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The influence of magnetic interactions in rare-earth-doped crystals under an external magnetic field has been
studied in order to obtain an efficient three-levelL system with the hyperfine levels of the rare earth. Nuclear
Zeeman effect under the action of an external magnetic field removes the nuclear degeneracy. This interaction
does not provide an efficientL system because nuclear-spin flipping such asuMIl= ± 1

2 → uMIl= 7
1
2 sMI is the

nuclear-spin projectiond cannot be induced by an optical transition. However, this selection rule only applies to
pure nuclear Zeeman effect. Indeed, it is shown that the coupling of the electronic Zeeman and of the hyperfine
interactions releases the nuclear-spin selection rulesDMI =0. This can be described in terms of a pseudonuclear
Zeeman effect induced by an effective magnetic field. The relative strengths of the two optical transitions
involved in the three-level system can be controlled by the orientation of the external magnetic field. The
particular case of the Tm3+ ion in the Y3Al5O12 host sYAGd is discussed. Tm3+ hyperfine structure is deter-
mined using a complete Hamiltonian including free-ion, crystal-field, and magnetic interactions. A good three-
level L system is obtained in Tm:YAG with a transition strength ratio of 0.24s,1:4d between the two optical
transitions. An analytical analysis based on a spin-Hamiltonian approach is proposed to explain the results of
the complete crystal-field calculations. Finally, an experimental protocol that makes a crystal similar to the
atomic samples used in previous quantum information investigations, with the additional benefits of absence of
motion and long coherence time, is described.
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I. INTRODUCTION

Quantum physics has long been confined to the descrip-
tion of microscopic scale processes, or to the investigation of
very specific macroscopic states of matter such as superflu-
ids, superconductors, or Bose-Einstein condensates. How-
ever, there has been growing interest in the investigation of
quantum processes in more common macroscopic systems.
The optical collective excitation of atomic ensembles has led
to the dramatic demonstration of macroscopic entanglement
in free space.1–5 Multilevel systems play a key role in these
experiments, whether entanglement relies on off-resonant ex-
citation induced Faraday rotation1–3 or on spontaneous Ra-
man scattering.4,5 Several groups have been pursuing the am-
bitious objective of storing optically carried quantum
information into an atomic ensemble entangled state and
then returning quantum data to the optical carrier. Entangle-
ment destruction by spontaneous emission can be avoided in
a three-level system where the two lower states are con-
nected by allowed optical transitions to a common upper
state. By adequate coherent combination of the two reso-
nantly excited optical transitions, the atomic Raman coher-
ence could be combined with the radiation in a single quan-
tum state. This fully quantum “dark polariton” scheme6 is
connected to processes such as “dark resonance,”7 electro-
magnetically induced transparencysEITd,8 “slow light,”9 and
stimulated Raman adiabatic passagesSTIRAPd.10

So far, ensemble entanglement has been demonstrated
only in atomic vapors3,4 and beams2 or in laser cooled atom
clouds.1,5 However, rare-earth ion doped crystalssREICd also

appear as promising candidates in the quest for macroscopic
quantum effects. They offer properties similar to atomic va-
pors with the advantage of no atomic diffusion. Hyperfine
levels of rare-earth ions are commonly used to perform co-
herent spectroscopy experiments, such as hole burning and
photon echo.11 At low temperatures,4 Kd the optical coher-
ence lifetime may reach several milliseconds in these mate-
rials and a hyperfine coherence lifetime of 82 ms has been
reported in Pr3+:Y2SiO5.

12 Given the absence of atomic mo-
tion, extremely long population lifetime can be observed.
Notable experiments on systems in REIC include the dem-
onstration of efficient EITsRef. 13d and phase conjugation,14

and the observation of “slow light.”15

However, further investigation of hyperfineL systems in
REIC is hampered by two main problems:sid the DMI =0
selection rule whereMI is the nuclear-spin projection andsii d
the lack of adequate laser sources in the spectral range of the
most attractive rare-earth ions.

Figure 1 represents a typical three-levelL system.V1 and
V2 are the Rabi frequencies which characterize the atom-
laser interaction and are defined by

V1 =
m13j1

"
,

V2 =
m23j2

"
,

wheremi j is the electric dipole moment matrix element be-
tween statesuil andu jl andjk is the field amplitude of laserk.
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The possibility to control the relative strengths of the transi-
tions, i.e., the Rabi frequencies, is very attractive for an ef-
ficient manipulation of this system. This can be performed by
changing the field amplitude or by controlling the transition
probabilities, i.e., the selection rule on theu1l→ u3l and u2l
→ u3l transitions. In the case of rare-earth ions, theu1l
→ u3l and u2l→ u3l transition strengths between hyperfine
levels are usually very different due to the nuclear-spin se-
lection rules. The aim of this paper is to show that by apply-
ing an external magnetic field which induces differentMI
mixing in the groundsu1l, u2ld and excitedsu3ld states, it is
possible to relax theDMI selection rule and then to control
the relative strengths of theu1l→ u3l and u2l→ u3l optical
transitions.

Among all the rare-earth ions, non-Kramers ions with an
even number of 4f electrons present the longest coherence
lifetime.16 With the additional condition of a hyperfine struc-
ture of a few tens of megahertz splitting in the electronic
ground state, one is practically left only with Eu3+, Pr3+, and
Tm3+ as good rare-earth ion candidates.

Eu3+ and Pr3+ present a hyperfine structure at zero mag-
netic field due to the magnetic quadrupole and the second-
order hyperfine interactions. In this case, state mixing may
relax the selection rules to some extent in low symmetry
compounds such as Pr3+:Y2SiO5 but in general the two tran-
sitions of the system may exhibit very different strengths. In
a recent paper,17 we showed that an appropriate external
magnetic field can induce different hyperfine state mixing in
the lower and upper electronic levels of the transition and
thus relax the nuclear-spin selection rule in Pr3+:LiYF 4.
Therefore two parameters of importance in the context of
coherent driving and quantum information physics, namely,
the Rabi frequency and the sample optical density, both de-
pending on the transition strength, can be controlled by the
mean of the external magnetic field. Unfortunately, only dye
lasers are available at the corresponding excitation wave-
lengthss580 nm for Eu3+ and 606 nm for Pr3+d. Because of
the high-frequency noise generated by the dye jet, this is a
challenging task to reach the subkilohertz linewidth and jitter
that are needed to match the long coherence time offered by
REIC. Actually few dye laser systems throughout the world
offer such a high degree of stability.18–20

In the absence of hyperfine structure at zero magnetic
field, the lifting of nuclear-spin degeneracy under an applied
magnetic field may offer an alternative way of building a
system in REIC.21 Among REIC devoid of hyperfine struc-
ture at zero field but offering more appropriate operation

wavelength, Tm3+ in Y3Al5O12 sYAGd has been widely stud-
ied in the field of coherent transient-based signal-processing
schemes.22,23 The atomic coherence associated with the
3H6s0d→3H4s0d transition at 793 nm exhibits a lifetime of
70 ms which grows to 150ms under moderate magnetic
field.24 What makes this compound attractive is that the
3H6s0d→3H4s0d transition falls in the spectral range of semi-
conductor lasers. Such lasers can be stabilized easily to sub-
kilohertz linewidth and jitter.25 The single natural isotope of
thulium s169Tmd possesses a nuclear spinI =1/2.Application
of an external magnetic field removes the nuclear-spin de-
generacy and splits the electronic levels. A three-levelL sys-
tem with Tm3+ sFig. 2d would involve the two hyperfine
levels of the ground state3H6s0d and one hyperfine level of
the excited state3H4s0d. At first sight, if MI is a good quan-
tum number, such a scheme seems to be doomed to failure
because electronic excitation cannot flip the nuclear spin.
Therefore, the two optical transitions that start from the two
ground state sublevels seem to be unable to share a common
upper level. However, in this work, we show that the cou-
pling effect of the Zeeman electronic and the hyperfine in-
teractions mixes the nuclear-spin states, which results in al-
lowed transitions between the different hyperfine levels,
making theL system effective. Carefully oriented applied
magnetic field can lead to comparable oscillator strength val-
ues from both ground-state sublevels to a common upper
level. The ideal situation is illustrated in Fig. 2 where the
external magnetic field induces noMI mixing in the ground
state and a maximumMI mixing in the excited state. In this
case, the selection rule is released and the transition strengths
of the u1l= u 1

2l→ u3l= 1
Î2

su−1
2
l± u 1

2ld andu3l→ u2l= u−1
2l transi-

tions are equal.
In order to relax the selection rules and to calculate the

branching ratio between the two optical transitions, it is nec-
essary to determine the hyperfine level wave functions for an
arbitrary magnetic-field strength and direction. In this paper,
we have performed wave-function calculations on Tm:YAG
by taking into account all possible magnetic interactions.
Two methods are used to describe the magnetic interactions:
sid a complete calculation starting from the crystal-field wave
functions; such an approach has been successfully applied to

FIG. 1. Three-levelL system coupled by two lasers.V1 andV2

are the Rabi frequencies which characterize the atom-laser
interaction.

FIG. 2. Ideal three-levelL system in the case of Tm3+ ions
between three hyperfine levels of the first crystal-field states of the
3H6 and3H4 multiplets. The external magnetic fieldB0 can induce
different MI mixing in the ground and excited states.
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Pr3+ in CaF2 sRefs. 26 and 27d and in CsCdBr3 sRef. 28d and
sii d a spin-Hamiltonian approach which will be used to inter-
pret the results of the previous calculations.

The paper is arranged as follows. In Sec. II, we present
the crystal-field Hamiltonian approach and the complete cal-
culation of the magnetic interactions from the crystal-field
wave functions. The results are discussed in the case of
Tm:YAG by analyzing the influence of the magnetic interac-
tions on theMI mixing. In Sec. III, we present and discuss
the spin-Hamiltonian formalism which allows a physical and
an analytical interpretation of the Tm:YAG calculations. In
Sec. IV, an experimental protocol that makes a crystal similar
to the atomic samples used in previous quantum information
investigations, with the additional benefits of absence of mo-
tion and long coherence time, is described in the thulium
doped YAG.

II. COMPLETE CALCULATIONS FROM CRYSTAL-FIELD
WAVE FUNCTIONS

A. Theoretical description

Level and wave function calculations are performed using
the complete HamiltoniansCHd given by

HCH = HFI + HCF + HEZ + HHF + HNZ + HQ, s1d

where HFI is the free-ion Hamiltonian,HCF is the crystal-
field one,HEZ andHNZ represent, respectively, the electronic
and nuclear Zeeman interactions, andHHF is the hyperfine
Hamiltonian.HQ is the electric quadrupole interaction which
is nonzero for ions with nuclear spinI ù1. The free-ion in-
teractions are written according to the formalism of Carnall
et al.29

HFI = H0 + o
k=1,2,3

Ekek + z4fASO+ aLsL + 1d + bGsG2d

+ gGsR7d + o
i=2,3,4,6,7,8

tiT
i . s2d

In this expression,H0 is the spherical symmetric one-
electron part of the Hamiltonian,Ek are the Racah param-
eters, andz4f is the spin-orbit coupling constant.ek andASO
represent the angular parts of the electrostatic repulsion and
the spin-orbit coupling, respectively.a, b, andg are associ-
ated with the two-body interactions and theTi sJudd param-
etersd with the three-body interactions.GsG2d andGsR7d are
the eigenvalues of Casimir’s operators for the groupsG2 and
R7.

30 The Judd parameters are vanishing for thef2 and f12

configurations. Other interactions such as spin-spin and
spin–other orbit interactions, operating throughMk and Pk

parameters, are not included in the calculations. Following
the Wybourne’s formalism,30 the crystal-field Hamiltonian is
expressed as a sum of products of crystal-field parameters
and spherical harmonicsYkq:

HCF = o
k=2

4,6

o
q=0

k

hBq
kfCq

skd + s− 1dqC−q
skdg + iSq

kfCq
skd − s− 1dqC−q

skdgj

s3d

with

Cq
skd =Î 4p

2k + 1
Ykq. s4d

The number of nonzero crystal-field parametersBq
k and Sq

k,
real and imaginary parts, depends on the site symmetry of
the lanthanide ion in the structure.

The electronic Zeeman interaction between then elec-
trons of the 4fn configuration and the external magnetic field
B0 is written as30

HEZ = bB0 ·o
i=1

n

sl i + gsl id = bB0 · sL + gsSd, s5d

whereb is the electronic Bohr magneton,l i and si are the
individual orbital and spin momenta of the electrons,L
=oi=1

n l i, and S=oi=1
n si. gs is the gyromagnetic ratio of the

electron spin which is slightly larger than 2. The hyperfine
HamiltonianHHF which results from the interaction between
the nuclear spin and the magnetic field at the nucleus pro-
duced by the 4f electron is31

HHF = gsbbngno
i=1

n
Ni · I

r i
3 s6d

where

Ni = l i − si + 3r issi · r id/r i
2,

bn is the nuclear magneton, andgn is the nuclearg factor. r i
is the radius of the electron orbital andI is the nuclear- spin
operator.

The nuclear Zeeman interaction between the nuclear spin
and the external magnetic fieldB0 is written as,

HNZ = − gnbnB0 · I . s7d

The electric quadrupole interactionHQ for nuclei with
spin I ù1 which results from the interaction between the
nuclear quadrupole momentum and the electron momentum
is given by30

HQ = − e2E E resredrnsrnd
ure − rnu

dtedtn, s8d

where −eresred and ernsrnd are the electron and nuclear
charge densities, respectively.re and rn are taken relative to
the center of the nucleus.

All the previous Hamiltonians are calculated and diago-
nalized in theugLSJMJIMIl basis set whereg stands for
ufntWUl. ThetWU quantum numbers are used to unambigu-
ously describe each state of the electronic configuration. For
a more detailed definition of these quantum numbers see Ref.
30 or 31. The matrix elements of the magnetic interactions in
the ugLSJMJIMIl basis set that we use in the present work
are given in the Appendix. Indeed, it seemed to us difficult to
find in the literature suitable expressions for those matrix
elements as notations, and equations can vary from author to
author.

B. Results and discussion

In the case of Tm:YAG crystal, the complete calculation
is performed in two steps. First, the energy levels, deter-
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mined by Tiseanuet al.32 from absorption and emission mea-
surements, are used to calculate the parameters of the free-
ion and crystal-field Hamiltonian.

For the free-ion Hamiltonian, eight parameters were var-
ied, i.e.,E0, E1, E2, andE3 sRacah parametersd; a, b, andg
sTrees parametersd, andz4f. Tm3+ substitutes Y3+ in YAG in
a D2 point site symmetry. TheD2 crystal-field parameters
involve nine nonzero realBq

k crystal-field parameters,

namely,B0
2, B0

4, B0
6, B2

2, B2
4, B4

4, B2
6, B4

6, andB6
6. The simulation

of the energy-level scheme is performed on 71 experimental
levels among the 91 possible levels of the 4f12 configuration.
We did not take into account the free-ion parameters of
Tiseanuet al. because in their work the barycenters of each
multiplet 2S+1LJ are adjustable parameters which means that
they were not fitted to the experimental levels. With a start-
ing set of phenomenological free-ion and crystal-field param-
eters taken from the work of Gruberet al.,33 the rms standard
deviations, taken as the figure of merit for the simulation,
decreases to a rather good final value of 20.8 cm−1. Table I

gathers the free-ion and crystal-field parameters for Tm3+

ions in YAG single crystals and experimental and calculated
energy levels of the two3H6 and 3H4 multiplets. The rms
standard deviation is given for the 71 experimental levels. In
the simulation, theg parameter is fixed to zero as it does not
seem to influence the calculated energy levels. The crystal-
field Hamiltonian sHCFd leaves each electronic level as a
nondegenerate singlet due to the low point site symmetry of
Tm3+ ions in the YAG host.

The second step of the calculation starts with the previous
free-ion and crystal-field parameters by including in the
complete secular determinant the electronic Zeeman, the hy-
perfine, and the nuclear Zeeman interactions. Without any
external magnetic field, each electronic singlet is composed
of two degenerate hyperfine levels due to the twoMI = ± 1

2
nuclear-spin projections associated to the nuclear spin of the
Tm3+ ion. The complete diagonalization is performed on a
1823182 matrix. The magnetic interactions are computed
using a 4f radial extensions ofkr−3l4f =13.6 a.u.30 ssee the
Appendix for the matrix elementsd. Figure 3 gathers the cal-
culated splittingssin megahertzd between the hyperfine levels
of the 3H6s0d and the3H4s0d states as a function of the ex-
ternal magnetic-field direction and foruB0u=1 T. It is impor-
tant to note that in the following discussion, the orientation

TABLE I. Free-ion and crystal-field parameters for Tm3+ ions in
YAG single crystalssin cm−1d and experimental and calculated en-
ergy levelssin cm−1d corresponding to the two3H6 and3H4 multi-
plets of interest in this work. The parameter within square brackets
is kept constant during adjustment. The number after the parameters
represent the uncertainties. The rms standard deviations is
indicated.

Parameters
scm−1d

Multiplet
2S+1LJ

Energy levelsscm−1d

Experimental Calculated

E0 17 443s1d 3H6 0 0

E1 7018 s2d 27 26

E2 33.38s0.02d 216 237

E3 671.5s0.1d 240 246

a 17.06s0.06d 247 260

b −658 s7d 300 314

g f0g 450 473

z4f 2619.7s0.9d 588 603

B0
2 580 s12d 610 634

B0
4 −59 s29d 650 653

B0
6 −1223s36d 690 699

B2
2 29 s9d 730 780

B2
4 −1403s16d 798

B4
4 −716s19d

B2
6 −331 s22d

B4
6 460 s28d 3H4 12607 12607

B6
6 −369 s22d 12644 12669

s 20.8 12732 12744

12747 12768

12824 12857

13001

13036 13062

13112 13127

13152 13165

FIG. 3. Hyperfine splittingssin megahertzd of thesad 3H6s0d and
sbd 3H4s0d states of Tm:YAG as a function of the external magnetic-
field direction and foruB0u=1 T. sjd f=0, s•d f=10°, smd f
=20°, s.d f=30°, shd f=40°, ssd f=50°, snd f=60°, s,d f
=70°,s2d f=80°, andsud f=90°.sx,y,zd refers to the local crystal-
field axes.
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of the applied magnetic field is expressed in the localsx,y,zd
crystal-field axes. The splitting is strongly dependent on the
orientation of the external magnetic field. For the same ori-
entation ofB0, the two crystal-field levels are characterized
by different hyperfine splittingsfFigs. 3sad and 3sbdg. They
are stronger for the ground state3H6s0d than for the excited
state3H4s0d.

The nuclear Zeeman interaction lifts the nuclear degen-
eracy of each electronic crystal-field level into two hyperfine
levels. From time inversion symmetry property,34 the elec-
tronic Zeeman and the hyperfine interactions at first order

have no effect on the energy levels as they do not split theMI
degeneracy. It is the coupling of these interactions to second
order which provides an additional hyperfine splitting. To
compare the order of magnitude of each magnetic contribu-
tion, we have performed two kinds of calculations for three
different orientations of the external magnetic fieldsalong
the x, y, andz axesd: sid calculation by considering only the
nuclear Zeeman interaction andsii d calculation by taking into
account only the electronic Zeeman and the hyperfine inter-
actions sFig. 4d. If we consider only the nuclear Zeeman
interaction, the hyperfine splittings of both crystal-field lev-
els f3H6s0d and 3H4s0dg are identical as they are character-
ized by a single nucleargn value. For each crystal-field level,
the coupling ofHEZ and HHF can be of the same order of
magnitude or even higher than the nuclear Zeeman interac-
tion. ThehHEZ+HHFj Hamiltonian is stronger for the3H6s0d
level than for the3H4s0d level sFig. 4d. This explains that the
hyperfine splitting is higher in the ground state than in the
excited state. These different hyperfine splittings could allow
one to obtain for a given magnetic-field orientation a differ-
ent MI mixing in the 3H6s0d and 3H4s0d levels. It could be
then possible to release the selection rules on the nuclear-
spin projections and therefore to obtain an efficient three-
level L system.

A way to represent theMI mixing is to associate to each
crystal-field level an effective magnetic fieldBef f whose in-
tensity Bef f is proportional to the hyperfine splitting and
whose orientationsuef f and fef f in polar coordinatesd is di-
rectly linked to the coefficients of the nuclear part of the
wave function. The determination of such effective magnetic
field is possible if we can separate the nuclear part of the
wave function from its electronic part. For each orientation
of B0, this behavior has been checked by analyzing the
whole crystal-field wave functions which can then be written
in the 232 hyperfine subspacesMI = ± 1

2
d as

uC±l = uC±
nuclluCelecl s9d

with

uC±
nucll = a±uMI = + 1

2l + b±uMI = − 1
2l s10d

and uCelecl is the electronic part of the wave function. The
orthogonality conditiona−

* a++b−
* b+=0 is fulfilled. The polar

coordinates of the effective magnetic fieldBef f

sBef f,uef f,fef fd are determined by considering thatuC±
nucll are

eigenvalues of the following effective nuclear Zeeman
Hamiltonian:

Heff = − gnbBef f · I = − gnbsBx
ef fIx + By

ef fIy + Bz
ef fIzd s11d

with

HeffuC±
nucll = 7

1
2EuC±

nucll, s12d

whereE is the hyperfine splitting. From Eqs.s11d and s12d,
we obtain

− gnbBef ffb±e−ifef f
sinuef f + a± cosuef fg = 7 Ea±,

− gnbBef ffa±e+ifef f
sinuef f − b± cosuef fg = 7 Eb±,

and then by writing

FIG. 4. Contributions of the nuclear Zeeman interactionsHEZd
and of the coupling of the electronic Zeeman and hyperfine inter-
actionssHNZ+HHFd to the hyperfine splittings of the3H6s0d and the
3H4s0d states in Tm:YAG as a function ofB0 intensity. The calcu-
lations are performed for three different orientations of the magnetic
field parallel to thex, y, andz axes.
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a+ = cos
uef f

2
, s13d

b+ = eifef f
sin

uef f

2
,

we have

E = gnbBef f. s14d

The orientationsuef f and fef f of the effective magnetic
field are linked to the coefficientsa+ and b+ of uC+

nucll fEq.
s13dg, and the hyperfine splittingE gives the intensity of the
effective magnetic fieldBef f fEq. s14dg. For example, an ef-
fective magnetic field along the quantificationz axis suef f

=0° and fef f=0°d gives two pureMI states uC±
nucll= uMI

= ± 1
2l. An effective magnetic field along thex axis, suef f

=90° andfef f=0°d leads to a maximumMI mixing: uC±
nucll

=s1/Î2dsuMI = + 1
2
l± uMI =−1

2ld. To reach the ideal case of
Fig. 2, we have then to find an orientation ofB0 for which
the two effective magnetic fieldsBg

ef f andBe
ef f associated to

the ground3H6s0d and the excited3H4s0d levels, respectively,
are perpendicular. In the following, we noteaef f, the angle
between these two effective fields, and we define, by consid-
ering the nuclear part of the wave functions, the transition
strength ratioR between theu2l→ u3l and u1l→ u3l transi-
tions as

R=
uk2u3lnuclu2

uk1u3lnuclu2
. s15d

The ideal situation of Fig. 2 is obtained whenR=1.
Figure 5 gathers the angleaef f between the two effective

magnetic fields and the transition strength ratioR between
the hyperfine levels of the3H6s0d and 3H4s0d states as a
function of the orientation of the external magnetic fieldB0
in the local crystal-field axes. In Tm:YAG, the ideal case of
Fig. 2, corresponding toaef f=90° and R=1, cannot be
reached whatever is the orientation ofB0 sFig. 5d. A maxi-
mum value ofaef f=52° is found forB0 in thex-y plane with
u=90° andf=6° fFig. 5sadg. This maximum angle between
the two effective magnetic fields corresponds toR=0.24
fFig. 5sbdg. This gives a transition strength ratio around 1:4
for the u2l→ u3l and u1l→ u3l transitions. The maximum
value ofR that we can reach in Tm:YAG is not the ideal case
of Fig. 2 but still provides a good three-levelL system.aef f

andR are very sensitive tof aroundf=6° as shown in Fig.
6 and have a smoother dependence onu aroundu=90° sFig.
7d. This behavior implies that in a real experiment, we have
to accurately control the external magnetic-field orientation.

III. SPIN-HAMILTONIAN APPROACH

A. Theoretical description

Another way to express the different magnetic interac-
tions is to use a spin-HamiltoniansSHd formalism which is
based on the equivalent operator method.34 The spin-
Hamiltonian formalism is very useful to understand the pre-
vious results as it allows an analytical description of the

complex crystal-field calculations. This method consists in
the neglect of all theJ-mixing effectssdue to second-order
effects of the crystal-field Hamiltoniand and in only the con-
sideration of the diagonal term inJ. In this way, the magnetic
interactions can be analyzed by the following spin Hamil-
tonian in the case of a non-Kramers ion in low site
symmetry:35

HSH= o
i=x,y,z

giB0 · I + DfIz
2 − 1

3IsI + 1dg + EsIx
2 − Iy

2d.

s16d

The parameters inHSH are determined by first- and second-
order perturbation theory and are calculated by taking into
account all the crystal-field levels of a particularJ multiplet.
This means that each multipletJ is characterized by a set of
gi, D, and E values. The spin-Hamiltonian parameters are
given by

D = Da + P, s17d

FIG. 5. sad Angle aef f in degree between the two effective mag-
netic fields andsbd transition strength ratioR associated to the hy-
perfine levels of the3H6s0d and 3H4s0d states as a function of the
angleu of the magnetic fieldB0 suB0u=1 Td. sjd f=0, s3d f=6°,
s•d f=10°, smd f=20°, s.d f=30°, shd f=40°, andssd f=90°.
The lines are guide to eyes. The angles are given in the local
crystal-field axes.
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E = Ea + h
P

3
, s18d

Da = ASLxx + Lyy

2
− LzzD , s19d

Ea = A
Lyy − Lxx

2
, s20d

whereP is the quadrupole-coupling constant,h an asymme-
try parameter, andA is the hyperfine interaction constant.
The second-order parameters are

gi = − gnbn − 2gbLii s21d

and

Lii = o
nÞ0

A
uk0uJiunlu2

En − E0
. s22d

The index 0 denotes the first crystal-field levelf3H6s0d or
3H4s0dg andn the other CF levels of a2S+LJ multiplet. En is
the energy of the CF leveln.

The different parameters of the spin Hamiltonian can be
experimentally determined by optically detected NMR
measurements.36,37 In the following we use this approach to
explain the different results of the complete calculations. The
spin-Hamiltonian parameters are determined by using the
crystal-field wave functions.

B. Results and discussion

From the complete crystal-field calculation, we have seen
that the coupling of the electronic Zeeman and of the hyper-
fine interactions bring an important contribution to the hy-
perfine splitting. This effect appears clearly in the spin-
Hamiltonian formalism. Indeed, in Eq.s21d, thegi factor is a
sum of two terms: the first onegnbn which is due to the

FIG. 6. sad Angle aef f in degree between the two effective mag-
netic fields andsbd transition strengths ratioR associated to the
hyperfine levels of the3H6s0d and3H4s0d states as a function of the
anglef suB0u=1 Td for u=90°. The angles are given in the local
crystal-field axes.

FIG. 7. sad Angle aef f in degree between the two effective mag-
netic fields andsbd transition strength ratioR associated to the hy-
perfine levels of the3H6s0d and 3H4s0d states as a function of the
angle u suB0u=1 Td for f=6°. The angles are given in the local
crystal-field axes.
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nuclear Zeeman interaction and the second onegbLii which
is the product of the electronic Zeeman interactiongb and
the hyperfine interactionLii . The second term is often called
pseudonuclear Zeeman interaction.34 As the hyperfine term
Lii is strongly dependent on the crystal-field splitting of theJ
multiplet fEq. s22dg, it is not surprising to obtain different
hyperfine splittings for the ground statef3H6s0dg and the ex-
cited statef3H4s0dg.

We will restrict the following discussion, which is general
for ions with nuclear spinI =1/2, in theparticularx-y local
plane. Indeed, it is possible for this orientation to obtain an
analytical expression for the transition strength ratioR, and
also it is in thex-y plane that the complete calculationsSec.
II d gives the best three-levelL system in Tm:YAG with a
transition strength ratioR of 0.24. The spin-Hamiltonian for
Tm3+ ions is

HSH= o
i=x,y,z

giB0 · I , s23d

which gives the following matrix elements in thehuMI

=−1
2
l , uMI = + 1

2lj basis set:

HSH=
1

2
S − gzB0z gxB0x + igyB0y

gxB0x − igyB0y gzB0z
D s24d

with B0 given in the local crystal-field axes. From the
crystal-field calculations, the spin-Hamiltonian parameters
have been calculated and are gathered in Table II for the
3H6s0d and3H4s0d states.

When gxB0x− igyB0y=0 sB0 parallel to thez axisd, the
nuclear part of the wave functions of the3H6s0d and3H4s0d
states are pure inMI: uC±

nucll= uMI = ± 1
2l. The system is not

an efficient three-levelL system as the opticalu2l→ u3l tran-
sition is forbiddensR=0d.

When gxB0x− igyB0yÞ0 sB0 in the x-y planed the eigen-
values and eigenvectors ofHSH are, respectively:

E1 = − 1
2
Îgx

2B0x
2 + gy

2B0y
2 + gz

2B0z
2 ,

u1l = puMI = − 1
2l + uMI = + 1

2l , s25d

E2 = 1
2
Îgx

2B0x
2 + gy

2B0y
2 + gz

2B0z
2 ,

u2l = uMI = − 1
2l − p* uMI = + 1

2l , s26d

with

p =

E1 −
gzB0z

2

gxB0x − igyB0y

2

. s27d

The above wave functions are not normalized as it does not
influence the following discussion.

In the x-y plane, Eq.s27d gives

pxy = −
gxB0x + igyB0y

Îgx
2B0x

2 + gy
2B0y

2
= eid s28d

with

cosd = −
gxB0x

Îgx
2B0x

2 + gy
2B0y

2
, s29d

sin d = −
gyB0y

Îgx
2B0x

2 + gy
2B0y

2
. s30d

In this plane, the transition strength ratioRxy is

Rxy =
upe − pgu2

uspgd*pe + 1u2
= tan2Sde − dg

2
D , s31d

whereg sed means ground3H6s0d fexcited3H4s0dg state. The
condition Rxy=1 gives de−dg=90°. A simple calculation
shows that the differencede−dg is exactly the angleaef f

between the two effective magnetic fields. As tansde−dgd
=stande−tandgd / s1+tande. tandgd, the condition de−dg

=90° gives tande tandg=−1 which is equivalent to
fsgy

e/gx
edsgy

g/gx
gdg sB0

y /B0
xd2=−1. When sgy

e/gx
edsgy

g/gx
gd is

positive, it is not possible to find in thex-y planeRxy=1. It is
why in the case of Tm:YAG, as all thegi are positivessee
Table IId, we could not find aB0 orientation giving the ideal
case of Fig. 2. In this plane, whensgy

e/gx
edsgy

g/gx
gd is positive,

a maximum transition strength ratioRxy
max can be calculated

by

Rxy
max= tan231

2
arctan11

2

gy
e

gx
e −

gy
g

gx
g

Îgy
e

gx
e

gy
g

gx
g
24 s32d

for a B0 orientation of u=90° and f=arctan 1/
Îsgy

e/gx
edsgy

g/gx
gd.

Figure 8sad plots Rxy
max as a function ofsgy

e/gx
ed / sgy

g/gx
gd.

For small values ofsgy
e/gx

ed / sgy
g/gx

gd sinferior to 0.2d, Rxy
max

rapidly increases andRxy
max→1 when sgy

e/gx
ed / sgy

g/gx
gd→0.

The black circle in Fig. 8sad represents the case of Tm:YAG.
From thegi values of Table II,sgy

e/gx
ed / sgy

g/gx
gd=8.77 which

TABLE II. Spin-Hamiltonian parameters of the first crystal-field
states of the3H6 and3H4 multiplets.

Parameters

Crystal-field level

3H6s0d 3H4s0d

g 1.16 0.95

A sMHzd −470.3 −678.3

Lxx −4310−4 −7310−4

Lyy −1.7310−2 −2.7310−3

Lzz −2310−4 −1310−4

gx skHz/Gd 1.89 2.23

gy skHz/Gd 55.96 7.52

gz skHz/Gd 1.12 0.63
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givesRxy
max=0.24 for aB0 orientation ofu=90° andf=5.7°.

These results are exactly the ones we have obtained from the
complete crystal-field Hamiltonian approach.

Whensgy
e/gx

edsgy
g/gx

gd is negative, we can always find aB0

orientation which fulfills thessgy
e/gx

edsgy
g/gx

gddsB0
y /B0

xd2=−1
condition. The anglef which givesRxy=1 is

f = arctan
1

Î−
gy

e

gx
e

gy
g

gx
g

. s33d

f is plotted in Fig. 8sbd as a function ofsgy
e/gx

edsgy
ggx

gd. For
large values ofsgy

e/gx
edsgy

ggx
gd, small angles off give Rxy

=1. For small values ofsgy
e/gx

edsgy
ggx

gd, large values off are
needed.

To conclude, the spin-Hamiltonian approach allows us to
explain the results of the complete calculation performed in
Sec. II. Moreover it allows us to find a condition to obtain an
ideal three-levelL system with Tm3+ ions for hosts in which
the Tm3+ ions are characterized by a negativesgy

e/gx
edsgy

g/
gx

gd ratio.

IV. EXPERIMENTAL PROTOCOL

In this section we describe an experimental protocol that
makes a crystal similar to the atomic samples used in previ-
ous quantum information investigations, with the additional
benefits of absence of motion and long coherence time. This
will complete our demonstration that such experiments are
feasible in thulium doped YAG.

We have to prepare the crystal in such a way that absorp-
tion at a given frequency be ascribed to a single class of ions,
exhibiting the same three-levelL system, with the same
level spacing and the same transition strength on each one of
the two lines. Initially various classes of ions are absorbing
at a given frequency. This results from the frequency shift
caused by the crystalline field and from the existence of non-
equivalent sites.

There are six types of dodecahedral sites in YAG, each
having the same crystallographic symmetry when referred to
the sx, y, zd local axes, which are, however, orientationally
nonequivalent sites. Their relative orientation with respect to
the sX, Y, Zd crystallographic axes is illustrated in Fig. 9,
following Ref. 38. We take the notation of Ref. 38 to number
the different sites: sites 1 and 2 are in theX-Y crystallo-
graphic plane, sites 3 and 4 are in theY-Z plane, and sites 5
and 6 are in theX-Z plane. When an external magnetic field
is applied, the six sites generally become nonequivalent,
which means they are characterized by different hyperfine
splittings and different values of the transition strength ratio
R. We can take advantage of the different splitting values to
select ions in a specific site, with optimized transition
strength ratio.

From the previous local orientation ofB0 su=90° andf
=6°d which gives the bestL system for Tm:YAG, we obtain
the corresponding orientationsuXYZ, fXYZd in the crystallo-
graphic axes for the six sites:

FIG. 8. sad Maximum transition strength ratioRxy
max in the x-y

plane as a function ofsgy
e/gx

ed / sgy
g/gx

gd when fsgy
e/gx

edsgy
g/gx

gdg is
positive. The black circle corresponds to the case of Tm:YAG.sbd
Angle f of the external magnetic fieldsu=90°d as a function of
sgy

e/gx
edsgy

g/gx
gd giving a transition strength ratioRxy=1 when

fsgy
e/gx

edsgy
g/gx

gdg is negative.

FIG. 9. Arrangement of the six orientationally nonequivalent
sites with respect to the crystallographic axes, from Ref. 38. The
magnetic fieldB0 lies in the horizontal plane, at 6° from direction
f110g, in order to optimize the transition strength ratioR in site 1.
The light fieldE is aligned along site 1 transition dipole moment,
which maximizes interaction with ions in this site.
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n ° 1: uXYZ= 90 ° , fXYZ= − 39 ° or − 51 ° ,

n ° 2: uXYZ= 90 ° , fXYZ= + 39 ° or + 51 ° ,

n ° 3: uXYZ= 39 ° or 51 ° , fXYZ= − 90 ° ,

n ° 4: uXYZ= 39 ° or 51 ° , fXYZ= + 90 ° ,

n ° 5: uXYZ= − 39 ° or − 51 ° , fXYZ= 0 ° ,

n ° 6: uXYZ= + 39 ° or + 51 ° , fXYZ= 0 ° .

Let us assume we optimizeR in site 1. This corresponds
to the orientation:uXYZ=90° andfXYZ=39° or 51° with re-
spect to the crystallographic axes. To maximize the incident
light interaction with site 1, we align the electromagnetic
field polarization along the site transition dipole moment that
is directed alonguXYZ=90° andfXYZ=45°. The field propa-

gates along thef11̄0g direction. The field arrangement is
summarized in Fig. 9. The different hyperfine splittings,aef f,
and R=tan2saef f/2d values are summarized in Table III for
this specific magnetic-field orientation. Hyperfine splitting in
site 1 appears to be much smaller than in the other sites,
while the transition ratio is much larger in site 1. The dipole
moment of the u1l→ u3l transition can be written as
m cossaef f/2d wherem is the electric transition dipole mo-
ment. In sites 2–6, this quantity is close tom and equals
0.90m in site 1. The site 2 dipole moment is cross-polarized
with the incident light and does not interact with it.

Let us definen0 as the mean3H6s0d→3H4s0d transition
frequency and letDi

sgd and Di
sed, respectively, represent the

hyperfine splitting of the ground and excited electronic states
in site i. Because of site degeneracy,D3

se,gd=D4
se,gd andD5

se,gd

=D6
se,gd. An incident light beam at frequencynL is resonant

with the variousn0 classes that satisfy one of the conditions:

n0 = nL ± 1
2Di

sgd ± 1
2Di

sed s34d

as illustrated in Fig. 10. Given the partial site degeneracy, 12
different values ofn0 satisfy this resonance condition.

Ion selection procedures were used successfully in the
past.14,16,39We propose to follow similar lines of operation to
select a single group of ions. One first bleaches the sample at
frequencynL, the ground-state sublevel being emptied by

optical pumping to the other sublevel. The stepwise pumping
process proceeds through excitation to the upper state of the
optical transition, followed by nonradiative decay to the long
lifetime 3F4 state and ultimate decay to ground state after
10 ms storage in3F4. The procedure works because the
ground-state hyperfine structure population lifetime can
reach several minutes in Tm3+:YAG under moderate mag-
netic field, as demonstrated in Ref. 22. After this bleaching
step, ions initially resonant atnL are now resonant at the six
different frequenciesnL±Di

sgd. Then one proceeds with distil-
lation by bleaching the sample at frequencynL−D1

sgd. The
excited ions are optically pumped to the other sublevel where
they are resonant at frequencynL−D1

sgd±Di
sgd. Therefore this

step returns site 1 ions, and only these, to frequencynL. At
this step the situation is the following: the frequency slot at
nL−D1

sgd is empty and the slot atnL is only occupied by site 1
ions. The three-level systems will be controlled at frequen-
ciesnL−D1

sgd andnL. It should be stressed that, by selecting
nL−D1

sgd as the control frequency, one disregarded the site 1
ions that were pumped to frequencynL+D1

sgd in the first
bleaching step. Half of the initial site 1 population atnL is
lost. The distillation is not yet complete as illustrated in Fig.
11. Half of the selected ions are also resonant atnL+D1

sed and
nL−D1

sgd+D1
sed, and the other half atnL−D1

sed and nL−D1
sgd

−D1
sed. These two ion groups interact differently with the in-

cident light. In the former set the Rabi frequency is larger at
nL than at nL−D1

sgd. The opposite situation prevails in the
latter set. In order to keep ions with the same well-defined
Rabi frequencies, one can pump the other ones to the shelv-
ing state3F4. This can be accomplished by excitation atnL

−D1
sed. The selection is time-limited to the 10 ms lifetime of

3F4.

TABLE III. Hyperfine splitting, transition strength ratio, and
angle between the two effective magnetic fields for the six magneti-
cally inequivalent sites of Tm3+ in YAG for an orientation of the
applied magnetic field ofuXYZ=90° andfXYZ=−51° in the crystal-
lographic axes.

Site

Splitting sMHzd

R aef f sdegd3H6s0d 3H4s0d

1 60.7 22.3 0.24 52.2

2 536.8 71.5 1.10−4 1.5

3 301.6 41.4 0.02 14.9

4 301.6 41.4 0.02 14.9

5 244.9 33.7 0.02 15.5

6 244.9 33.7 0.02 15.5
FIG. 10. Energy-level schemes of ions that resonantly interact

with the incident light field at frequencynL. In each site, four dif-
ferent groups of ions, with four different values of the mean transi-
tion frequencyn0, are simultaneously excited by the light field. The
represented schemes correspond to sitei, as indicated by the sub-
level splitting label. Similar schemes can be drawn for each one of
the six sites. Given the partial site degeneracy and the absence of
excitation in site 2, there is a total of 12 different schemes to be
considered. In each set the schemes are labeled fromk=1 to 4.
Strongest coupling atnL occurs in schemes 1 and 3. In schemes 2
and 4, coupling is stronger atnL−Di

sgd andnL+Di
sed, respectively.
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In order to keep all the selected ions, one must bleach the
sample over a spectral interval larger than the inhomoge-
neous width of the Zeeman transition. This broadening is
expected not to exceed a few tens of kilohertz.

Optical density often appears to be a key parameter in
quantum information storage experiments. To evaluate this
quantity we assume that the magnetic field does not affect
the electric dipole line strengthX. Then the optical density
can be expressed as:

D ~ o
i~1

6

o
k=1

4

Xi
skd, s35d

where the sums run over the six sites and the four diagrams
of Fig. 10, andXi

skd is defined as

Xi
skd = HXfcosui cossai

ef f/2dg2, k = 1,3

Xfcosui sinsai
ef f/2dg2, k = 2,4,

h s36d

whereui stands for the angle between the excitation field and
the transition dipole moment in sitei. This angle takes on the
following values:u1=0°, u2=90°, u3. . .6=60° andai

ef f values
are summarized in Table III. Finally, the relative optical den-
sity of the selected ion group amounts to

D1
s1d

D
=

X1
s1d

oi=1

6 ok=1

4
Xi

skd
= 0.20. s37d

Selection of a single class of ions reduces the optical density
to 0.20 times its initial value. In the concentration conditions
of Ref. 22s0.5 at. % Tm3+:YAGd, the linear absorption co-
efficient is,10 cm−1, which leads to a single-site contribu-
tion of ,2.5 cm−1. In the quantum storage experiment pre-
sented in Ref. 5, performed in a caesium atom magneto-optic
trap, the absorption is,4–5 cm−1, which could be obtained
with a 2 cm thick sample of Tm3+:YAG.

V. CONCLUSION

The magnetic interactions in rare-earth-doped crystals
have been studied under an external magnetic field in order

to obtain an efficient three-levelL system. Tm3+ ions appear
to be a good candidate for such purpose. The particular case
of Tm:YAG has been discussed. A complete crystal-field cal-
culation has been performed as well as an analytical analysis
of the results based on a spin-Hamiltonian approach. For
time inversion symmetry reason, the Tm:YAG energy levels
do not exhibit hyperfine splitting under hyperfine interaction
alone. Nuclear Zeeman effect under the action of an external
magnetic field removes the nuclear degeneracy. This still
does not provide us with aL-type three-level system because
nuclear-spin flipping such asMIs

3H6d= ± 1
2 →MIs

3H4d= 7
1
2

cannot be induced by an optical transition. However, this
selection rule only applies to pure nuclear Zeeman effect.
The dominant effect for the splitting of the hyperfine levels
comes from the coupling of the electronic Zeeman and hy-
perfine interactions. This can be described in terms of a
pseudonuclear Zeeman interaction induced by an effective
magnetic field. Optical transition with nuclear-spin flipping
can take place as soon as the effective magnetic-field orien-
tation is different in the ground and excited states. The rela-
tive orientation of the effective fields depends on the applied
field orientation. We have found that for Tm3+ ions which
have a nuclear spin of 1/2, a transition strength ratioR=1
can be obtained in thex-y plane when the spin-Hamiltonian
parameters give a negativesgy

e/gx
edsgy

g/gx
gd ratio.

In the case of Tm:YAG, the best three-levelL system is
obtained with an applied magnetic-field orientation ofu
=90° andf=6° in the local crystal-field axes which gives
52° of relative orientation between the effective fields asso-
ciated to the ground and excited states and a transition
strength ratioR=0.24. These results have been understood in
the spin-Hamiltonian formalism.

Finally, we describe an experimental protocol which al-
lows us to prepare the crystal in such a way that absorption at
a given frequency be ascribed to a single class of ions, ex-
hibiting the same three-levelL system, with the same level
spacing and the same transition strength on each one of the
two lines. The relative optical density of the selected ion
group amounts to 0.20 times its initial value, and an absorp-
tion of 4–5 cm−1 could be obtained with a 2 cm thick
sample of 0.5 at. % Tm3+:YAG.
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APPENDIX: MATRIX ELEMENTS OF MAGNETIC
INTERACTIONS

1. Electronic Zeeman interaction

The electronic Zeeman interaction in tensorial notation
reads

HEZ = bfB0xsL + gsSdx + B0ysL + gsSdy + B0zsL + gsSdzg

= bFsL + gsSd−1
s1dSB0x + iB0y

Î2
D + sL + gsSd1

s1d

3S− B0x + iB0y

Î2
D + sL + gsSd0

s1dB0zG , sA1d

FIG. 11. Energy level schemes of the two ion sets selected by
successive optical pumping atnL andnL−D1

sgd. To keep a single set,
one temporarily stores the other one on the shelving state3F4. In the
picture, one only keeps the sets1d and one pumps the other one to
3F4 by optical excitation atnL−D1

sed.
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wheresL +gsSd−1,0,1
s1d are the different components of the tensor operatorsL +gsSds1d of rank 1. The applied magnetic field is

given in the local crystal-field axis setsx, y, zd. The matrix elements of the electronic Zeeman interaction in theLS coupling
may be obtained by using the Wigner-Eckart theorem to yield

kgSLJMJIMIuHEZug8S8L8J8MJ8IMI8l = b3
s− 1dJ−MJS J 1 J8

− MJ − 1 MJ8
DSB0x + iB0y

Î2
D

+ s− 1dJ−MJS J 1 J8

− MJ 1 MJ8
DS− B0x + iB0y

Î2
D

+ s− 1d j−MjS J 1 J8

− MJ − 1 MJ8
DB0z

4
3dsMI,MI8dkgSLJisL + gsSds1dig8S8L8J8l,

where

S J 1 J8

− MJ q MJ8
D

is a 3-j symbol andkgSLJisL +gsSds1dig8S8L8J8l is the reduced matrix element of thesL +gsSds1d operator. This reduced matrix
element is

kgSLJisL + gsSds1dig8S8L8J8l = dsJ,J8ddsL,L8ddsS,S8ddsg,g8dÎJsJ + 1dfJg + s− 1dS+L+J8+1dsL,L8ddsS,S8ddsg,g8dÎfJgfJ8g

3 HJ 1 J8

S L S
Jsgs − 1dÎSsS+ 1dfSg,

where

HJ 1 J8

S L S
J

is a 6-j symbol. The expression in square bracketsfJg means 2J+1.

2. Hyperfine interaction

In tensorial notation, the hyperfine interaction is written as

HHF = alo
i=1

N

fl i
s1d − Î10ssCs2ddi

s1dg · I s1d = alo
i=1

N

Ni
s1d · I s1d sA2d

with al =gsbbngIkre
−3l ,kre

−3l is the inverse-cube radius of the electron orbital. The matrix elements of the hyperfine interaction
are

kgLSJMJIMIuHHFug8L8S8J8MJ8IMI8l = al3
s− 1dJ−MJS J 1 J8

− MJ 0 MJ8
Ds− 1dI−MIS I 1 I

− MI 0 MI8
D

− s− 1dJ−MJS J 1 J8

− MJ 1 MJ8
Ds− 1dI−MIS I 1 I

− MI − 1 MI8
D

− s− 1dJ−MJS J 1 J8

− MJ − 1 MJ8
Ds− 1dI−MIS I 1 I

− MI 1 MI8
D 4

3 kgLSJio
i=1

N

Ni
s1dig8L8S8J8lkIiI s1diIl

with

kIiI s1diIl = ÎIsI + 1dfIg

and
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kgLSJiSo
i=1

N

NiDs1d

ig8L8S8J8l = s− 1dL+S+J8+1dsS,S8ddsL,L8ddsg,g8dÎLsL + 1dfLgÎfJgfJ8gHJ 1 J8

L S L
J

− Î3kfCs2dflÎfJgfJ8g5S S8 1

L L8 2

J J8 1
6kgSLiWs12dig8S8L8l,

where

HJ 1 J8

L S L
J

and

5S S8 1

L L8 2

J J8 1
6

are a 6-j and 9-j symbols and

kfiCs2difl = s− 1d3f3gS3 2 3

0 0 0
D .

The kgSLiWs12dig8S8L8l matrix elements are given in the
Nielson and Koster table.40

3. Nuclear Zeeman interaction

The nuclear Zeeman interaction in tensorial notation is

HNZ = − gnbnfB0xI x + B0yI y + B0yI zg

= − gnbn3 I −1
s1dSB0x + iB0y

Î2
D

+ I 1
s1dS− B0x + iB0y

Î2
D

+ I 0
s1dB0z

4 ,

which gives the following matrix elements in the
ugLSJMJIMIl basis set:

kgSLJMJIMIuHNZug8S8L8J8MJ8IMI8l

= − gnbn3
s− 1dI−MIS I 1 I

− MI − 1 MI8
DSB0x + iB0y

Î2
D

+ s− 1dI−MIS I 1 I

− MI 1 MI8
DS− B0x + iB0y

Î2
D

+ s− 1dI−MIS I 1 I

− MI 0 MI8
DB0z

4
3 kgSLJMJIiI s1dig8S8L8J8MJ8Il

with

kgSLJMJIiI s1dig8S8L8J8MJ8Il

= dsg,g8ddsS,S8ddsL,L8ddsJ,J8ddsMJ,MJ8dÎIsI + 1dfIg.

4. Electric quadrupole interaction

In the case of Tm3+ ions, this interaction does not exist
but as we want to apply this work to all the possible non-
Kramers ions, we also give the matrix elements of this inter-
action in theugLSJMJIMIl basis set. To express the electric
quadrupole interaction in the tensorial notation, we have first
to expand the 1/ure−rnu denominator in terms of spherical
harmonicsYkq by

1

ure − rnu
= o

k

rn
kFo

i
S 1

rei
k+1Cei

skdDCn
skdG

with

Cq
skd =Î 4p

2k + 1
Ykq.

By symmetry considerations, the terms corresponding to odd
values ofk are zero, the terms withk=2 correspond to the
electric quadrupole interaction.30 If we neglect the terms
with k.2, HQ can then be written as

HQ = − e2E E resredrnsrndo
i

srei
−3Cei

s2ddsrn
2Cn

s2dddtedtn,

sA3d

which gives the following matrix elements:
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kgLSJMJIMIuHQug8L8S8J8MJ8IMI8l = s− e2d3
s− 1dJ−MJS J 2 J8

− MJ 0 MJ8
Ds− 1dI−MIS I 2 I

− MI 0 MI8
D

− s− 1dJ−MJS J 2 J8

− MJ 1 MJ8
Ds− 1dI−MIS I 2 I

− MI − 1 MI8
D

− s− 1dJ−MJS J 2 J8

− MJ − 1 MJ8
Ds− 1dI−MIS I 2 I

− MI 1 MI8
D

+ s− 1dJ−MJS J 2 J8

− MJ − 2 MJ8
Ds− 1dI−MIS I 2 I

− MI 2 MI8
D

+ s− 1dJ−MJS J 2 J8

− MJ 2 MJ8
Ds− 1dI−MIS I 2 I

− MI − 2 MI8
D
4

3 kgLSJio
i

srei
−3Cei

s2ddig8L8S8J8lkIirn
2Cn

s2diIl

with

kIirn
2Cn

s2diIl = QS Is2I − 1d
sI + 1ds2I + 1ds2I + 3dD

−1/2

and

kgLSJio
i

srei
−3Cei

s2ddig8L8S8J8l = kre
−3ls− 1dL+S+J8+2dsS,S8dÎfJgfJ8gH J 2 J8

L8 S L
Js− 1d3f3gS3 2 3

0 0 0
DkgLiUs2dig8L8l.

Q is the nuclear quadrupole moment. The reducedkgLiUs2dig8L8l matrix elements are given in the Nielson and Koster table.40
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