PHYSICAL REVIEW B 71, 174409(2005

Analysis of magnetic interactions in rare-earth-doped crystals for quantum manipulation
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The influence of magnetic interactions in rare-earth-doped crystals under an external magnetic field has been
studied in order to obtain an efficient three-levekystem with the hyperfine levels of the rare earth. Nuclear
Zeeman effect under the action of an external magnetic field removes the nuclear degeneracy. This interaction
does not provide an efficiert system because nuclear-spin flipping suchvis= t%—> M= I% (M, is the
nuclear-spin projectioncannot be induced by an optical transition. However, this selection rule only applies to
pure nuclear Zeeman effect. Indeed, it is shown that the coupling of the electronic Zeeman and of the hyperfine
interactions releases the nuclear-spin selection tiMs=0. This can be described in terms of a pseudonuclear
Zeeman effect induced by an effective magnetic field. The relative strengths of the two optical transitions
involved in the three-level system can be controlled by the orientation of the external magnetic field. The
particular case of the T# ion in the Y;Als0;, host(YAG) is discussed. TAt hyperfine structure is deter-
mined using a complete Hamiltonian including free-ion, crystal-field, and magnetic interactions. A good three-
level A system is obtained in Tm:YAG with a transition strength ratio of (.24 :4) between the two optical
transitions. An analytical analysis based on a spin-Hamiltonian approach is proposed to explain the results of
the complete crystal-field calculations. Finally, an experimental protocol that makes a crystal similar to the
atomic samples used in previous quantum information investigations, with the additional benefits of absence of
motion and long coherence time, is described.
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I. INTRODUCTION appear as promising candidates in the quest for macroscopic

Quantum physics has long been confined to the descridu@ntum effects. They offer properties similar to atomic va-
tion of microscopic scale processes, or to the investigation dfors With the advantage of no atomic diffusion. Hyperfine
very specific macroscopic states of matter such as superfllfgV€!S of rare-earth ions are commonly used to perform co-
ids, superconductors, or Bose-Einstein condensates. HoWS'ent spectroscopy experiments, such as hole burning and
ever, there has been growing interest in the investigation dpnoton echd: At low temperaturé<4 K) the optical coher-
quantum processes in more common macroscopic systenf&1Ce lifetime may_reach several mllll_seconds in these mate-
The optical collective excitation of atomic ensembles has led@lS and a hyperfine coherence lifetime of 82 ms has been
to the dramatic demonstration of macroscopic entanglemerfPOrted in PT": Y ;SiOs.? Given the absence of atomic mo-
in free spacé-S Multilevel systems play a key role in these tion, extremely long population lifetime can be observed.

: : Notable experiments on systems in REIC include the dem-
experiments, whether entangle_ment relies on ofi-resonant E6nstration of efficient EITRef. 13 and phase conjugatidfi
citation induced Faraday rotatibd or on spontaneous Ra- '

ttering® S | h b 0 th and the observation of “slow light?
g.‘f.‘” sca S‘rmt'. ev]?ratgrpups ?.Ve" een pu_rsdumg etam— However, further investigation of hyperfine systems in
rious objective of storing optically carried quantim pec jg hampered by two main problems) the AM,=0

information into an atomic ensemble entangled state andy o yion ryje wher#/, is the nuclear-spin projection aril)
then returning quantum data to the optical carrier. Entangle;

t destruction b t e b ided the lack of adequate laser sources in the spectral range of the
ment destruction by spontaneous emission can be avoided Jn i o tive rare-earth ions.

a three-level system where the two lower states are con- Figure 1 represents a typical three-levebystem Q, and

nected by allowed optical transitions to a common upperQZ are the Rabi frequencies which characterize the atom-
state. By adequate coherent combination of the two reSQzser interaction and are defined by

nantly excited optical transitions, the atomic Raman coher-

ence could be combined with the radiation in a single quan- .= JES
tum state. This fully quantum “dark polariton” schefris 17y
connected to processes such as “dark resonaneksttro-

magnetically induced transparend@iT),® “slow light,”® and Uoabo
stimulated Raman adiabatic pass&§&IRAP).10 O, = P

So far, ensemble entanglement has been demonstrated
only in atomic vapord* and beantsor in laser cooled atom where w;; is the electric dipole moment matrix element be-
clouds!® However, rare-earth ion doped crystdREIC) also  tween statefi) and|j) and&, is the field amplitude of lasék:
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FIG. 1. Three-level\ system coupled by two laselQ,; and(), 5 o
are the Rabi frequencies which characterize the atom-laser M> = |i1/2>' ............ Jv [1>=| M, =Y>
interaction.
B,=0 B,=0

The possibility to control the relative strengths of the transi- _ _

tions, i.e., the Rabi frequencies, is very attractive for an ef- FIG. 2. Ideal three-level\ system in the case of Tt ions
ficient manipulation of this system. This can be performed b>between three hyperfine levels of the first crystal-field states of the
changing the field amplitude or by controlling the transition e and"H, multiplets. The external magnetic fieith can induce
probabilties, i.e., the selection rule on tf# —|3) and |2) different M; mixing in the ground and excited states.

—|3) transitions. In the case of rare-earth ions, tig . .
—|3) and |2)—|3) transition strengths between hyperfine wavelength, T’ in Y 3AlsO4, (YAG) has been widely stud-

levels are usually very different due to the nuclear-spin Se|_ed in the field of coherent transient-based signal-processing

: , - : heme$?23 The atomic coherence associated with the
lection rules. The aim of this paper is to show that by apply-g'C 3 - . I
ing an external magnetic field which induces differdut He(0) —"H,4(0) transition at 793 nm exhibits a lifetime of

mixing in the ground(|1), [2)) and excited(3)) states, it is /O #S which grows to 15Qus under moderate magnetic
possible to relax thdM, selection rule and then to control E'E’Id' V\éhat makes this compound attractive is that the
the relative strengths of thel)— |3) and [2)—|3) optical H(0) — °H,(0) transition falls in the spectrg! range qf semi-
transitions. conductor lasers. Such lasers can be stabilized easily to sub-
Among all the rare-earth ions, non-Kramers ions with ankilohertz linewidth and jittef® The single natural isotope of
even number of #electrons present the longest coherencéhulium (**Tm) possesses a nuclear spinl/2. Application
lifetime.16 With the additional condition of a hyperfine struc- Of an external magnetic field removes the nuclear-spin de-
ture of a few tens of megahertz splitting in the electronicgeneracy and splits the electronic levels. A three-levels-
ground state, one is practically left only with BuPr?*, and  tem with Tn?* (Fig. 2) would involve the two hyperfine
Tm3* as good rare-earth ion candidates. levels of the ground stat%HG(O) and one hyperfine level of
Ew* and P?* present a hyperfine structure at zero mag-the excited statéH,(0). At first sight, if M, is a good quan-
netic field due to the magnetic quadrupole and the secondum number, such a scheme seems to be doomed to failure
order hyperfine interactions. In this case, state mixing maypecause electronic excitation cannot flip the nuclear spin.
relax the selection rules to some extent in low symmetryTherefore, the two optical transitions that start from the two
compounds such as¥rY ,SiOs but in general the two tran- ground state sublevels seem to be unable to share a common
sitions of the system may exhibit very different strengths. Inupper level. However, in this work, we show that the cou-
a recent paper, we showed that an appropriate externalpling effect of the Zeeman electronic and the hyperfine in-
magnetic field can induce different hyperfine state mixing interactions mixes the nuclear-spin states, which results in al-
the lower and upper electronic levels of the transition andowed transitions between the different hyperfine levels,
thus relax the nuclear-spin selection rule IrP*PLiYF,. making the A system effective. Carefully oriented applied
Therefore two parameters of importance in the context ofnagnetic field can lead to comparable oscillator strength val-
coherent driving and quantum information physics, namelyues from both ground-state sublevels to a common upper
the Rabi frequency and the sample optical density, both ddevel. The ideal situation is illustrated in Fig. 2 where the
pending on the transition strength, can be controlled by thexternal magnetic field induces M, mixing in the ground
mean of the external magnetic field. Unfortunately, only dyestate and a maximur; mixing in the excited state. In this
lasers are available at the corresponding excitation wavesase, the selection rule is released and the transition strengths
lengths(580 nm for EG* and 606 nm for F¥). Because of of the|1)=|3)—|3)=3( -1)+|3)) and|3)— [2)=|-2) transi-
the high-frequency noise generated by the dye jet, this is #ons are equal.
challenging task to reach the subkilohertz linewidth and jitter In order to relax the selection rules and to calculate the
that are needed to match the long coherence time offered Hyranching ratio between the two optical transitions, it is nec-
REIC. Actually few dye laser systems throughout the worldessary to determine the hyperfine level wave functions for an
offer such a high degree of stabilit§2° arbitrary magnetic-field strength and direction. In this paper,
In the absence of hyperfine structure at zero magnetiove have performed wave-function calculations on Tm:YAG
field, the lifting of nuclear-spin degeneracy under an appliecdby taking into account all possible magnetic interactions.
magnetic field may offer an alternative way of building a Two methods are used to describe the magnetic interactions:
system in REIC! Among REIC devoid of hyperfine struc- (i) a complete calculation starting from the crystal-field wave
ture at zero field but offering more appropriate operationfunctions; such an approach has been successfully applied to
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Pr¥*in CaF, (Refs. 26 and 27and in CsCdBy (Ref. 28 and A
i o e ; ; I ch =
(i) a spin-Hamiltonian approach which will be used to inter q
. X 2k+1

pret the results of the previous calculations.

The paper is arranged as follows. In Sec. Il, we presenThe number of nonzero crystal-field paramethsand é;
the crystal-field Hamiltonian approach and the complete calreal and imaginary parts, depends on the site symmetry of
culation of the magnetic interactions from the crystal-fieldthe lanthanide ion in the structure.
wave functions. The results are discussed in the case of The electronic Zeeman interaction between thelec-
Tm:YAG by analyzing the influence of the magnetic interac-trons of the 4" configuration and the external magnetic field
tions on theM, mixing. In Sec. Ill, we present and discuss B, is written as®
the spin-Hamiltonian formalism which allows a physical and
an analytical interpretation of the Tm:YAG calculations. In _ _ N =
Sec. IV, an experimental protocol that makes a crystal similar Hez=5Bo z (Ii+0dli) = ABo - (L +055)., ®)
to the atomic samples used in previous quantum information . .
investigations, with the additional benefits of absence of mowhere 8 is the electronic Bohr magnetoh,ands are the
tion and long coherence time, is described in the thuliumindividual orbital and spin momenta of the electroms,

qu- (4)

n

doped YAG. =31 I;, and S=2;s. gs is the gyromagnetic ratio of the
electron spin which is slightly larger than 2. The hyperfine
Il. COMPLETE CALCULATIONS FROM CRYSTAL-FIELD HamiltonianH - which results from the interaction between
WAVE FUNCTIONS the nuclear spin and the magnetic field at the nucleus pro-

duced by the #electron 8!

A. Theoretical description N

. . . N; -1
Level and wave function calculations are performed using Hur = 0881002 —3 (6)
the complete HamiltoniafCH) given by i=1 T
Hern=Hp + Hep+ Hez+ Hyp + Hyz + Ho, (1) where
where Hg, is the free-ion HamiltonianHcg is the crystal- N; =l —s+3ris -ri)/riz,

field one,Hgz andHy, represent, respectively, the electronic
and nuclear Zeeman interactions, afdgr is the hyperfine
Hamiltonian.Hq, is the electric quadrupole interaction which
is nonzero for ions with nuclear spire=1. The free-ion in-
teractions are written according to the formalism of Carnall

B, is the nuclear magneton, agd is the nucleag factor.r;
is the radius of the electron orbital ahds the nuclear- spin
operator.

The nuclear Zeeman interaction between the nuclear spin
and the external magnetic fieR}, is written as,

et al?®

He=Ho+ D E'e+ {yAsot al(L+1) + BG(G) Finz == GnfnBo 1 "

= o
Ao k=123 4TS0 2 The electric quadrupole interactidfg for nuclei with
i spin =1 which results from the interaction between the
+vG(Ry) + > AT (2)  nuclear quadrupole momentum and the electron momentum
i=2,3,4,6,7,8 is given b)}0

In this expressionH, is the spherical symmetric one- pe(Fpn(rr)
electron part of the HamiltoniarE® are the Racah param- HQ=—e2J f == Tdrdmn, (8)
eters, andy is the spin-orbit coupling constard, and Agg [re=rul

represent the angular parts of the electrostatic repulsion anghere -epy(r,) and ep,(r, are the electron and nuclear

the spin-orbit coupling, respectively, B, andy are associ-  charge densities, respectively.andr, are taken relative to
ated with the two-body interactions and thle(Judd param-  ihe center of the nucleus.

eters with the three-body interaction&(G,) andG(R;) are All the previous Hamiltonians are calculated and diago-
the eigenvalues of Casimir’s operators for the groBpsind  npalized in the|yLSIMIM,) basis set wherey stands for
R7'30_ The Judd parameters are vanishing for fﬁe_and f_12 |f"7WU). The 7WU quantum numbers are used to unambigu-
configurations. Other interactions such as spin-spin andysly describe each state of the electronic configuration. For
spin-other orbit interactions, operating throutf and P 3 more detailed definition of these quantum numbers see Ref.
parameters, are not included in the calculations. Followingg or 31. The matrix elements of the magnetic interactions in
the Wybourne’s formalisr? the crystal-field Hgmiltonian IS the |yLSIMIM,) basis set that we use in the present work
expressed as a sum of products of crystal-field parametetge given in the Appendix. Indeed, it seemed to us difficult to

and spherical harmonicé find in the literature suitable expressions for those matrix
46 k elements as notations, and equations can vary from author to
Her= 2 3 {BYCY + (- Icy] +isC{! - (-1)iclyy  author
k=2.a=0 3 B. Results and discussion
® In the case of Tm:YAG crystal, the complete calculation
with is performed in two steps. First, the energy levels, deter-
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TABLE I. Free-ion and crystal-field parameters for ¥nions in
YAG single crystalgin cm™) and experimental and calculated en-
ergy levels(in cm™) corresponding to the tW?H6 and 3H4 multi-
plets of interest in this work. The parameter within square brackets g 400
is kept constant during adjustment. The number after the parameter
represent the uncertainties. The rms standard deviadforis

indicated.
Energy levelscm™b)
Parameters Multiplet
(cm™b 25, Experimental  Calculated
E° 17 443(1) *Hg 0 0
E? 7018(2) 27 26
E?  33.38(0.02 216 237
ES 671.5(0.0) 240 246
a 17.06(0.08 247 260
B -658(7) 300 314
y [0] 450 473
Lt 2619.7(0.9 588 603
B3 580 (12 610 634
Bg -59 (29) 650 653
BS -1223(36) 690 699
B3 29 (9) 730 780
B; -1403(16) 798
B, -71619)
BS -331(22
BS 460 (28) *H, 12607 12607
BS -369(22) 12644 12669
o 20.8 12732 12744
12747 12768
12824 12857
13001
13036 13062
13112 13127
13152 13165
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FIG. 3. Hyperfine splitting$in megahertzof the (a) 3HG(O) and
(b) °H ,(0) states of Tm:YAG as a function of the external magnetic-
field direction and for|Bo|=1 T. (M) #=0, (*) ¢=10°, (A) ¢
=20°, (V) ¢=30°, (O) ¢=40°, (O) ¢=50°, (A) ¢$=60°, (V) ¢
=70°,(—) ¢=80°, and(|) »=90°.(x,y,2) refers to the local crystal-
field axes.

gathers the free-ion and crystal-field parameters forP*Tm
ions in YAG single crystals and experimental and calculated
energy levels of the twdH and ®H, multiplets. The rms
standard deviation is given for the 71 experimental levels. In
the simulation, they parameter is fixed to zero as it does not

mined by Tiseanet al3? from absorption and emission mea- seem to influence the calculated energy levels. The crystal-
surements, are used to calculate the parameters of the frefield Hamiltonian (Hcp) leaves each electronic level as a

ion and crystal-field Hamiltonian.
For the free-ion Hamiltonian, eight parameters were varTm3* ions in the YAG host.

ied, i.e.,E®, E1, E?, andE® (Racah parametexsa, 8, andy

(Trees parametersand/,;. Tm®* substitutes ¥* in YAG in

a D, point site symmetry. Thd®, crystal-field parameters

involve nine nonzero reaIBg crystal-field parameters,

namely,B3, Bg, BS, B3, B3, B, BS, BS, andBE. The simulation

nondegenerate singlet due to the low point site symmetry of

The second step of the calculation starts with the previous
free-ion and crystal-field parameters by including in the
complete secular determinant the electronic Zeeman, the hy-
perfine, and the nuclear Zeeman interactions. Without any
external magnetic field, each electronic singlet is composed

of the energy-level scheme is performed on 71 experimentadf two degenerate hyperfine levels due to the Mp=+;

levels among the 91 possible levels of tHé%configuration.

nuclear-spin projections associated to the nuclear spin of the

We did not take into account the free-ion parameters offm** ion. The complete diagonalization is performed on a
Tiseanuet al. because in their work the barycenters of eachl82X 182 matrix. The magnetic interactions are computed
multiplet 2L are adjustable parameters which means thausing a 4 radial extensions ofr~3),=13.6 a..*® (see the
they were not fitted to the experimental levels. With a start-Appendix for the matrix elementsFigure 3 gathers the cal-
ing set of phenomenological free-ion and crystal-field paramculated splittinggin megahertgbetween the hyperfine levels
eters taken from the work of Grubet al,33the rms standard of the *H¢(0) and the®H,(0) states as a function of the ex-
deviationo, taken as the figure of merit for the simulation, ternal magnetic-field direction and fB,|=1 T. It is impor-

decreases to a rather good final value of 20.8'crable |

tant to note that in the following discussion, the orientation
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907 have no effect on the energy levels as they do not spliMhe
degeneracy. It is the coupling of these interactions to second
order which provides an additional hyperfine splitting. To
compare the order of magnitude of each magnetic contribu-
tion, we have performed two kinds of calculations for three
different orientations of the external magnetic fi¢kdong
thex, y, andz axes: (i) calculation by considering only the
nuclear Zeeman interaction afid) calculation by taking into
account only the electronic Zeeman and the hyperfine inter-
actions (Fig. 4). If we consider only the nuclear Zeeman
interaction, the hyperfine splittings of both crystal-field lev-
S ——— els [*H4(0) and®H,(0)] are identical as they are character-
@ 0 10000 200%0 (Gausso)ooo 40000 30000 ized by a single nucleay, value. For each crystal-field level,
2000 - 0 the coupling ofHg; and Hye can be of the same order of
i magnitude or even higher than the nuclear Zeeman interac-
tion. The{Hg,+Hye} Hamiltonian is stronger for théH(0)
level than for thé5H4(0) level (Fig. 4). This explains that the
hyperfine splitting is higher in the ground state than in the
*He(0) : Hyz + Hyp excited state. These different hyperfine splittings could allow
one to obtain for a given magnetic-field orientation a differ-
ent M, mixing in the *Hg(0) and *H,(0) levels. It could be
then possible to release the selection rules on the nuclear-
spin projections and therefore to obtain an efficient three-
] 3H,(0), *H,(0) : Hy, level A System. o _ _
0 A way to represent th&, mixing is to associate to each
; 10000 20000 20000 10000 50000 crystal-field level an effective magnetic fieBF'" whose in-
(b) B, (Gauss) tensity B®" is proportional to the hyperfine splitting and
451 whose orientatior(¢*'" and ¢°'" in polar coordinatesis di-
rectly linked to the coefficients of the nuclear part of the
wave function. The determination of such effective magnetic
field is possible if we can separate the nuclear part of the
wave function from its electronic part. For each orientation
of By, this behavior has been checked by analyzing the
whole crystal-field wave functions which can then be written
in the 2x 2 hyperfine subspad#l,=+3) as

|\I,i> = |\I,2uc'>|q,ele9 (9)

80 :
] 7 xeaxis *H,(0) - Hez + Hyp

*Hy(0) : Hy + Hyp

Splitting (MHz)

3H,(0), *Hy(0) : Hy,

1600/ y-axis

4004 SH(0) : Hy, + Hyp

// z-axis

304 Hy(0) : Hyy + Hy

SH,(0), 3Hy(0) : Hy,

Splitting (MHz)

3H,(0) : Hy, + Hyyp
with

0 10000 20000 30000 40000 50000 [whueh =a,|m, = +%>+b¢|M| :—%> (10
(c) B, (Gauss) . . .
and [¥o is the electrgnlc pgrt of the wave function. The

FIG. 4. Contributions of the nuclear Zeeman interactibi;) ~ Orthogonality conditiora_a. +b_b,=0 is fulfilled. The polar
and of the coupling of the electronic Zeeman and hyperfine intercoordinates of the effective magnetic fieldB®'
actions(Hyz+Hye) to the hyperfine splittings of thiHg(0) and the  (B®™, ¢°'", ¢°™ are determined by considering tHa#t]"") are
®H,(0) states in Tm:YAG as a function d, intensity. The calcu- eigenvalues of the following effective nuclear Zeeman
lations are performed for three different orientations of the magnetidamiltonian:

field parallel to thex, y, andz axes. Heff= _ gnIBBeff_ = gnB(B)e(ffIX + Bgffly + Bgfflz) (11)
of the applied magnetic field is expressed in the Idgay, 2) with

crystal-field axes. The splitting is strongly dependent on the

orientation of the external magnetic field. For the same ori- Hefwiuch = = 2E[whuch, (12
entation ofB, the two crystal-field levels are characterized ] ) o

by different hyperfine splitting§Figs. 3a) and 3b)]. They WhereE_ls the hyperfine splitting. From Eqgéll) and (12),
are stronger for the ground stalid4(0) than for the excited W€ obtain

state®H,(0). — g,8B% b, e " sin ¢ + a, cosé*'] = ¥ Ea,,

The nuclear Zeeman interaction lifts the nuclear degen- B B B
eracy of each electronic crystal-field level into two hyperfine _ ef 4t et o —
levels. From time inversion symmetry propetfythe elec- 0nBB° (€™ sin ¢°'1~ b, cos¢']= = Eb,,
tronic Zeeman and the hyperfine interactions at first ordeand then by writing
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&eff XX R XX XX
a, = COS?: (13 304 //{::.—o—o—oaa—o—o—of:.
" 40
b, = e' ¢°! sin % , = A\‘\A‘A‘A_AfAfAfAfA_A,AlA/‘/A
L 301
a0 V. v
we have § \ \\v\'—V*V—V—V—V—FV"/'/v/ /
g 207 ;nwu‘u_ ,u-yﬂj
E= gnBBe”' (14) 3 .\. O0—0—0—0—0—0—0
The orientations®’™ and ¢°'f of the effective magnetic 104 o \'\ . S
field are linked to the coefficient, andb, of |[¥7') [Eq. o °\°‘:\\/'/ 000"
(13)], and the hyperfine splitting gives the intensity of the 01 I
effective magnetic field®" [Eq. (14)]. For example, an ef- ————— T
fective magnetic field along the quantificatianaxis (6°'f 0 20 40 60 8 100 120 140 160 180
=0° and ¢°'=0°) gives two pureM, states|¥'%=|M, @ 6 (degree)
=+3). An effective magnetic field along the axis, (¢ 0.25 -
=90° and¢*'™=0°) leads to a maximunM, mixing: [w7'} X XXXy
=(11\2)(|M;=+37£|M;==3)). To reach the ideal case of . | e
Fig. 2, we have then to find an orientation B§ for which ‘ —e—® T
the two effective magnetic fieldBS" and BE" associated to
0.15 1

the ground’HG(O) and the exciteaH4(0) levels, respectively,
are perpendicular. In the following, we noté™, the angle
between these two effective fields, and we define, by consid-~ 0.10-
ering the nuclear part of the wave functions, the transition

S

- V- v
;gggg;? ratioR between thd2)—|3) and|1)—|3) transi 0.05 - ?\'_'_v_v_v_v_v_v_v_v-v/ g
7 D\E:n—n—n—n—n—n—n—n—n;ﬂfn
R= |<2|3>nucl|2 (15) 0.001 ~0—0—0B=g~o—q—0—-5=8"0—o0—0—
|<1|3>nucl|2 T M 1 v T v T M T v T v 1 M T v T M 1
0 20 40 60 8 100 120 140 160 180
The ideal situation of Fig. 2 is obtained wh&¥1. (b) 0 (degree)
Figure 5 gathers the anglé’” between the two effective
magnetic fields and the transition strength reRidetween FIG. 5. (@) Angle a®'"in degree between the two effective mag-

the hyperfine levels of théHG(O) and 3H4(0) states as a neti(_: fields andb) transition stréangth rati®R associated to the hy-
function of the orientation of the external magnetic figlg  Perfine levels of theHy(0) and°H,(0) states as a function of the

in the local crystal-field axes. In Tm:YAG, the ideal case ofa"dle? of the magnetic field, (|Eio|:1 T). (W) $=0, (x) $=6°,

Fig. 2, corresponding ta®"=90° and R=1, cannot be () ¢#=10°(A) $=20% (V) ¢=30° ([)) $=40°, and(©) $=90°.
reached whatever is the orientation & (Fig. 5. A maxi- The Ilngs are guide to eyes. The angles are given in the local
mum value ofa®"'=52° is found forB, in the x-y plane with crystal-field axes.

0#=90° and¢=6° [Fig. 5@)]. This maximum angle between

the two effective magnetic fields corresponds Re0.24 ~ complex crystal-field calculations. This method consists in
[Fig. 5(b)]. This gives a transition strength ratio around 1:4the neglect of all thel-mixing effects(due to second-order
for the |2)—|3) and |1)—|3) transitions. The maximum €ffects of the crystal-field Haml_ltoma@nd in only the con-
value ofR that we can reach in Tm:YAG is not the ideal caseSideration of the diagonal term ih In this way, the magnetic

of Fig. 2 but still provides a good three-levalsystem.a®'f interactions can be analyzed by the following spin Hamil-
andR are very sensitive tgp around¢=6° as shown in Fig. tonian in the case of a non-Kramers ion in low site
6 and have a smoother dependenc&@moundd=90° (Fig. symmetry®®

7). This behavior implies that in a real experiment, we have _ > 1 2 2

to accurately controlpthe external magnet?c—field orientation. Hsy= 20 %Bo-l+ D[IZ —5l(+ l)] +E(L 1)

i=x,y,z
(16)
Ill. SPIN-HAMILTONIAN APPROACH The parameters iklgy are determined by first- and second-
A. Theoretical description order perturbation theory and are calculated by taking into

: I account all the crystal-field levels of a particulamultiplet.
Another way 10 express the different magnetic mterac-_l_his means that each multiplétis characterized by a set of
tions is to use a spin-Hamiltoniai$H) formalism which is P y

based on the equivalent operator metfbdThe spin- v, D, and E values. The spin-Hamiltonian parameters are

Hamiltonian formalism is very useful to understand the pre—glven by

vious results as it allows an analytical description of the D=D,+P, (17)
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FIG. 6. (a) Angle «*'"in degree between the two effective mag-
netic fields and(b) transition strengths rati®R associated to the
hyperfine levels of théH4(0) and>H,(0) states as a function of the
angle ¢ (|Bg/|=1 T) for #=90°. The angles are given in the local

crystal-field axes.

P
E=E,+7—, (18)
3
Ay + A
Da = A<XX—ZXY - Azz) ) (19)
Ay~ A
Ea:A—WZ—XX, (20)

whereP is the quadrupole-coupling constamtan asymme-
try parameter, and\ is the hyperfine interaction constant.

The second-order parameters are

% = = 0nBn— 20B8A;; (21)

and

T — T T T T !
0 10 20 30 40 50 60 70 8 90
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FIG. 7. (a) Angle o2 in degree between the two effective mag-
netic fields andb) transition strength rati® associated to the hy-
perfine levels of théHe(O) and 3H4(O) states as a function of the
angle 6 (|Bg|=1T) for ¢=6°. The angles are given in the local
crystal-field axes.

03Iy
Aii = E A% (22)
n#0 n 0
The index 0 denotes the first crystal-field ley&H,(0) or
3H,(0)] andn the other CF levels of &L, multiplet. E,, is
the energy of the CF levei.

The different parameters of the spin Hamiltonian can be
experimentally determined by optically detected NMR
measurement®:3 In the following we use this approach to
explain the different results of the complete calculations. The
spin-Hamiltonian parameters are determined by using the
crystal-field wave functions.

B. Results and discussion

From the complete crystal-field calculation, we have seen
that the coupling of the electronic Zeeman and of the hyper-
fine interactions bring an important contribution to the hy-
perfine splitting. This effect appears clearly in the spin-
Hamiltonian formalism. Indeed, in E€R1), the y; factor is a
sum of two terms: the first ong,3, which is due to the
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TABLE II. Spin-Hamiltonian parameters of the first crystal-field
states of théH, and®H, multiplets.

Crystal-field level

Parameters 3H4(0) *H,(0)
g 1.16 0.95
A (MHz) -470.3 -678.3
Axx -4x10* -7x10*
Ayy -1.7x107? -2.7x10°3
A,y -2x10™* -1x10™*
¥ (kHz/G) 1.89 2.23
¥y (KHz/G) 55.96 7.52
v, (KHz/G) 1.12 0.63

nuclear Zeeman interaction and the second g8&;; which
is the product of the electronic Zeeman interactgg and
the hyperfine interaction;;. The second term is often called
pseudonuclear Zeeman interactidms the hyperfine term
A;; is strongly dependent on the crystal-field splitting of he
multiplet [Eq. (22)], it is not surprising to obtain different
hyperfine splittings for the ground stdtéH,(0)] and the ex-
cited state*H,(0)].

We will restrict the following discussion, which is general
for ions with nuclear spin=1/2, in theparticularx-y local

plane. Indeed, it is possible for this orientation to obtain a

analytical expression for the transition strength r&jocand
also it is in thex-y plane that the complete calculati¢8ec.
II) gives the best three-level system in Tm:YAG with a
transition strength rati® of 0.24. The spin-Hamiltonian for
Tm3* ions is

Hsu= X %Bo-l, (23)

i=x,y,z

which gives the following matrix elements in thﬁMl
=‘%>:|M|= +2)} basis set:

o= 1
SH™ 5

with By given in the local crystal-field axes. From the

YBox *i 'yyBOy
YBoz

= ¥:Boz

. ) (24
¥xBox — i yyBOy

n
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E,= %\"/%%B(z)x + yiBCZ)y + ')/38321

2y=[My==3)-p'[M = +3), (26)
with
E, - '}’ZZBOZ
p=—7—"". 27
¥xBox — ")’XBOY

2

The above wave functions are not normalized as it does not

influence the following discussion.
In the x-y plane, Eq.(27) gives

_ ¥xBox + i'Yth_)y —d?

Py=" o505 = (28)
Al %2(ng + yzyBSy
with
¥xBox
v 7>2<ng + 'ysBOy
. %Bo
sin = - —=2—2—. (30)
N 7>2<ng + Y)Z/Bgy
In this plane, the transition strength rat), is
o= p? (f—@)
Ry,=————— =tarf{ —— |, 31
= (o) e+ 17 2 sy

whereg (e) means groundHy(0) [excited®H,(0)] state. The
condition R,,=1 gives 6°-&=90°. A simple calculation
shows that the differencé®- & is exactly the anglen®'’
between the two effective magnetic fields. As (i&m &)
=(tan&®*-tan&¥)/(1+tans®.tand¥), the condition 5°-&°
=90° gives tan*tan&®=-1 which is equivalent to
L1521 9D)] (BY/BY?=-1. When (12/ %)%+ is
positive, it is not possible to find in they planeR,,=1. Itis
why in the case of Tm:YAG, as all thg are positive(see
Table 11), we could not find 8 orientation giving the ideal
case of Fig. 2. In this plane, when{/ y) (/73 is positive,
a maximum transition strength ratRf}* can be calculated

crystal-field calculations, the spin-Hamiltonian parameter®y
have been calculated and are gathered in Table Il for the

®H4(0) and®H,(0) states.

When y,Bo,—iy,Boy=0 (B, parallel to thez axis), the
nuclear part of the wave functions of tfid(0) and®H,(0)
states are pure iM: [W1'Y=|M,=+1). The system is not
an efficient three-leveh system as the opticé®) — |3) tran-
sition is forbidden(R=0).

When y,Bo,—i9,Boy # 0 (Bg in the x-y plang the eigen-
values and eigenvectors bl are, respectively:

%\’/%%BCZ)X + Y)legy + 738(2)21

E,

1D =p|M==3)+|M = +3), (25)

kK
1 195
Ry*=tarf| - arctar| = Yx e%% (32
2 2 |InA
KA
of 6=90° and ¢=arctanl1/

for a By orientation
VO (3.

Figure &a) plots mgx as a function of(y{/ ¥/ (v 7).
For small values of v,/ ¥,)/(vy/¥3) (inferior to 0.2, RTan
rapidly increases an® ™ — 1 when (y/v)/(yy/¥3) — 0.
The black circle in Fig. @) represents the case of Tm:YAG.

From they, values of Table 11(+{/ )/ (¥J/ ¥3)=8.77 which
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FIG. 8. (8) Maximum transition strength rati&™ in the x-y
plane as a function ofyy/ v/ (¥§/ ) when [(%/ v) (%! v)] is
positive. The black circle corresponds to the case of Tm:YASp.
Angle ¢ of the external magnetic field#=90°) as a function of
(%! ¥)(%! ¥y giving a transition strength ratid},,=1 when
(! ) (¥ )] is negative.

"a*=0.24 for aB, orientation ofg=90° and$=5.7°.

givesRy;

PHYSICAL REVIEW B 71, 174409(2005

A

Z: [001]

Y: [010]

y u [110]

FIG. 9. Arrangement of the six orientationally nonequivalent
sites with respect to the crystallographic axes, from Ref. 38. The
magnetic fieldB, lies in the horizontal plane, at 6° from direction
[110], in order to optimize the transition strength raRan site 1.
The light fieldE is aligned along site 1 transition dipole moment,
which maximizes interaction with ions in this site.

IV. EXPERIMENTAL PROTOCOL

In this section we describe an experimental protocol that
makes a crystal similar to the atomic samples used in previ-
ous quantum information investigations, with the additional
benefits of absence of motion and long coherence time. This
will complete our demonstration that such experiments are
feasible in thulium doped YAG.

We have to prepare the crystal in such a way that absorp-
tion at a given frequency be ascribed to a single class of ions,
exhibiting the same three-level system, with the same
level spacing and the same transition strength on each one of
the two lines. Initially various classes of ions are absorbing
at a given frequency. This results from the frequency shift

These results are exactly the ones we have obtained from tig@used by the crystalline field and from the existence of non-

complete crystal-field Hamiltonian approach.

When(y/ v (¥} ¥3) is negative, we can always findgg
orientation which fulfills the((yf,/7§)(y§,/y§))(B‘6/B§)2=—1
condition. The anglep which givesR, =1 is

¢ = arctan (339

¢ is plotted in Fig. 8b) as a function of%{/ ¥ (¥§3). For
large values of(yy/ ) (¥)73), small angles of¢ give R,
=1. For small values ofyy/ %)(7§7y), large values ofp are
needed.

equivalent sites.

There are six types of dodecahedral sites in YAG, each
having the same crystallographic symmetry when referred to
the (x, y, 2z) local axes, which are, however, orientationally
nonequivalent sites. Their relative orientation with respect to
the (X, Y, 2) crystallographic axes is illustrated in Fig. 9,
following Ref. 38. We take the notation of Ref. 38 to number
the different sites: sites 1 and 2 are in tKeY crystallo-
graphic plane, sites 3 and 4 are in the plane, and sites 5
and 6 are in theX-Z plane. When an external magnetic field
is applied, the six sites generally become nonequivalent,
which means they are characterized by different hyperfine
splittings and different values of the transition strength ratio
R. We can take advantage of the different splitting values to

To conclude, the spin-Hamiltonian approach allows us toselect ions in a specific site, with optimized transition
explain the results of the complete calculation performed irstrength ratio.

Sec. Il. Moreover it allows us to find a condition to obtain an
ideal three-level\ system with Trmd* ions for hosts in which

the Tn?* ions are characterized by a negativg/ ;) (1y/
¥ ratio.

From the previous local orientation & (#=90° and¢
=6°) which gives the besA system for Tm:YAG, we obtain
the corresponding orientatiof®xyz ¢xyz in the crystallo-
graphic axes for the six sites:
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TABLE llI. Hyperfine splitting, transition strength ratio, and

angle between the two effective magnetic fields for the six magneti-4> === - 4>
cally inequivalent sites of T&f in YAG for an orientation of the B> F =& W BT B
applied magnetic field ofyyz=90° and¢yyz=-51° in the crystal- A/e)‘“ 13> I3
lographic axes.
Vg
Splitting (MHz) A v, | Vo
vl Vo vil Vo
Site H40) ®H,(0) R a*'f (deg 12> 12
Al_(g) R . A RN P Y.
1 60.7 22.3 0.24 52.2
A 4 A 4 \ 4 A 4
2 536.8 715 1.1¢ 15 > > 2 2
3 301.6 41.4 0.02 149 T Yo mmemmeeeed .
4 301.6 41.4 0.02 14.9 11 Il
5 244.9 33.7 0.02 15.5 M @ ) “4)
6 244.9 337 0.02 155 FIG. 10. Energy-level schemes of ions that resonantly interact
with the incident light field at frequency,. In each site, four dif-
o . P _ . . ferent groups of ions, with four different values of the mean transi-
n® 1 6xyz=90%, ¢xyz=-39° or -51°, tion frequencyy,, are simultaneously excited by the light field. The
Nn° 2:6gyz=90°, ¢yyz=+39° or +51°, represented schemes correspond to isites indicated by the sub-
o 7. _ Qo o — _ QN o level splitting label. Similar schemes can be drawn for each one of
n . 3 Oxvz=39 . or 51 L Pxvz== 90 N the six sites. Given the partial site degeneracy and the absence of
nN° 4:6xyz=39° or51°, ¢yyz= +90°, excitation in site 2, there is a total of 12 different schemes to be
N° 5:6wz=—39° or —51°, ¢yyz=0°, considered. In each set the schemes are labeled kointo 4.
Strongest coupling at; occurs in schemes 1 and 3. In schemes 2
N° 6: 6yy= +39° OF +51°, yyy=0°. d piing 2% o

and 4, coupling is stronger az[—Ai(g) andy +A;”, respectively.
Let us assume we optimiZR in site 1. This corresponds

to the orientation:fyy,=90° and¢yy,=39° or 51° with re-

spect to the crystallographic axes. To maximize the inciden

light interaction with site 1, we align the electromagneticIi

field_ polarization along thoe site transitiogl dipolg moment that10 ms storage in3F4. The procedure works because the
is directed alongyy7=90° andéxyz=45°. The field propa-  gr5ng-state hyperfine structure population lifetime can
gates along thg110] direction. The field arrangement is reach several minutes in ThYAG under moderate mag-
summarized in Fig. 9. The different hyperfine splittings", netic field, as demonstrated in Ref. 22. After this bleaching
and R=tar(a%"/2) values are summarized in Table Ill for step, ions initially resonant af are now resonant at the six
this specific magnetic-field orientation. Hyperfine splitting in different frequenciesrLiAfg). Then one proceeds with distil-
site 1 appears to be much smaller than in the other sitesation by bleaching the sample at frequenqy—A(lg). The
while the transition ratio is much larger in site 1. The dipoleéexcited ions are optically pumped to the other sublevel where
moment of the|1)—|3) transition can be written as they are resonant at frequeney—A(lg)iAi(g). Therefore this
wcoda®/2) where u is the electric transition dipole mo- step returns site 1 ions, and only these, to frequencyAt
ment. In sites 2—6, this quantity is close toand equals this step the situation is the following: the frequency slot at
0.90u in site 1. The site 2 dipole moment is cross-polarizedr. ~AYY is empty and the slot ag_is only occupied by site 1
with the incident light and does not interact with it. ions. The three-level systems will be controlled at frequen-
Let us definey, as the mear?HG(O)—>3H4(O) transition  ciesy, )—A(lg) and v, . It should be stressed that, by selecting
frequency and |eﬂi(g> and Ai(e)1 respectively, represent the _vL—Alg as the control frequency, one disr:a)ga_lrded thg site 1
hyperfine splitting of the ground and excited electronic stateéons that were pumped to frequenay+A,? in the first
in sitei. Because of site degenera@ée'g):AEf'g) and Aée,g) bleaching step. Half of the initial site 1 populationatis
:.Age,g)_ An |nC|dent light beam at _frequenc% is reson.a_nt lost. The distillation is n(_)t yet complete as |Ilustratg)<j in Fig.
with the variousy, classes that satisfy one of the conditions: 11. Half of the selected ions are also resonanj atA,” and
1y -A9+A, and the other half ay —A'® and v -AY
Vo= vt %Ai@ + %Ai@ (34) —A(le). These two ion groups interact differently with the in-
cident light. In the former set the Rabi frequency is larger at
as illustrated in Fig. 10. Given the partial site degeneracy, 12, than at vL—A(lg). The opposite situation prevails in the
different values ofy, satisfy this resonance condition. latter set. In order to keep ions with the same well-defined
lon selection procedures were used successfully in th&abi frequencies, one can pump the other ones to the shelv-
past416:3%We propose to follow similar lines of operation to ing state®F,. This can be accomplished by excitationzgt
select a single group of ions. One first bleaches the sample atA(le). The selection is time-limited to the 10 ms lifetime of
frequency v, the ground-state sublevel being emptied by3F4.

optical pumping to the other sublevel. The stepwise pumping
rocess proceeds through excitation to the upper state of the
ptical transition, followed by nonradiative decay to the long
fetime 3F4 state and ultimate decay to ground state after
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4> to obtain an efficient three-leval system. Tm* ions appear
3> 2 4 > —3—x to be a good candidate for such purpose. The particular case
3> 7'y of Tm:YAG has been discussed. A complete crystal-field cal-
culation has been performed as well as an analytical analysis
v, -A® v, -A® of the results based on a spin-Hamiltonian approach. For
Vi Ve time inversion symmetry reason, the Tm:YAG energy levels
v, =AW do not exhibit hyperfine splitting under hyperfine interaction
2> 2 alone. Nuclear Zeeman effect under the action of an external
magnetic field removes the nuclear degeneracy. This still
> 2 1> 2 does not provide us with A-type 3three-lel\/el sysgem becalluse
M @ nuclear-spln flipping such am,( Hs):iif’ M| (PHy)=%3 .
cannot be induced by an optical transition. However, this
FIG. 11. Energy level schemes of the two ion sets selected bygelection rule only applies to pure nuclear Zeeman effect.
successive optical pumping at and yL—A(lg)_ To keep a single set, The dominant effect for the splitting of the hyperfine levels
one temporarily stores the other one on the shelving 3fgtdn the  comes from the coupling of the electronic Zeeman and hy-
picture, one only keeps the s@i and one pumps the other one to perfine interactions. This can be described in terms of a
3F, by optical excitation a‘vL—A(le. pseudonuclear Zeeman interaction induced by an effective
magnetic field. Optical transition with nuclear-spin flipping

In order to keep all the selected ions, one must bleach than take place as soon as the effective magnetic-field orien-
sample over a spectral interval larger than the inhomoget-at'on is different in the ground and excited states. The rela-
neous width of the Zeeman transition. This broadening igive orientation of the effective fields depends on the applied
expected not to exceed a few tens of kilohertz. field orientation. We have found that for Pfions which

Optical density often appears to be a key parameter ij@ve a nuclear spin of 1/2, a transition strength rétwol
quantum information storage experiments. To evaluate thi§an be obtained in the-y _pla}ane when the spin-Hamiltonian
quantity we assume that the magnetic field does not affedt@rameters give a negative(/ ¥)(»/ ) ratio.

the electric dipole line strengtk. Then the optical density [N the case of Tm:YAG, the best three-levelsystem is
can be expressed as: obtained with an applied magnetic-field orientation @&f
6 4 =90° and¢=6° in the local crystal-field axes which gives
® 52° of relative orientation between the effective fields asso-
D“_EEXi ' (35) ciated to the ground and excited states and a transition
1l k=l strength ratidR=0.24. These results have been understood in
where the sums run over the six sites and the four diagramt§ie spin-Hamiltonian formalism.
of Fig. 10, andxi(k) is defined as Finally, we describe an experimental protocol which al-
o1 lows us to prepare the crystal in such a way that absorption at
o _ | X[cosé codai"/2)]?, k=1,3 (36 2 given frequency be ascribed to a single class of ions, ex-
' X[cosé, sin(af™12)1?, k=2,4, hibiting the same three-levél system, with the same level

o spacing and the same transition strength on each one of the
where, stands for the angle between the excitation field andwo lines. The relative optical density of the selected ion

the transition dipole moment in siteThis angle takes on the - group amounts to 0.20 times its initial value, and an absorp-
following values:6;=0°, 6,=90°, 65 6=60° anda;" values  tion of 4—5 cm! could be obtained with a 2 cm thick

are summarized in Table lI. Finally, the relative optical den-sample of 0.5 at. % TA&1: YAG.
sity of the selected ion group amounts to

ACKNOWLEDGMENT
D N6 N4 vl 0.20. (37) This work was carried out under the ESQUIRE project
Eizl Ekzl X supported by the IST-FET program of the EC.

Selection of a single class of ions reduces the optical density APPENDIX: MATRIX ELEMENTS OF MAGNETIC
to 0.20 times its initial value. In the concentration conditions INTERACTIONS

of Ref. 22(0.5 at. % Tnmi*: YAG), the linear absorption co-
efficient is~10 cnT?, which leads to a single-site contribu-
tion of ~2.5 cnil. In the quantum storage experiment pre- The electronic Zeeman interaction in tensorial notation
sented in Ref. 5, performed in a caesium atom magneto-optieads

trap, the absorption is-4—5 cn?, which could be obtained
with a 2 cm thick sample of TA1: YAG. Hez= BBox(L +9sS)x+ Boy(L +9sS)y + BoAL +0sS),]

By, +iB
= B{(L + gﬁ)ﬂ(%) +(L +gS){

1. Electronic Zeeman interaction

V. CONCLUSION

The magnetic interactions in rare-earth-doped crystals X(—BOXHBOX
—

(1)
have been studied under an external magnetic field in order ) +(L+0:50 BOZ}’ (AD)
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where (L +gSS)(_11)’0'1are the different components of the tensor operétorg.S)™™ of rank 1. The applied magnetic field is
given in the local crystal-field axis sét, y, z). The matrix elements of the electronic Zeeman interaction irL#eoupling
may be obtained by using the Wigner-Eckart theorem to yield

(—l)J—MJ( J 17 )(BOX+iBO){>

-M; -1 Mj V2

J 17 -B,, +1iB
(YSLIMIM [HeZ ¥/ SIL'I'M)IM /) = B| + (- 1)““( )(M)

-M; 1 M V2
. J 1

+(= ™M , |Boz
_MJ _1 MJ

X S(M,M){ySLI(L +gS)Y|ly'SL'I"Y,

<J 1J’>
-M; g M;

is a 3§ symbol andySLJ|(L +g.3)|y’S'L'J") is the reduced matrix element of thie+g.S)® operator. This reduced matrix
element is

where

(YSLII(L + g Py S'L'3") = 8(3,3)8(L, L") &(S,S) 8y, ¥ )NIA + D[I] + (- S LS, L)8(S S) 8y, ¥ W]

x{‘] L }(gs—1>\'s<s+1>[51,

S L S
J 1
S L S

is a 64 symbol. The expression in square bracKgtsmeans 3+1.

where

2. Hyperfine interaction

In tensorial notation, the hyperfine interaction is written as

N N
Hue=a 2 [V = V10(sC?)M] - 10 = a X NP 1@ (A2)
i=1 i=1
with a=g488,0/(r2>,(r:3 is the inverse-cube radius of the electron orbital. The matrix elements of the hyperfine interaction
are
(_1)J_MJ( 13 )(—1)|_MI< 1 )
_MJ 0 Mj _M| 0 M|’
(YLSIMYIM | [Hyel y'L'S I MjIM|) = ( 1)J-MJ( Ly )( 1)I—M,< ol )
Y BV ARElY JIMp =4 “M; 1 M} M, -1 M
—(—1)J‘MJ( J 13 )(—]_)"MI< 1 |)
-M; -1 M} -M, 1 M/
L " J
X (ALSIZ NPy LS X
i=1
with
AN =1+ D[]
and
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N

(@)
, , J 1Y
<7LSJ|<E Ni) Iy L'S ) = (= DTS S) (L, L) ly, ¥ )VL(L + 1)[L]\'[J][J’]{L }
i=1

S L
S S 1
—VKICOMIIHL L' 2 ((ySUWZ|y's'LY),
J Y1

Where <’ySLJMJIM|_HNz|’y,S,L’J,M3|M|I> _
(_1)I—M.< I )(BMJB@)
{J 1 J/} _MI -1 M|, \’2
| 1 1 - By +iB
L S L —_ + _1I—M|( ) _20x ~ 2P0y
gan ( ) _MI 1 er \’E

+(_1)|_Ml< 1 |)B
and ~M, 0 M/ 0z

X (YSLIMI1 D]y’ S'L' I M1

Ss1 with
L L 2
JJ 1 (YSLIMI[IV]y' S'L" 3" M)

= (7, y) (S S)AL,L")a(J,3") My, My) VI + DT

are a 6} and 9§ symbols and
4. Electric quadrupole interaction

In the case of Tri ions, this interaction does not exist
but as we want to apply this work to all the possible non-
Kramers ions, we also give the matrix elements of this inter-
action in the|yLSIMIM,) basis set. To express the electric
quadrupole interaction in the tensorial notation, we have first
to expand the 1f.—r,| denominator in terms of spherical
harmonicsY,q by

323)

<f||(3(2)||f>=(-1)3[3]<0 0 o

The (ySUW?|y'S'L’') matrix elements are given in the
Nielson and Koster tabt®.

1 1
_N Lk K | ~(K
ror 2 r”{z (rk_ﬂcéi))d“)]
3. Nuclear Zeeman interaction e 'nl k i \lei
The nuclear Zeeman interaction in tensorial notation is Wit
47
cy= Yig-
a 2k+1 Xd

HNZ: - ganl—_BOXI xT BOyI y + BOyI L-l _
By symmetry considerations, the terms corresponding to odd

[

V2

| (1)( Box +_iBOy>

== 00| | Hl)(M
1 —

V2

|

values ofk are zero, the terms witk=2 correspond to the
electric quadrupole interactiof. If we neglect the terms
with k> 2, Hg can then be written as

+1 g)l) BOZ

i _ Ho=-¢ f f pe(repn(rn) 2 (refCE) (r7CY ) ey,

(A3)

which gives the following matrix elements in the

[YLSIMIM,) basis set: which gives the following matrix elements:
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N )(_l)"'\/'l( 12 |>
M} -M; 0 M/
I I_Ml(l 2 |
M3)< R SV VY
J 2 )(_1)I—M.( |
_MJ _1 Mj _M|
J 2 )(_1)I—M.( |
_MJ _2 M3 _M|

J 2 I 2 |
+(- 1>J-MJ( )(— 1)"M'(
- MJ 2 M‘S - M| _2 M|,

X (LSIZ (rFCdly'L's I X[Irac?In
I

I

<

[
BN ON

(YLSIMIM [Ho|y'L'S I'MjIM[) = (- €?)| = (- 1)*™M

NN RN e
=<

with

1(21 - 1) )'1’2

261y =
(lreCyln = Q( (I1+1)(2 +1)(21 +3)

and

’ ] J 2 J 323
ASIZ (e Y LS ) = (r ) (- ) +25<s,3'>\~[J][J']{L, S L}(—1>3[3]<0 0 0)<yL||u<2>||y'L'>.

Q is the nuclear quadrupole moment. The reducgdU®@)|y’L’) matrix elements are given in the Nielson and Koster t&ble.
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