for the qubit to be, respectively, in the ground and in the
suming that the spectral density of the circuit noise, given b xcited state. The time evolution of these probabilities is
the Fourier transform of the correlation functioridg) and ~ determined by the rate equations
(37), does not have significant variations over the frequency

range, where the weight function has substantial values. In d_pq EALp@J ELpe,
this case, the relaxation and the dephasing of the qubit state dt 2 2
are proportional to the time from the beginning of the mea- (44)
surement. dp. _I') I}
The transitions rates between the two energy eigenstates dt 2 P 2 Pe:

depend on the initial state. The transition rate from the ex-
cited state to the ground stdfe (emission and the transition
rate form the ground state to the excited slat¢absorption

and the normalization conditiopy+p.=1. Sincel'| and I,
in (39) and (40) describe the decay df,), they appear di-

are given by vided by 2 in(44). The polarizationP(t) =py(t) - pe(t) tends
to the equilibrium value
1 . _

r= %sz(ﬁ)kz(%o)[sye(woﬁ wp) +S, (wo1 = wp)] P, = I -1y ' (45)

L+,

(39 with a relaxation rate

and r+r

T, = —124 (46)
2
I'y= 2h2$m2(0)k (7e0)[ Sy (= w01+ o) + S, (= w01~ wo)] The spectral densities of the symmetrized and antisymme-

trized correlation function$36) and(37) depend on the im-

(40) pedance at the poR,, (see Sec. )l as
in which relations S‘;e(w) _ 8_7-rC tI-( Zfli(wT) Re(Zym(®)) @7
K(ye0) = MIl | e (41 ol R
and
are a measurement coupling factor and 8 Re(Z. m(w))
S, (w) = S;e(w) - iS;e(w). (42 ~1Sy ( @)= Rg 49

where R¢=h/€? (see Devoré?) Given the relationg46),
S are the Fourier transforms of the correlation functions(39), (40), and(42) and the properties (3+ (w) andS (w) to

C‘ (t,0) given by (36) and (37). The corresponding expres- pe, respectively, even and odd functlons the relaxation rate
S|on for the dephasing rate, is can be written as
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1 ) . a resistoRy;, corresponding to Ohmic dissipation, when the
I'r= %smz(a)k (Ye)[S, (o1 + wo) + S, (w01~ wp)]. result of Shnirmaret al. can be used. The following relation
is valid for wgl ;9< Ry
(49 . \
Edz _ [ fen cot frwg E—RS*‘RK (53)
For a flux qubit coupled to a dc-SQUID biased with a con- =\ kT keT/ 2 (wolyp)?’
. . r B B ok-Jo
stant current, van der Wat all* found that qubit relaxation 4

is proportional toS’;e(w()l). Our results show that because of For the casevgl;y<Ry and wg~kgT, the dephasing rate

driving the SQUID with an ac bias current at frequengy  I', is dominant even at small SQUID driving amplitudes.

the qubit relaxation rate is proportional to the sum of The reliable measurement of the qubit state requires that
S;e(woﬁ wp) and S;e(worwo), and multiplied by the cou- the ac voltage at the output of the circuit is averaged for a
pling factor of Eq.(41). In practicewy< wg;, Which implies  long enough time, such that the noise due to the amplifier is
that for a spectral density of the noise which is reasonablyess that the difference between the voltage values corre-
flat at large frequencies we can taB?e(w01+ wo) ~ S, (wy;  Sponding to the two qubit flux states. We define the discrimi-

Y . h .
_wO)NS‘; (w()l)’ and our results are not S|gn|f|cant|§ differ- nation time as the time necessary to have a measurement
e

ent from the case of a dc current biased SQID. signal to noise ratio equal to 1. It is thus given by

From (42), (47), and(498) it follows that Sy(wp)
Tdiscr= 2 (54)
;e @) =g hhe, (50)  whereS,(wy) is the spectral density of the voltage noise and

Ye AVy, is the difference in the output voltage values corre-

sponding to the two qubit states. The valueAdy, is pro-
ortional toyg. The discrimination timd y;s¢,, the relaxation

Yme T,=1/T;, and the dephasing tim&,=1/T"j, are in-

versely proportional toygo (see (46) with (39), (40), and

(43)). Increasing the amplitude of the ac driving leads to a

decrease in the discrimination time. However, this is accom-

panied by a proportional decrease of the qubit decoherence

where 8=1/(kgT). For a qubit coupled to a dc-SQUID bi-
ased with a constant current, which is the case analyzed
van der Walet al,'* I') andI'; are proportional to the spec-
tral density of the noise at the frequencieg; and —wg1,
respectively. For that case E¢50) implies thatI';/T"|

=g Pheo1 This is the detailed balance condition and implies

that in a stationary situation the qubit is in thermal eqUIIIb'timesTr andT,. This illustrates the tradeoff between obtain-

rium with the environment at temperatufe (see also the . - - :
. ing information about a quantum system and the state distur-
results of Schoelkopét al??). In contrast, the relation&9) %g q Y

._bance. The measurement is efficient if the rafjd Ty, iS
and (40) show that for the case analyzed here the detaile rge. The ratir, / Ty, does not depend on the amplitude of

balgncg condjtion_ is in general not satisfied. This is a NONthe ac driving. However, a fast measurement is necessary if
equilibrium situation generated by the presence of the e take into account the fact that, besides the measurement

driving of the SQUID. i
The dephasing rate i#3) can be written, if(46) is used, \t/)v?lldi(nzfgggé iﬁir?o?;?rznziggﬁré?g fees of decoherence that
as We now analyze the measurement of a flux qubit using
our particular SQUID embedding network presented in Fig.
(51)  3(a. The driving source is represented as an ideal current
source with impedancg,. The amplifier is described as the
combination of the input impedancg, and ideal voltage
amplifier with gainG. The bias resistor, has the purpose of
1 increasing the impedance of the current source. The inductor
r;: —20052(0)k2(3’eo)3; (wg). (520 Lgis a small stray contribution, unavoidable in the design of
h ¢ the circuit. The combination of the capacit@gandC, is an
) . N impedance transformer that will increase the effective im-
The factor CO%(‘?) is due to the coefficient of the operater  hegance of the amplifier input, at the cost of a division of the
in (25). Dephasing is a result of the random modulation ofioi4| yoltage across the inductors; they also provide the ca-
energy level separation due to noise in the SQUID circulatyacitive part necessary to create a resonant circuit. The dc-
ing current. The fact that the SQUID is driven with an acsQUID has Josephson junctions with a critical curregt
current has the consequence that the pure dephasing rate d&og nA. The external magnetic flux in the SQUID loop
pends on noise abgy, which is qualitatively different of the corresponds tof,=3.35, resulting in a critical current,

result obtained by van der Wait al* For the radio- =187 na. The measured persistent current qubit has

frequency Bloch-transistor electrométea similar contribu- =300 nA andA=5.5 GHz. Figures (B) and 1b) and show

tion of the converted noise to back-action was folfht?. plots of the energy eigenvalues and persistent current expec-
We compare the pure dephasing rétg given by (52 tation value vs bias flux for these qubit parameters. If the

with a similar contribution due to the second term in B2)  mytual inductance between the qubit and the dc-SQUID is

as calculated by Shnirmaat al.*° that we denote by, We  M=40 pH, the relative change in Josephson inductance is

consider the simple case where the dc-SQUID is shunted byiven by a=3.4%. A plot of the expressionsye(w) given by

I‘¢:£J+_FT.+F*,
4

where thepure dephasing raté";, is given by
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wg. The relaxation time away from the symmetry poiby
=d,/2 increases as a result of both the decrease in the trans-
verse coupling term sf(¢) and the decrease in the real part
of the impedance&,,,, away from the resonance peésee
Egs. (49) and (47)). Over a wide range of parameters the
relaxation time is considerably higher than the discrimination
time, which allows for very efficient readout of the qubit
state. Using a SQUID amplifig with a noise temperature
less than 100 mK would allow for reducing the discrimina-

b) o tion time by more than one order of magnitude.
The measurement of the qubit state can be performed by
% 15t ] applying the ac current to the SQUID for a tirfig, and by
s measuring the average ac voltage during this time interval.
8’9-20- Note that the readout does not have to be performed at the
- same qubit bias flux where qubit manipulation prior to mea-
1086 4 =6 2z 46 & 0 surement is performed. It is possible to perform operations
v (GHz) on the qubit atb,,=Py/2, where the qubit is insensitive to
© magnetic flux fluctuations. Afterwards the flux in the qubit
=T " " " L can be changed adiabatically to a different value, where the
10% T " two energy eigenstates have sufficiently different values of
= 10 the persistent and the qubit relaxation time is larger, allowing
—~ 10} for efficient measurement. Figure 3 shows that away from
§10° the symmetry point the discrimination time i3 gisc
10 T ~100 ns, which implies that a measurement tirig,
107 —— . z =300 ns ensures a measurement fidelity larger than 80%.
0.490 0.495 0.500 0.505 0.510

o, (@) This measurement time is not only much smaller than the

relaxation time due to readout, but also appreciably smaller

FIG. 3. () Schematic representation of the measurement circuitthan the presently attained relaxation times of flux qubits

with notations according to Sec. Ill. The values of the circuit ele-with similar design parameters, which ensures that qubit re-
ments areR,=4.7 K, Z;=2,=50Q, L;p=1.76 nH,Ls=0.18 nH,  laxation during readout is negligible.

C,=60.7 pF, andC,=60.6 pF.(b) A representation of the Fourier ~ The dephasing time depends on the Fourier transform of

transform of the correlation function for the SQUID phase operatofpe symmetrized correlation function at the frequency of the

vs frequency.(c) A plot of the measurement discrimination time ac driving. It follows from(47) thatS; (wy) is large, because

e

(continuous ling and qubit relaxation tim&, (dashed lingvs qubit L
bias flux. The measurement is performed with an amplitude of thé”0 ha§ to be close to the resonance frequengy of the circuit
ac driving such that=0.5 at a frequency,=672 MHz. for efficient state readout. Even a small amplitude of the ac
signal can cause significant dephasing of the qubit. During
qubit manipulation, when no measurement is performed, the
. . - . SQUID ac driving current has to be suppressed very strongly.
(42) with (47)_and (48) is shown in Fig. &), assuming a For operation at a qubit energy level splittiag,=2A the
temperaturef =30 mK. N . decoherence time due to the SQUID is 48 if the ampli-

To calculate the discrimination time given by Eg4), we tude of the phase oscillations |ige|=0.003
assume that the voltage noise is dqminated by. the vo!tgge The continuous nature of the qu>.< det.ection makes this
amplifier. We assume that a low noise cryogenic amplifiefe 4oyt method suitable for fundamental studies of the dy-
with a noise temperature @ K is used:" Equations(14) and  hamics of the measurement process. Further analysis will be
(15 allow the calculation oAV, We assume thab~0,  necessary for understanding the dynamics of the coupled
since qubit relaxation is slow compared to the detector ba”dqubit—SQUID system and for an evaluation of possible direct
width (which will be confirmed by our calculation of the gpservation of qubit coherent evolution, similar to the situa-
relaxation timg¢ and we choose the valuewo/2m  tion described by Korotkov and Averfs.
=672 MHz that gives a maximum amplitude/,,=189 nV

for an ac driving current such that the amplitude of the

SQUID phase oscillations i3,=0.5. The discrimination VII. CONCLUSIONS

time is plotted in Fig. &). The discrimination time increases

when the qubit bias fluxb, approachesbo/2, because the | this paper we analyzed the dc-SQUID in the inductive

difference between the expectation values of the qubit curmode as a readout method for superconducting flux qubits.

rent for the two energy eigenstates decredsee Fig. 10)).  We characterized the response function of the dc-SQUID as
The relaxation time is calculated using the expreséd@  a flux detector. We described the back-action of the measure-

and plotted in Fig. @) for the chosen operating frequency ment circuit on the qubit. The relaxation and dephasing rates
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