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Kosterlitz-Thouless transition in planar spin models with bond dilution
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We study the two-dimensional bond-dilut¥® and six-state clock models by Monte Carlo simulation with
cluster spin updates. Various concentrations of depleted bonds were simulated, in which we found a systematic
decrease of the Kosterlitz-Thoule@€T) transition temperatures of bo¥iY and six-state clock models as the
concentration of dilution decreases. For the six-state clock model, a second KT transition at lower temperature
was observed. The KT transition temperatures as well as the decay expprieneach concentration of
dilution are estimated. It is observed that the quasi-long-range order disappears at the concentration of dilution
very close to the percolation threshold. The decay expomenitthe KT transitions calculated at each con-
centration indicates that the universality class belongs to the ¥¥Mrand clock models, analogous to the
expectation of the Harris criterion for the irrelevance of randomness in the continuous phase transition of
systems with nondiverging specific heat.
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[. INTRODUCTION site dilution. On the other hand, performing a more extensive
MC study with the Wolff cluster algorithn) Bercheet al?

Dilution is an indispensable aspect of both theoretical anguggested that the QLRO remains up to dilute concentration
experimental studies due to the presence of defects and invery close to the percolation threshaid (for the site dilu-
purities in any real materidl> The pioneering work by tion on the square latticp,~0.593. With these two incon-
Harris® on the effect of dilution on the critical behavior of Sistent results, it is worth carrying out a detailed study of the
systems with continuous transition has stimulated many stuctilution problem from a different point of view. Here, treat a
ies in the field of random systems. Based on the Harris cribond-diluted case; it should be made clear whether or not the

terion, it is predicted that the dilution will be relevagrel- ~ QLRO remains up to the percolation threshold of bond dilu-
evan) if the specific heat exponent of the pure system is tion.

positive (negativé, and becomes marginal in the case0, The effect of theg-fold symmetry-breaking fields on the
for example, in the two-dimensioné&D) Ising systent. 2D XY model has been the subject of attentib#? Treating

It is well known that the pure 2IXY model cannot have clock models, where only discrete angles of ¥¥¢spins are
a true long-range order at any finite temperature due to thallowed, is essentially equivalent to probing tlaefold
continuous symmetri(1).56 However, the system can exist Symmetry-breaking fields. Th&J(1) symmetry of theXY
in a quasi-long-range ordéQLRO), an intermediate phase model is replaced by the discrelg symmetry in theg-state
which is a topological excitation formed by vortex-antivortex clock model. It was showh that the 2Dg-state clock model
pairs’ The number of vortex-antivortex pairs increases withhas two phase transitions of KT type Bt and To(T, <T)
the temperature until the system experiences the Kosterlit#or > 4. There is an intermediafY-like QLRO phase be-
Thouless(KT) transition. This transition corresponds to the tween a low-temperature ordered ph#&$ec T;) and a high-
unbinding of vortex-antivortex pairs, which leads the systentemperature disordered phade>T,). The effect of dilution
to a high-temperature disordered phase. on the low-temperature ordered phase due to the discrete
The existence of QLRO in the presence of dilution is ansymmetry of the clock model is another interesting subject to
interesting topic. This is related to the fact that the QLRO isstudy.
a topological order vulnerable to the local defect or pertur- In this paper, we study the bond-dilutéY and six-state
bation. The dilutedXY models may have relevance to the clock models(q=6) on the square lattice. We use the Monte
study of superconductivity, in particular the interaction be-Carlo method with cluster flip. For the estimator of the KT
tween vortices and the spatial inhomogeneity due to the imtransition we use the ratio of magnetic correlation functions
purities. However, not so much attention has been paid to th@ith different distance$® In the next section, we describe
dilution effect on the KT transition. our model and the detail of calculation method. Then, in Sec.
Quite recently, two contradictory results on the 2D sitelll we shall present our results. Section 1V is devoted to the
diluted XY model were reporte® By using the Monte Carlo  summary and concluding remarks. A part of the preliminary
(MC) simulation with the Metropolis algorithm, Leonet  results of the present work was reported at the conference,
al.8 showed that the QLRO disappears before the concentréStatistical Physics of Disordered Systems and its Applica-
tion of vacant sites reaches the percolation threslppldf  tion,” which was held in July 2004, at Hayama, Japén.
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Il. MODEL AND SIMULATION METHOD

1.6}

The bond-dilutedXY spin model is written with the L

Hamiltonian 1.2}

o |

H:EJ”S -SjZEJ”-COS{Gi—Gj), (1) 0.8+

[y G0 L

where summation is performed over the whole nearest- 0.4f

neighbors pairsij), S being a unit planar spin vector occu-

pying theith site of lattice systenthere, we deal with the 0 —7 o8 12
square lattice and 6, the angle associated with thia spin. ’ T '

For the six-state clock model, the angle takes discrete values,
0,=2mq/6 with g=0,...,5. The quenched dilution is con-
veyed by the coupling); following a distribution P(J;)
=pd(J;;—JI)+(1-p)&(J;j), with p being the concentration of
existing bonds, or we can sd§-p) is the concentration of
the diluted(missing bonds.

We make use of the canonical sampling MC method with
multicluster spin updateSwendsen-Wang algorithf). The
embedded cluster idea for continuous spins due to Waf
adopted, namely by projecting the planar spins into a random

axis so that the Kasteleyn-Forttfrprocedure on Ising spins % oa T 08 12
can be performed. Spins with missing bonds due to dilution
are not connected in forming a cluster. FIG. 1. (Color online Temperature dependence of specific heat

We simulated the 2D dilutedY and six-state clock mod- of the diluted(a) XY and(b) six-state clock models for various bond
els on the square lattice with periodic boundary conditionsconcentrations of system sizes 32, 48, 64, 80, and 96.
We treated both models with the linear sizet.ef32, 48, 64,

80, and 96. Various bond concentrations, from the pure Casgang there are double peaks for the diluted clock models,
p=1.0 down top=0.55, were simulated. For each concentra~hich signify the existence of two KT transitions. In both
tion of each system size we treated many different realizan, o ge|s, the positions of the peaks gradually shift to the
tions in order to get better statistics; typical number of realyqyer temperature as we reduce the bond concentration; the
izations is 256, except fgp=0.55, where more realizations heaks become relatively flat with the decreasepofThis

were taken into account to compensate highly samplej,gicates that the QLRO in the system gradually fades away.
dependent results. We performed* MC steps for the equili-  Ho\ever, no abrupt change has been observed: the change
bration and 4<10* MC steps for the measurement. We useyith b is smooth and continuous. More quantitative analysis

the reweighting technigdéto obtain the thermal average at 4, the critical behavior shall be performed on the magnetic
temperatures different from those at which actual simulationg.,re|ation ratio in the following.

were made.

B. Magnetic correlation ratio

. RESULTS The critical behavior of magnetic ordering can be inves-
tigated more precisely from the evaluation of the magnetic

) - correlation function which is defined as the following:
Let us start by presenting the results of the specific heat

for the dilutedXY and six-state clock models on the square g(r) =(S - Si.r), (3)
lattice. The specific heat per spin is defined as follows:

A. Specific heat

L wherer is the fixed distance between spins. Precisely, the
_ N N2 distancer is a vector, but we have used a simplified notation.
cm NkT2[<E )= (&7, @ Consider the ratio of the correlation functions with differ-
nt distances. At the critical point or on the critical line, the
orrelation functiong(r) for an infinite system decays as a
gower ofr

wherek is the Boltzmann constant. The number of spins an{
the total energy are denoted byand E, respectively.

The temperature dependence of specific heat for variou
bond concentrations is plotted in Fig. 1 for the dilutsy g(r) ~ r~®-2tn), (4)
and six-state clock models. The temperature is represented in
units of J/k from now on. The statistical errors are less thanwhereD is the spatial dimension angthe decay exponent.
the order of the width of curves. We see that the size deperfor a finite system in the critical region, it can be shown that
dence is small, which is typical for the KT transition. Single the ratio of the correlation functions with different distances
finite peaks observed in the dilutedy model may corre- has a finite-size scalingFSS form with a single scaling
spond to the existence of one KT transition; on the othewariable
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FIG. 2. (Color online Ratio of

magnetic correlation functions of
the diluted(a) XY and(b) six-state
clock models for various bond
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concentrations of sizels=32, 48,
64, 80, and 96. The temperature is
represented in units af/k.

g(r,t,L)

ol f(L/§), (5

if we fix two ratios,r/L andr/r’, whereé is the correlation
length.

yields the low-temperature ordered phase. Thus, in addition
to the high-temperature KT transition, a second KT transition
at lower temperature exists for the six-state clock model. We
find that the overall behavior of the diluted clock model is
essentially the same as the pure clock model, except that the

Tomita and Okab® showed that this correlation ratio KT transition temperatures decrease with the dilution. We
with different distances is a very good estimator for theshall estimate the KT transition temperatures of bothXlve
analysis of the second-order phase transition, as well as fand clock models using FSS.
the KT transition. The helicity modul&% and the Binder With the FSS analysis based on Ef) and the KT form
parametéf are often used in the analysis of the KT transi- of the correlation lengthée exp(c/\t), wheret=|T-Tyr|/
tion, but the correlation ratio is more efficient in the senseT,;, we can write the. dependence of¢7(L) as follows:
that corrections to FSS are smaflgit has been successfully
applied to the study of the 2D fully frustrated clock moéel.

In the present work, we consider the ratio of magnetic
correlation functions setting=L/2 andr’=L/4 for two dis-
tances. Thus, we evaluate the correlation ratigk/2)/
g(L/4).

Tyt

Ter(L) =Tyr + .

(6)

We consider the size-dependent critical temperaliygL)
that gives the constaft=g(L/2)/g(L/4). In Fig. 3, we show
the plot of Tyr(L) as a function of =2, with =In(bL), using
best-fitted parametetsandc for the dilutedXY and six-state
We show the temperature dependence of magnetic corrglock models withp=0.9. The system sizes ate=32, 48,
lation ratio for various bond concentratiopsn Fig. 2 for the ~ 64, 80, and 96. For the value & 0.600, 0.650, and 0.700
diluted XY and six-state clock models. The data of differentare used for thexY model, andTy+(L) obtained using dif-
sizes for each bond concentration are plotted. The statisticé¢rentR are represented by different marks. For the estimate
errors are less than the order of the width of curves. Althouglof T, of the diluted clock model, the value & is set to be
at high temperatures curves of different sizes are separated,600, 0.650, and 0.700, where&sis 0.975, 0.985, and
they gradually merge as the temperature is decreased. At995 forT;. The data using differerR are collapsed on a
lower temperatures the curves of different sizes are collapsegingle curve, which suggests that the differenceRas ab-
on a single curve, which is the behavior of the QLRO phasesorbed in theR dependence df. The intercepts in the verti-
in other words, on the critical line. The essential feature ofcal axis of Fig. 3 give the estimate of the KT transition
the diluted systems is the same as the pure case, which indemperatures. The estimate Bfy for the dilutedXY model
cates the existence of the KT transition. The approach tavith p=0.9 is 0.7474). The number in the parentheses de-
QLRO phase is described by the scaling behavior shown imotes the uncertainty in the last digits. In the same way, we
Eq. (5). For the six-state clock model, the curves with differ- estimate the two KT transition temperatures of the diluted
ent sizes separate again at low enough temperatures. Tiix-state clock modell, and T,, as 0.727%) and 0.60%4),
comes from the discrete symmetry of the clock model, whictrespectively.

1. Estimate of KT transition temperatures

184438-3



T. SURUNGAN AND Y. OKABE PHYSICAL REVIEW B71, 184438(2005

0.4
@ - ; @
: p=0.90 ] oo 5060
0.9 e
[ ,.Arw
. 0.8'—/’/"" Y
= 0.7 = —— R=0.900
c L —— R=0.600 ] |_'; e R=0.9105
= o6t B §=g$§g ] R R=0.910 -
L ---e--- R=0. 4 Ay ==
03 ] __.—=-_=’=':—=,_=Z:—:':=—5'f'f“*—j
0.4 ] 0.2F===""
0.4 . . . . i . ‘ ‘ .
0 0.04 " 0.08 0.1 ) 0.04 0.08
I 2
0.4
0.35-
I 03
o
iy

0.25

0.2+

0 o004 008 0.1 . . . .
2 0 0.04 0.08

FIG. 3. (Color onling The plot of Tcr(L) versusI™?, with |
=In bL, to estimate KT transition temperature of the dilutedXY
and (b) six-state clock models on the square lattice lfer32, 48,
64, 80, and 96, with bond concentratige0.9. For the clock
model, both the highe(T,) and lower(T;) KT transition tempera-
tures are estimated. The data obtained from different valuBsaoé
shown by different marks.

FIG. 4. (Color onling The plot of Ty(L) versusl™, with |
=InbL, to estimate KT transition temperature of the dilutagdXY
and (b) six-state clock models on the square lattice lfer32, 48,
64, 80, and 96, with bond concentratiggr0.6. For the clock
model, both the highefT,) and lower(T;) KT transition tempera-
tures are estimated. The data obtained from different valuBsaoé
shown by different marks.

We also plot the data fop=0.6 in Fig. 4. The choice of 2. Decay exponent
fixed R is different from that forp=0.9. The estimated KT

transition temperatures are given by the intercepts in the ver- Next, we consider the decay exponenof both XY and
tical axis. The KT transition temperatures fp=0.6 are Six-state clock models for each bond concentration. We first

lower than those fop=0.9; for the six-state clock model the 100k at the constant value of correlation raRdor different
QLRO phase betweef, and T, becomes narrower. sizes and find the associate correlation functiin/2). We
Performing the same procedure for other bond concentradive our attention to the power-law dependence of the corre-
tions, we estimate their KT transition temperatures; they arddtion function on the system sizg(L/2)~L"7, expressed
tabulated in Table I. For the six-state clock model, the lowedn Eg. (4) with D=2. Choosing the fixe®, we have the
(T,) and higher(T,) KT transition temperatures are esti- Same temperature for different sizes on the critical point or
mated. In Fig. 5 we show the phase diagram of the diluted®n the critical line. Moreover, away from the critical points
Systems’ which is produced from Table |. As can be Seeme sameR giVeS different temperatureS for different SiZeS,
from the phase diagram, the KT transition temperatures
gradually decrease with dilution, and the QLRO phase dis- TABLE I. The estimates of KT transition temperatures for the
appears at the bond concentration which is very close to thdiluted XY and six-state clock models for various bond concentra-
percolation thresholdy.; for the bond percolation of the tion p. For the clock model the lowefT;) and higher(T,) KT
square latticep,=0.5. This result is the same as that of transition temperatures are estimated.
Bercheet al? for the site dilution, but different from that of
Leonelet al8 XY Six-state clock
For the clock model the intermediate QLRO phase is sup- p Ter T, T,
pressed to a narrow range of temperature as the diluted bonds

increase. The lower KT transition comes from the discrete 0.89%3) 0.7153) 0.9023)
symmetry. Thus, the behavior near the percolation threshold 0-9 0.7474) 0.6054) 0.7274)
is similar to the case of the diluted Ising model. The higher 0.8 0.57%6) 0.4896) 0.5744)
KT transition temperaturd, for the clock model becomes 0.7 0.4016) 0.3896) 0.4346)
higher thanTy; for the XY model with the same nearp 0.6 0.21512) 0.2774) 0.2814)
=0.5, which may be related to the stabilization effect of dis- g5 0.0768) 0.1988) 0.2046)

crete symmetry.
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FIG. 5. (Color onling Phase diagram of the dilutdd) XY and

(b) six-state clock models. As shown, there is a systematic shift of

the KT transition temperatures as the bond concentration decreas&@elation functiong(L/2)

The plot suggests that the critical dilution is close to the percolationc‘
thresholdp,=0.5. For the clock model, due to the discrete symme-
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try, there exists a lower KT transition, separating the ordered phas'g'alte of the exponeny.

of low temperature from the intermediate QLRO.

but the corrections to the power-law behavior, E4), are
the same, which yields the estimate of the decay exponent
This analysis ofp was used in the study of the fully frus-
trated clock modet® As an example, we consider the system
with bond concentratiop=0.9. We plotg(L/2) versusL for
variousRs in double-logarithmic scale for the dilutedr and
six-state clock models in Fig. 6. The value pfis estimated
from the slope of the best-fitted line for each value of con-
stant correlation ratio. Similar plots fgr=0.6 are given in
Fig. 7.

The R dependence of thus-obtainedof each bond con-
centration for the dilutedXY and six-state clock models is
plotted in Fig. 8. As can be seen, the exponemtsf bond
diluted system with various bond concentrations behave
similar to those of the pure casgs1, namely continuously
changing with the temperature in the KT phase. We have
plotted the data down t@=0.6. All the data seem to be
universal, and the corrections are small except for the larger
R side of the clock model witlp=0.6. The deviations from
the pure value become larger for0.55; they are not plotted
here. This comes from the fact that it is close to the perco-
lation threshold and corrections become larger. In the
renormalization-group language, the critical behavior is af-
fected by another fixed point nearby.

Since the estimated is almost constant for smalldr,

FIG. 6. (Color onling Double-logarithmic plot of the magnetic
versusL of the diluted(a) XY and (b)
ix-state clock models, for bond concentratipr0.9. Here, the
slope of the best-fitted line of each correspondigives the esti-
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FIG. 7. (Color online Double-logarithmic plot of the magnetic
correlation functiong(L/2) versusL of the diluted(a) XY and (b)

which corresponds to higher temperature, in Fig. 8, the exXsix-state clock models, for bond concentratipr0.6. Here, the

ponent afl 1 of the XY model andT, of the clock model are
estimated as
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s We have observed the KT transition of higher temperature
0.24 % separating the intermediate QLRO phase from the disordered
- phase. Due to the discrete symmetry of the clock model, the
0.2 lower KT transition also has been observed. There is a sys-
=t tematic decrease in KT transition temperatures as the con-
0.16- centration of diluted bonds increases. Our estimates of the
KT transition temperatures for each concentration, both for
01z the XY and six-state clock models, are listed in Table I, from
o i which the corresponding phase diagram shown in Fig. 5 fol-
i lows. As can be seen from the phase diagram, the critical
concentration of dilution is very close to the percolation
threshold, which is the same as the result of Bewthal ? for
024 the site dilution, but different from that of Leonet al® The
i bond-diluted and site-diluted classical spin systems show es-
0.2 sentially the same behavior, although there may be differ-
e |t ences for the quantum spin modélg? Our preliminary re-
0.16 sults for the site-dilutedXY and clock models give the
continuous phase transition with respectptoThus, our re-
0.12- sult is in favor of that of Berchet al®
- The phase diagram also shows that the intermediate
0090 092 004 096 QLRO phase for the clock model is suppressed to a narrow

R range of temperature as the diluted bonds increase. Our esti-
mates of decay exponents for lower concentration dilution
suggest that the KT transition remains unaffected by dilution,
which is analogous to the expectation of the Harris criterion
that the randomness is irrelevant for system with nondiverg-
ing specific heat.

7,=0.251). Quite recently, Sasamoto and Nishimori have studied the
4phase diagram of 2D rando@, models using the duality
argument® The analysis of the duality argument for the
present model will be left as a future problem.

FIG. 8. (Color online Decay exponent; as function of corre-
lation ratioR of the diluted(a) XY and (b) six-state clock models
for various concentrations.

This value is consistent with that for the pure case, 1/
=0.25. For the low-temperature sidiarge R) of the XY
model, » approaches 0. Meanwhile, the estimatgtor the
six-state clock model becomes constant for laRjeThis
gives the decay exponent at the lower KT transition tempera- ACKNOWLEDGMENTS
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