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By the application of anab initio density functional approach the structural and phase stabilities, enthalpies
of formation, electronic structures, and elastic properties for the isoelectronic Laves phase compounds
TiCr2, ZrCr2, and HfCr2 in the cubic C15, and hexagonal C14 and C36 structures have been investigated. In
addition, for the C14 and C15 structures of ZrCr2 phonon dispersions and densities of states, temperature
dependent free energies, and point defect properties have been derived fromab initio calculations. The com-
parison of the density functional data to the few existing experimental results proves the validity of theab
initio approach. Results for ZrCr2 and ZrMn2 are compared in order to corroborate the structural degeneracy
for ZrMn2 as predicted recently.
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I. INTRODUCTION

The nonmagnetic Cr-based Laves-phase compounds
TiCr2, ZrCr2, and HfCr2 are of technological interest be-
cause of potential applications as high-temperature structural
materials1 with excellent corrosion and oxidation resistance.
Furthermore, these compounds are considered as hydrogen
storage materials.2,3 It is also important to know the point
defect properties because the existence of vacancies and an-
tisite atoms may significantly affect the mechanical proper-
ties, for example improving ductility.4 For the enthalpy of
formation experimental values are available only for TiCr2
revealing large discrepancies5,6 between measured data.

In our study we consider the three most common crystal
structures of Laves phases. The C15 structure is face-
centered cubic with twoAB2 formula units per unit cell with

space groupFd3̄m-Oh
7, No. 227. The C14 and C36 structures

are both hexagonal types with four and eightAB2 formula
units per cell, respectively. They belong to the space group
P63/mmc-D6h

4 , No. 194. The three structure types are related
to each other due to different stackings of a basic unit.7,8

Recently, a very peculiar structural degeneracy for ZrMn2
at low temperatures was proposed9,10 from ab initio calcula-
tions which so far could not be resolved by experiment. By
application of the same computational procedure the present
study on the Cr-based compounds, in particular ZrCr2, con-
firms the validity of the theoretical approach and corrobo-
rates the prediction of low temperature polymorphism of
ZrMn2. Differently from the Mn compounds, for the Cr-
based compounds high temperature polymorphism was de-
tected. The equilibrium phase diagrams11 Ti–Cr, Zr–Cr, and
Hf–Cr reveal that the cubic C15 structure is the stable
ground state structure up to temperatures close to the melting
point. At high temperatures hexagonal polytypes with C14 or
C36 structure were observed.

Some density functional studies have been performed re-
garding the elastic properties of TiCr2, ZrCr2, and HfCr2.
Anton and Schmidt12 calculated the lattice parameters, bulk
moduli and some elastic constants for the C14 and C15

structures of TiCr2 and ZrCr2 by using the augmented spheri-
cal wave method and also the full potential linear muffin-tin
orbital method with a gradient correction for the exchange-
correlation potentialsFLGd. Mayer et al.13 reported the lat-
tice parameters, elastic constants, and shear moduli of the
C15 phases of TiCr2 and ZrCr2 using a variant of the linear-
ized muffin tin orbital methodsNFPd. Hong and Fu14 calcu-
lated the elastic constants at the experimental volume of
ZrCr2 and HfCr2 with the C15 structure using the full poten-
tial linearized augmented plane-wave method within the lo-
cal density approximationsLDA d. Recently, Krčmar and Fu15

calculated point defect energies for ZrCr2 with the C15 struc-
ture for the experimental lattice parameter by application of
the Viennaab initio simulation packagesVASPd with ultra-
soft pseudopotentials within the generalized gradient ap-
proximation. In this paper the enthalpy of formation for
ZrCr2 with the C15 structure is reported.

In our study we present a systematicab initio study of the
enthalpies of formation, electronic structures and elastic
properties of the isovalent compounds TiCr2, ZrCr2, and
HfCr2 for the C14, C15, and C36 structures. In addition, for
the C14 and C15 structures of ZrCr2 the phonon dispersions,
phonon densities of states and free energies are computed,
enabling comparison to the vibrational properties of ZrMn2
for which a phonon driven structural transition from C15 to
C14 at about 200 K was proposed.9 For ZrCr2, point defect
energies and related quantities are derived on the basis of
supercell calculations combined with a statistic mechanical
model.

II. COMPUTATIONAL DETAILS

The present results were obtained using the Viennaab
initio simulation packagesVASPd sRef. 16d with the projec-
tor augmented wave potentialsPAWd sRefs. 17 and 18d con-
struction. An overall energy cutoff of 400 eV was chosen.
For Cr the semicore 3p states were also included in the set of
valence states, whereas for the potentials of Ti, Zr, and Hf
semicores and p states were treated as valence states. For
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the exchange-correlation functional the generalized gradient
approximationsGGAd of Perdew and Wang19 was applied.
Brillouin-zone integrations were performed for suitably large
sets of specialk points according to Monkhorst and Pack.20

Optimization of structural parameterssatomic positions and
lattice parametersd was achieved by minimization of forces
and stress tensors. For the derivation of formation energies,
the total energies of antiferromagnetic bcc Cr, hcp Ti, Zr, and
Hf were calculated. All free structural parameters were fully
relaxed.

The ab initio elastic constants were derived from total
energies as a function of suitably selected lattice distortions.
These energies were fitted to third-order polynomials from
which the elastic constants at the equilibrium structures were

calculated. The phonon dispersions and densities of states for
the C14 and C15 structures of ZrCr2 were derived by making
use of the direct method.21,22 This approach relies on accu-
rate forces calculated from first principles, but is otherwise
independent of the actualab initio method. In our study
again VASP was applied for the evaluation of forces gener-
ated by a set of independent atomic displacements within the
conventional C15 and rhombohedral C14 supercells.

For ZrCr2, studying point defect formation energies and
related quantities, supercells of 24 atoms for the C15 struc-
ture and 48 atoms for the C14 structure were constructed.
Single defects such as vacancies and antisites were consid-
ered. In order to mimic the embedding of defects in the oth-
erwise unperturbed compound the shape and volume of the

TABLE I. Calculated and experimental structural parameters for TiCr2, ZrCr2, and HfCr2 with C14, C15,
and C36 crystal structures. Lattice parametersa andc in Å, equilibrium volumesV0 per formula unit in Å3,
and bulk moduliB in GPa. VASP: present calculation; NFP, FLG: other calculations, see text.

Structure a c V0 B Method

TiCr2 C15 6.857 40.3 208 VASP

6.809 39.5 201 NFPa

6.910 41.2 Expt.b

6.932 41.6 Expt.c

C14 4.885 7.830 40.5 199 VASP

4.789 7.806 38.8 210 FLGd

4.932 8.005 42.2 Expt.b

4.900 7.927 41.2 Expt.c

159 Expt.e

C36 4.869 15.748 40.4 199 VASP

4.932 16.001 42.1 Expt.b

ZrCr2 C15 7.145 45.6 182 VASP

7.093 44.6 179 NFPa

7.026 43.4 177 FLGd

7.204 46.7 Expt.f

7.210 46.9 Expt.f

162 Expt.g

C14 5.094 8.103 45.5 176 VASP

4.970 8.022 42.9 187 FLGd

5.106 8.292 46.8 Expt.f

C36 5.065 16.409 45.6 180 VASP

5.100 16.611 46.7 Expt.h

HfCr2 C15 7.079 44.4 199 VASP

7.160 45.9 Expt.i

C14 5.046 8.095 44.6 191 VASP

5.067 8.237 45.9 Expt.j

C36 5.022 16.301 44.5 190 VASP

5.064 16.470 45.7 Expt.k

aReference 13.
bReference 23.
cReference 24.
dReference 12.
eReference 26.
fReference 27.

gReference 28.
hReference 3.
iReference 29.
jReference 30.
kReference 31.
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supercells were kept fixed, whereas the atomic positions
were allowed to relax. As reference energies for the determi-
nation of the defect formation energies the energies of for-
mation of the compounds corresponding to the selected su-
percells were applied.

III. STRUCTURAL AND PHASE STABILITY

The ground state structural parameters were derived from
the minimized total energies for theXCr2 compounds with
X=Ti, Zr, Hf as listed in Table I and shown in Fig. 1. In
general, the volumes of the present studysline VASPd are
consistently smaller by 2–3% than the experimental data.
Deviations of about 4% were observed for ZrMn2 sRefs. 9
and 10d for which the discrepancy was attributed to short-
comings of the local exchange-correlation approximations
although GGA potentials were used. We speculate that the
lattice parameters are markedly temperature dependent
which in particular should affect the hexagonal structures,
because they only appear at high temperatures. The results of
the standard density functional calculations are, however,
only strictly valid for T=0 K. Another possible reason for
increased volumes might be zero point vibrations, however,
due to the rather heavy masses ofX=Ti, Zr, Hf, and Cr we
rather expect this effect to be negligible.

The VASP volumes are significantly closer to experiment
than the data of the NFP and FLGab initio approaches. The
smaller values obtained by NFP can be understood due to the
usage of the local density approximationsLDA d rather than
GGA as in our case. The more surprising are the rather small
values of the FLG calculations in which GGA was applied.

According to Table I for all the compounds the hexagonal
lattice parametersa for C14 and for C36 are rather similar,
and they are smaller by a factor<1/Î2 thana for C15. For
the C14 compounds thec/a ratios are close to the ideal value
of Î8/3, and for C36 thec/a ratio is approximately twice
that of C14. The equilibrium volumesV0 calculated by VASP
for the C15 structures of TiCr2 and HfCr2 are smaller by
about 0.1–0.2 Å3 compared to C14 and C36, whereas for
ZrCr2 the trend is reversed becauseV0 for the C15 structure
is larger by 0.1 Å3.

Figure 1 shows the trend of volumes and bulk moduliB
revealing the largestB values for the C15 structures which
are the stable ground state phases according to the total en-

ergies. One realizes the exceptional nature of the ZrCr2 com-
pound for which the volumes for all three structures are larg-
est but the bulk moduli smallest as compared to TiCr2 and
HfCr2. Whereas for the two latter compoundsB values for
the hexagonal structures are almost identical there is a sig-
nificant difference between C14 and C36 for ZrCr2 which is
also reflected in the differences of the lattice parameters in
Table I. Only two experimental results forB exist, namely
for TiCr2 in the C14 structuref159 GPasRef. 26d; VASP
value is 199 GPag, and for ZrCr2 in the C15 structuref162
GPa sRef. 28d; VASP value is 182 GPag.1 The difference
between experiment and calculations is due to the smaller
calculated volumes yielding larger bulk moduli. As discussed
for the volumes, we also attribute the differences in bulk
moduli to the temperature dependence of the lattice param-
eters and elastic properties. This holds in particular for C14
TiCr2 which only exists at high temperatures. According to
Table I our calculated bulk moduli are significantly smaller
than the values of Anton and Schmidt12 due to the differ-
ences in volume. These authors studied C14 TiCr2 and C15
ZrCr2 only. The agreement of our data to the work of Ref. 13
is much better, again because of the better agreement of the
volumes as discussed. It should be noted that the pressure
experiment for TiCr2 sRefs. 25 and 26d was done only for the
metastable C14 phase quenched to room temperature.

The calculated equilibrium enthalpies of formation with
respect to the equilibrium bulk phases of the pure constitu-
ents are defined by

DH = UDFTsXCr2d − fUDFTsXd + 2UDFTsCrdg s1d

as the difference between the corresponding total energiesU
of the DFT calculation, and are listed in Table II and illus-
trated in Fig. 2. The C15 structure is always the most stable
one in accordance with the experimental findings up to rather
high temperatures. The energy differences between the dif-
ferent structures are rather uniform with C36 being less
stable than C15 by about 5 kJ mol−1, and C14 is less stable
than C36 by about 2–3 kJ mol−1.

Currently, three experimental values for the enthalpy of
formation of TiCr2 are published5,6 showing considerable
discrepancies. It was not possible to find out which experi-
mental technique was used to obtain the values −27.9 and 0.3
in Table II, the value of −9.9 kJ mol−1 was derived from

FIG. 1. Ab initio equilibrium volumesV0 and bulk moduliB for
the C14, C15, and C36 structures of TiCr2, ZrCr2, and HfCr2.

TABLE II. Ab initio enthalpies of formationDH in kJ mol−1 as
compared to the available experimental data and values obtained by
the application of Miedema’s modelsRef. 5d for the C14, C15, and
C36 structures of TiCr2, ZrCr2, and HfCr2.

C14 C15 C36 Miedema Expt.

TiCr2 −30.6 −35.9 −33.0 −30.3 −27.9;a −9.9;b 0.3a

ZrCr2 −9.0 −14.5 −12.1 −51.6

−14.6c

HfCr2 −29.6 −34.9 −32.5 −29.2

aReference 5.
bReference 6.
cReference 15.
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vapor pressure measurements at temperatures from 1523 to
1653 K.5 We believe that the experimental values are rather
questionable. For HfCr2 an estimation of −5.4 kJ mol−1 at
298 K sRef. 5d is known. However, for both ZrCr2 and HfCr2
no measured values are available. As recently demonstrated
for TiMn2,

32 for which also calorimetric experimental data
were measured, ourab initio approach yields reliable results
for the enthalpy of formation. Furthermore, theab initio
value33 of −141.2 kJ mol−1 for ScAl2 was found to be in very
good agreement to a very recent experimental value34 of
−141.6 kJ mol−1 obtained by reaction calorimetry, which cor-
rected an older value35 of −281.9 kJ mol−1 measured by acid
solution calorimetry. Therefore, we consider theab initio en-
thalpies of formation for theXCr2 compounds in Table II to
be reliable. In addition, the enthalpy of formation for ZrCr2
of −14.5 kJ mol−1 agrees well with the value of
−14.6 kJ mol−1 of anotherab initio application.15

Figure 2 shows the trend ofab initio enthalpies of forma-
tion with ZrCr2 being less stable by about a factor of 2 com-
pared to TiCr2 and HfCr2. Also shown is the result obtained
from Miedema’s semiempirical model.5 Although the values
for TiCr2 and HfCr2 are in reasonable agreement with theab
initio data swith deviations from the values for the most
stable C15 phases of about 6 kJ mol−1d, Miedema’s model
fails very badly for ZrCr2 reversing the trend of theab initio
results. Similar failures were also found for ZrCo2,

36 ZrPd,
and ZrPd3,

37 for which comparison was made to experimen-
tal enthalpies of formation measured by the high-temperature
direct synthesis calorimetry. At least for ZrCr2 we found that
the bad result of Miedema’s model is due to the unrealistic
choice of the average density of Zr at the Wigner Seitz
boundarysthe parameternWS

1/3 which according to conven-
tional receipts5 is taken to be 1.41d. If a value of 1.35 would
be chosen then the result of Miedema’s model for the en-
thalpy of formation of ZrCr2 is identical to theab initio
value. We suspect that many data derived from Miedema’s
model for compounds containing Zr might be corrected in
the right direction by this suggestion.

Utilizing a simple model, the variation of the average
electron density as expressed by the number of valence elec-
trons per atom is correlated to cohesive properties of com-
pounds which have a comparable type of chemical bonding.
For theXCr2 compounds the number of valence electrons are

nX=4 and nCr=6 which—by application of the relationc
=snX+2nCrd /3V0=16/3V0—for the C15 structures results in
values ofc=0.132, 0.117, 0.120e/Å3 for TiCr2, ZrCr2, and
HfCr2, respectively.V0 represents the equilibrium volume as
listed in Table I. Clearly, this results in the correct trend
compared to the formation energies due to the opposite trend
of the equilibrium volumes.

IV. ELECTRONIC STRUCTURE

In this section only the density of statessDOSd for ZrCr2
is discussed because it appears to be very similar for TiCr2
and HfCr2. Figure 3 presents the projected local DOS
sLDOSd for ZrCr2 for the C14 and C15 structures in com-
parison to the corresponding LDOS of nonmagnetic ZrMn2.
The DOS for C36 is left out from the discussions because it
is rather similar to C14. For all the crystal structures of ZrCr2
the Fermi energysEFd falls into a deep minimum separating
bonding and antibonding states. The value of the total DOS
at EF as expressed by the specific heat coefficientg as listed
in Table III is distinctly smallest for the C15 structure, which
is the most stable structure. Our calculated value ofg
=4.31 mJ mol−1 K−2 agrees well with the the experimental
value38 of 4.8±0.4 mJ mol−1 K−2 by accepting a reasonable
electron-phonon coupling enhancement factor of 1.12. No
experimental values are reported for TiCr2 and HfCr2.

The LDOS clearly illustrates thed-d bonding character of
the compounds. From the LDOS belowEF for both C14 and
C15 structures distinct Cr-Zr hybridization features due to
bonding states are identified around −1 and −3 eV, and even
stronger features aboveEF which build up distinct peaks at
about 1, 2, and 3 eV. A well separated almost impurity-like
Zr peak arises above the edge of the Cr LDOS. The features
of the LDOS for the C15 structure compared to C14 are
sharper and less split apart due to the higher symmetry of the
cubic structure. For the C14 LDOS at −0.4 eV a distinct
peak of strong Cr character arises for Cr at as2ad site. This
peak is missing for Cr at thes6hd site. Compared tos6hd
sites the nearest neighbor distance of the Crs2ad site is
larger, and therefore hybridization is reduced. The same ob-
servation holds for the LDOS of nonmagnetic ZrMn2 but one
has to shift the energy scale by about −0.5 eV due to the
larger number of valence electrons.

Now discussing ZrMn2, for the nonmagneticsNMd case
slower panels of Fig. 3d one realizes a rather rigid band be-
havior by shiftingEF of ZrCr2 up by 0.5 eV. Then, thed-like
LDOS sand therefore also the total DOSd is strongly in-
creased atEF which leads to a magnetic instability, i.e., spon-
taneous spin polarization occurs. For C15 the DOS atEF is
largest, and the gain in magnetic energysi.e., the difference
between the total energy of the nonmagnetic and the spinpo-
larized casesd is larger than for C14. For the NM ZrMn2
compounds although the C14 is strongly favored by
7 kJ mol−1 in comparison to C15swhich is totally opposite to
ZrCr2d the gain in magnetic energy is just of the right mag-
nitude in order to lead to a peculiar structural degeneracy.9,10

Therefore, inspecting the LDOS one can attribute the un-
usual structural properties of ZrMn2 to the states with ener-
gies between the deep minimum andEF.

FIG. 2. Ab initio enthalpies of formation for TiCr2, ZrCr2, and
HfCr2 and values derived by Miedema’s model.
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On the basis of the previous discussion one might suspect
that the structure dependent features of the DOS drives the
relative structural stability between the compounds with C14
and C15 structures. In order to simplify the discussion,
C36—which energetically lies in between C15 and C14, see
Table II—is left out. Accepting this argument, we assume
that the total energy difference is mainly due to the differ-
ences of band energiesUS for the structuressindex Sd,

USsNd =EEsNd

sE8 − eF,SdnSsE8ddE8 s2d

denoting the total DOS bynSsE8d, and the structure depen-
dent Fermi energies byEF,S. A given energyE corresponds to
the number of valence electrons by the definitionNsEd
=eEnSsE8ddE8. By relating the energy scales to the respective
Fermi energies a common energy zero can be defined which
otherwise has to be found in another way, i.e., by performing
a separate tight-binding calculation for equal volumes, as

done, e.g., in Ref. 39. In our case, we just considered the
structure dependent DOS for ZrCr2 corresponding to the re-
spective calculated equlibrium volumes. The Fermi energies
are almost equalsEF for the C15 phase of ZrCr2 is lower by
1 meV than for C14d. Fine tuning of the energy reference
was done in such a way that the structural energy difference
DU=UC14−UC15 amounts to 5 kJ mol−1 for ZrCr2, which
corresponds to the difference of total energies as listed in
Table II.

Figure 4 shows the band energy differenceDUsNd as a
function of the valence electron numberN. A positive value
indicates that the compound with a C15 structure is predicted
to be stable, a negative one that the C14 structure would be
preferred. Clearly, the trend can be seen that for ZrCr2 scor-

FIG. 3. Projected local density
of states for the C14 and C15
structures of ZrCr2 supper paneld
and nonmagnetic ZrMn2 slower
paneld.

TABLE III. Total density of statessstates per eV and formula
unitd and specific heat coefficientg= 1

3p2nsEFdkB
2 in mJ mol−1 K−2

at T=0 K for the C14, C15, and C36 structures of of TiCr2, ZrCr2,
and HfCr2.

C14 C15 C36

nsEFd g nsEFd g nsEFd g

TiCr2 1.86 4.38 1.46 3.44 1.81 4.26

ZrCr2 2.09 4.92 1.83 4.31 1.93 4.54

HfCr2 1.93 4.53 1.61 3.79 1.91 4.49 FIG. 4. Band energy differenceDU=UC14−UC15 as a function
of valence electron numberN as derived from the DOS of ZrCr2.
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responding toN=16d the C15 structure reaches its maximum
stability whereas forN=14sZrV2d and N=18sZrMn2d the
C14 structure is becoming more favorable. The total energy
results for nonmagnetic ZrMn2—as already discussed—
indicate a strong stabilization of C14, whereas for ZrV2 we
obtain almost a structural degeneracy between C14 and C15.
Nevertheless, the structural trend is described properly by
DU, i.e., the rigid band concept is useful, at least in the
neighborhood ofN=16 for which the actual DOS were used
for deriving the band energies.

V. ELASTIC PROPERTIES

The elastic constants at equilibrium volumes are listed in
Tables IV and V for the C15 and C14 structures of ZrCr2.
Although C14 is not the stable ground state we discuss its
properties because it is a very common structure for Laves
phases closely related to ZrCr2, and it might appear at high
temperatures.

For the C15 structures of TiCr2 and ZrCr2 we are able to
compare our results with calculated data of the NFP
approach.13 For TiCr2 NFP yielded a significantly larger
value forc11, the bulk modulus being almost the same which
is due to the lower value ofc12 as shown in Table IV. This
stronger anistropysas compared to our calculationd results in
a significantly larger value forc8. Within NFP the LDA was
appliedswe—in contrast—applied GGAd, thus larger values

of the elastic constants in general would be expected but not
such a strong influence on the anisotropy. For C15 ZrCr2 and
HfCr2, it should be noted that the elastic constants calculated
by Hong and Fu14 using FLAPW with LDA are significantly
smaller with respect to our present data as well as to the
results of Mayeret al.13 This presumably is due to the fact
that Hong and Fu derived the elastic constants at the experi-
mental volume which must be significantly larger than the
LDA equilibrium volume would be. Even in our case apply-
ing a GGA functional our calculated equilibrium volume is
smaller by about 3% than the experimental one.

The precision of our calculation of the bulk modulus can
be estimated by comparing the value directly obtained from
the elastic constants, namelyB=sc11+2c12d /3 for cubic and
B=2sc11+c12+2c13+c33/2d /9 for hexagonal crystals, to the
value derived from the volume derivative of the total energy,
denoted bysBd in Tables IV and V. In all the cases, the
difference is in the range of 2% or smaller. For ZrCr2, the
agreement between the two calculational approaches is good.
However, the calculated data are about 10% larger than a
reported experimental value. Fosteret al.28 measured the
bulk moduli of the C15 structure of ZrCr2 from 20 to 300 K,
indicating a normal temperature dependence showing a de-
creasing bulk modulus with increasing temperature. The
value of 162 GPa in Table IV refers to the measurement at
20 K.

In general, for the C15 as well as for the C14 structure the
elastic constants of TiCr2 are largest, the values for ZrCr2 are
smallest with HfCr2 in between. This reflects the trend of the
energies of formation which is always smallest for all the
structures of ZrCr2 shown in Fig. 2. Although—concerning
the energies of formation—HfCr2 is very close to TiCr2, its
elastic constants are generally smaller than for the Ti com-
pound. Table V shows the 6 elastic constants for the hexago-
nal C14 structure with a remarkably small value forc44 of
ZrCr2. Althoughc44 is unusually small, no elastic instability
follows from that. On the other hand, this small value results
in exceptionally small anisotropy parameters of 0.34 forA2
=s4c44d / sc11+c33−2c13d sreferring to,110g slipsd, and 0.28
for A3=c44/c66 sreferring to shears in theh100j planesd. As a
comparison, the values for TiCr2 are 1.2 and 1.1, for HfCr2
0.61 and 0.66 for A2 and A3, respectively.

From the single crystal elastic constants we derived poly-
crystalline averages according to Hill,40 such as Young’s
modulusE and shear modulusG, Poisson’s ration, and elas-
tic anisotropyA as presented in Table VI for the C15 struc-
ture, and Table VII for the C14 structure. The polycrystalline
averages were obtained for random orientations of the crys-
tallites. Again, Tables VI and VII indicate that all the elastic
moduli of ZrCr2 are smallest in accordance to the trend dis-
cussed above. Concerning TiCr2 with C14 structure, the ex-
perimental values forE andG are smaller with respect to the
ab initio calculationssTable VIId, whereas for ZrCr2 with
C15 structure the values forE andG are substantially larger
sTable VId. It should be noted that the experiments for the
C14 structure of TiCr2 were performed at 1273 K;26 the ab
initio elastic constants, however, refer to very low tempera-
tures.

Important materials parameters such as the average sound
velocities vm and Debye temperaturesQD were derived as

TABLE IV. Elastic constants, bulk moduliB, and c8=sc11

−c12d /2 sall in GPad at the equilibrium volumes for the cubic C15
structure of TiCr2, ZrCr2, and HfCr2. The values forsBd are derived
from volume derivatives of the volume dependent total energies.

c11 c12 c44 BsBd c8 Method

TiCr2 292 158 80 203s208d 67 VASP

322 140 99 201 91 NFPa

ZrCr2 252 146 54 181s182d 53 VASP

255 141 58 179 57 NFPa

201 126 46 151 38 FLAPWb

162 expt.b

HfCr2 282 152 66 195s199d 65 VASP

225 126 58 159 50 FLAPWb

aReference 13.
bReference 14.
cReference 28.

TABLE V. Ab initio elastic constants, bulk moduliB, and c66

=sc11−c12d /2 sall in GPad at the equilibrium volumes for the hex-
agonal C14 structure of TiCr2, ZrCr2, and HfCr2. The values for
sBd are derived from volume derivatives of the total energies.

c11 c12 c13 c33 c44 c66 BsBd

TiCr2 323 141 150 301 98 91 203s199d
ZrCr2 272 132 141 246 20 70 180s176d
HfCr2 302 139 148 275 51 81 194s191d
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shown in Table VIII. For TiCr2 the largestB and G values
and the smallest molecular weight result in the largest sound
velocity and Debye temperatures compared to ZrCr2 and
HfCr2. Concerning the C15 structure,QD is now larger for
ZrCr2 than for HfCr2 which is a consequence of the larger
value ofvm for the Zr compound.

VI. VIBRATIONAL PROPERTIES

Figure 5 shows the phonon dispersion relations and the
density of statessDOSd for ZrCr2 calculated at the equilib-
rium volumes of the C14 and C15 structures. There are 18
sfor C15d and 36sfor C14d phonon branches due the number
of atoms in the unit cells6 and 12 for C15 and C14, respec-
tivelyd. Because of the higher symmetry, the features of the
DOS for the C15 structure are much sharper. A further sig-
nificant difference between the dispersions of the two struc-
tures is seen in the frequency range between 2 and 3.5 THz.
There, no modes exist for the C15 structure in contrast to
C14 for which highly dispersive bands are seen in particular
around the point A, and close to A a soft mode arises. How-
ever, these extra bands of the C14 structure have no visible
influence on the DOS due to their steep dispersion. The de-
composition of the phonon DOS shows that the broad peak
structure centered around 4.5 THz is due to a mixture of Zr-
and Cr-like modes for both structures. The peak centered at 7
THz is of rather pure Cr character which is ofs6hd type in
the C14 case. At 6 THz the C15 DOS shows a deep mini-
mum which in the C14 is a rather broad structure. Vibrations

above 8 THz are exclusively of Cr character, because its
atomic mass is lighter than the mass of Zr.

From the phonon DOS the phonon free energyFph can be
derived from the equations

FphsTd = UphsTd − TSphsTd s3d

by defining the phonon free enthalpy

UphsTd =
1

2
E

0

`

gsvd"v cothS "v

2kBT
Ddv s4d

and phonon entropy

SphsTd = kBE
0

`

gsvdS "v

2kBT
FcothS "v

2kBT
D − 1G

− lnF1 − expS−
"v

kBT
DGDdv, s5d

wheregsvd represents the phonon DOS as a function of fre-

TABLE VIII. Average sound velocitiesvm sms−1d and Debye
temperaturesQD sKd at calculated equilibrium volumes.

C15 C14

vm QD vm QD

TiCr2 3634.6 451.9 4388.2 541.2

ZrCr2 2893.5 345.0 2447.3 291.6

HfCr2 2620.1 315.4 2708.5 324.8

FIG. 5. Ab initio phonon dispersion relations and density of
states for ZrCr2 in the C15supper paneld and C14slower paneld
structure.

TABLE VI. Young’s moduli E, shear moduliG sall in GPad,
Poisson’s ration, and elastic anisotropyA according to the average
of Hill for the cubic polycrystalline C15 structure of TiCr2, ZrCr2,
and HfCr2.

E G n A Ref.

TiCr2 200 75 0.336 1.19 VASP

248 96 0.30 NFPa

ZrCr2 146 54 0.366 1.02 VASP

156 58 0.36 NFPa

173 66 0.322 Expt.b

HfCr2 176 65 0.349 1.007 VASP

aReference 13.
bReference 28.

TABLE VII. Young’s moduli E, shear moduliG sall in GPad,
Poisson’s ration, and elastic anisotropyA according to the average
of Hill for the hexagonal polycrystalline C14 structure of
TiCr2, ZrCr2, and HfCr2.

E G n Ref.

TiCr2 240 92 0.303 VASP

184 71 0.31 Expt.a

ZrCr2 91 32 0.415 VASP

HfCr2 161 59 0.362 VASP

aReference 26.
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quencyv. In our calculation the total free energy is defined
by the relationFsTd=FelsTd+FphsTd in which the electronic
contribution FelsTd=UDFT+FgassTd consists of the total en-
ergy derived from the DFT calculationUDFT and a tempera-
ture dependent termFgassTd coming from the free electron
gas model according to the Sommerfeld expansion.41

The difference of total free energiesDF=FC14−FC15 cor-
responding to the C14 and C15 structures of ZrCr2 and
ZrMn2 are shown in Fig. 6. The energy scales in the two
panels are different because of the very different structural
energies: for ZrCr2 the energyUDFT for the C15 structure is
much lower than for C14 whereas for ZrMn2 the correspond-
ing energies are close to be degenerate. Furthermore, the
temperature dependence of the structural free energy differ-
ence for ZrMn2 is totally opposite to ZrCr2. Although for
ZrMn2 at very low temperatures C15 is stable the C14 struc-
ture is stabilized above a transition temperature of 160 K due
to the phonon free energy difference.9 The structural stability
of ZrCr2 is quite different: at very low temperature C15 is
already much more stable than is the case for the Mn com-
pound. With increasing temperature, C15 gains even more
which corresponds to the experimental findings: C15 is
stable up to rather high temperatures of more than 1800 K at
which hexagonal structures appear.44 These temperatures are
far too high to justify any statement on the basis of the har-
monic model inherent to the derivation of the phonon DOS
and free energy.

In Fig. 7 the phonon free energy differencesDFph are
decomposed into the the enthalpy contributionsDUph and the
entropy terms −TDSph. In both cases, for ZrMn2 as well as
for ZrCr2, the temperature dependence of both quantities is
just opposite. However, noting the scale in the figures the
entropies are by far the dominant contributions to the struc-
tural free energy difference of the phonons.

In the case of ZrCr2 the zero point energies are very simi-
lar amounting to 10.6 for the C15 structure and
10.7 kJ mol−1 for the C14 structure.

Figure 8 shows the specific heat for the C14 and C15
structures of ZrCr2. Whereas for the full phonon calculation
the curves nearly coincide, for the results based on the Debye

approximationsDebye temperatures from Table VIII are ap-
pliedd a significant splitting between C14 and C15 is ob-
served with all the Debye results being larger than the full
phonon results. The largest differences occur at about 200 K.

VII. POINT DEFECTS

For ZrCr2 we studied the formation energies and related
quantities for point defects such as vacanciesVsZrd at the Zr
and VsCrd at the Cr sites, and antisite defects ZrCr for Zr

FIG. 6. Differences of total free energiesDF=FC14−FC15. Re-
sults with ssolid lined and withoutsdashedd temperature dependent
electronic contributionssRef. 41d. Left panel: ZrMn2; right panel:
ZrCr2. Positive values: C15 is stable structure; negative values: C14
is stable structure.

FIG. 7. Upper panels: Phonon enthalpyDUph and entropy
−TDSph decomposition of the structural phonon free energy differ-
ence for ZrMn2. Lower panels: Same decomposition for ZrCr2.

FIG. 8. Lattice specific heat for C14 and C15 structures of
ZrCr2. Full phonon calculation denoted by ph; Debye results
marked byD.
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occupying a Cr site and CrZr for the reversed occupation. In
the C15 structure because of symmetry there are only four
possible arrangements. However, for the C14 structure the Cr
atoms occupy the geometrically differents2ad ands6hd sites
which results in six different defect structures. This can be
seen in Fig. 9 which shows the enthalpies of formation per
atom for the ZrxCr1−x compounds corresponding to the con-
structed supercells. These energies are derived directly from
density functional total energies as defined in Eq.s1d.

Because there is only one experimentally observed or-
dered compound with a concentration between pure Cr and
pure Zr, namely the Laves phase ZrCr2, the two dashed lines
marking the boundaries of thermodynamical stability in Fig.
9 are connecting the value for ZrCr2 with zero for the con-
centrationsx=0 and 1. It is obvious that the antisite defects

are much closer to stability and will therefore dominate. Fur-
thermore, by comparison of the two panelssnote the different
energy scalesd it is also clear that defectssin particular va-
canciesd in the C15 compound will be more costly in terms
of energy.

The discussed energies are derived with respect to the
pure bcc-Cr and hcp-Zr phases. A certainly more realistic
description of defects is based on the ordered compound
ZrCr2 as a reference and suitable chemical potentials describ-
ing the variation of stoichiometry within a grand canonical
formulation of a statistic mechanical model.42 Then, tem-
perature and concentration dependent defect formation ener-
gies and concentrations can be derived. Due to the selected
supercells and the corresponding concentration variation
si.e., the validity limit of the chemical potentials for each
atomic speciesd the derived results are meaningful in a con-
centration range of about 2% around the stoichiometricx
= 1

3 composition. In the statistical model the defects are as-
sumed to be independent and they are only linked together
by the requirement of conserving a given stoichiometry. For
the C14 structure we also make no distinction between de-
fects at Crs2ad or s6hd sites because their energies are prac-
tically the same according to Fig. 9.

By application of the statistic mechanical model the re-
sults given in Tables IX and X were derived. Table IX lists
the thermodynamically defined defect formation energies
which clearly demonstrate the order of stability for the types
of defects as discussed for the supercells. The most costly
defect is a vacancy at the Zr site rather independent of the
structure. Vacancies at Cr sites would be more favorable by
0.5 eV for the C14 structure for which also the antisite en-
ergy is slightly more favorable. The comparison of our data
for the C15 structure to the calculation of Ref. 15 shows a
significant difference for the vacancy at the Cr site and also
for the antisite energy. This difference has possibly two ori-

FIG. 9. Ab initio enthalpies of formation for compounds
ZrxCr1−x corresponding to the defect supercells versus the concen-
tration x of Zr atoms for the C15 structuresupper paneld and the
C14 structureslower paneld. VsZrd: vacancy at Zr site,VsCrd: va-
cancy at Crs2ad and s6hd sites, ZrCr: Zr at the Crs2ad and s6hd
sites, CrZr: Cr at Zr site.

TABLE IX. Defect formation energies for the C14 and C15
structure for the stoichiometric composition corresponding to ZrCr2

at 1000 K as derived from a statistical mechanic modelssee textd.

VsZrd VsCrd ZrCr CrZr

C15 4.77 3.34 1.39 1.39 present work

C15 4.77 3.61 1.23 1.17 Krčmar and Fua

C14 4.65 2.86 1.21 1.21 present work

aReference 15.

TABLE X. Calculated temperature dependence of defect concentrations for the C14 and C15 structure for
the stoichiometric composition corresponding to ZrCr2.

C15 C14

TsKd VsCrd VsZrd anti VsCrd VsZrd anti

500 2.28E-37 8.99E-48 1.05E-14 1.38E-29 1.25E-47 6.37E-13

1000 1.51E-17 9.49E-25 1.02E-07 3.72E-15 3.54E-24 7.98E-07

1200 9.61E-15 9.57E-21 1.50E-06 9.44E-13 2.87E-20 8.29E-06

1400 9.66E-13 6.93E-18 1.02E-05 4.93E-11 1.78E-17 4.41E-05

1600 3.06E-11 9.68E-16 4.28E-05 9.60E-10 2.22E-15 1.51E-04
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gins: in Ref. 15 the lattice parameter was fixed to the experi-
mental value whereas in our case the optimized lattice pa-
rameters of the defect-free ZrCr2 compound was taken.
Furthermore, the antisite formation energies presented in
Ref. 15 are nonequal at the stoichiometric composition, dif-
ferently to our results. They should, however, be equal for
systems of the antistructure type like ZrCr2 because the de-
fect model of Mishin and Herzig43 as applied in Ref. 15 is
very similar to our approach.42

The strongly dominant defects are the antisites as revealed
by their concentration as a function of temperature in Table
X. It should, however, be noted that effective defect entro-
pies can lead to a change of the dominating formation
mechanism at elevated temperatures as mentioned in the sec-
ond reference of Ref. 42. The vacancy concentrations are
smaller by a factor <10−6 for both structures. From
experiments44 it was concluded that also vacancies might
contribute to the defect mechanism which is not confirmed
by our calculations. However, in this paper it was also stated
that the occurrence of certain defect types might depend on
the preparation and heat treatment of the samples. The C14
structure is significantly more proned to antisite defects, e.g.
by a factor of about 3 when compared to the C15 structure at
1600 K. Because the vacancy formation energies are much
larger and the symmetric mixture of antisites is predominant
the phase stability region will be rather narrow around the
stoichiometric concentration in agreement to the experimen-
tal phase diagram.11 This situation is very different for
ZrMn2 for which the easy formation of Mn antisites pro-
duces a broad stoichiometry range towards the Mn rich side
of the 1:2 composition.

VIII. SUMMARY AND CONCLUSION

By application of the DFT approach VASP the structural
stabilities, heats of formation, electronic structures and elas-
tic properties have been investigated for the Cr-based iso-
electronic Laves phases TiCr2, ZrCr2, and HfCr2 with the
cubic C15 and hexagonal C14 and C36 crystal structures.
The experimental finding of very stable C15 phases is quan-
titatively confirmed and the trend of structural stability when
varying the number of valence electrons is discussed in terms
of band energies. The comparison with the few existing re-
liable experimental data shows rather good agreement prov-
ing the validity of theab initio approach. In addition, for the
C14 and C15 structures of ZrCr2, phonon dispersions, tem-
perature dependent free energies, specific heats, and defect
properties have been derived from DFT calculations. The
results for ZrCr2, in particular structural stabilities, electronic
structures, and temperature dependent free energies, are
compared to the calculated data for ZrMn2 which has un-
usual properties as published recently.9
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