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Magnetic susceptibility, heat capacity, and electrical resistivity measurements have been carried out on
single crystals of the intermediate valence compounds Yb2Rh3Ga9 and Yb2Ir3Ga9. These measurements reveal
a large anisotropy due apparently to an interplay between crystalline electric fieldsCEFd and Kondo effects.
The temperature dependence of magnetic susceptibility can be modelled using the Anderson impurity model
including CEF within an approach based on the non-crossing approximation.
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I. INTRODUCTION

The intermediate valence compounds pose one of the
most challenging problems of strongly correlated electron
systems. Different ingredients contribute to the complexity
of these fascinating systems: the presence of strong Kondo
interactions, the level structure of the crystal electric field
sCEFd f orbitals, the different hybridizations between each
level and the conduction band, and the eventual coherence
effects and magnetic interactions introduced by the periodic-
ity of the Kondo lattice.1 Strong valence fluctuations are ob-
served in the intermetallic compounds with Ce, Yb, and U. In
particular, Yb compounds attract a great deal of interest be-
cause the trivalent Yb ion is at least in some sense the hole
counterpart of the Ce3+ ion which has one electron in its 4f
shell. As in the case of the Ce compounds,2 the Yb-based
intermetallics exhibit a diversity of physical properties that
remain to be understood.3

The isostructural series of compoundsR2M3X9 sR=La,
Ce, Yb, U;M =Co, Rh, Ir;X=Al, Gad exhibit antiferromag-
netic ordering forR=Yb, X=Al, and mixed-valence behavior
for R=Ce,Yb andX=Ga.4–7 All the U-based compounds or-
der antiferromagnetically at temperatures below 40 K.4 The
Yb2M3Ga9 compounds are a suitable class of materials for
studying the difference in the electronic structure between
the magnetically ordered Kondo lattice and the mixed-
valence systems. The orientation-dependent temperatureTmax
of the maximum in the magnetic susceptibility suggests the
possibility of an anisotropic Kondo effect.8,9 Previously,
Petrovic et al. studied ternaryR-IruGa compoundssR
=rare earthd that were assigned theRIr2Ga stoichiometry in
their work.10–12 Elemental analysis studies unavailable to
these previous authors suggest thatR2Ir3Ga9 is the correct
stoichiometry of these materials instead. TheR2Ir3Ga9 com-
pounds with Ce and Yb show reduced magnetic moments
and the absence of magnetic order above 0.04 K.11

The thermodynamic properties of the single-impurity
model have been calculated exactly using the Bethe-ansatz
technique,14–18 and also approximately within the non-
crossing approximationsNCAd, which shows good agree-
ment with the former.19 However, to the best of our knowl-
edge, it has always been assumed that the hybridizationVm
between any state of the magnetic configurationuml and the

conduction electrons is independent ofm even when the CEF
is included.14–16This is a requirement for the integrability of
the problem;20 although, there is no symmetry requirement to
have the sameVm for each orbital in the presence of a CEF.
The different orientations of the orbitals relative to the
nearest-neighbor atoms clearly indicate that the hybridiza-
tions must be a function ofm. It is essential to consider this
effect in order to explain the magnetic susceptibilityxsTd
measurements of Yb2M3Ga9 sM =Rh, Ird shown here as well
as various other experimental observations in related
materials.21

Here, we report two examples of mixed-valence systems,
Yb2Rh3Ga3 and Yb2Ir3Ga9, in which the CEF and Kondo
energy scales are of the same order of magnitude. We discuss
a method based on the simple approximation scheme of
Zwicknaglet al. for calculating dynamical and static proper-
ties for these types of systems.22 The novelty of the method
is that, in addition to the usual CEF effects, it also incorpo-
rates the important consequences of having different hybrid-
ization amplitudesVsmd between the CEF orbitals and the
conduction band. The calculatedxsTd provides a quantitative
description of the measured susceptibility in Yb2M3Ga9 sM
=Rh, Ird. We show that for Yb2Ir3Ga9 a single hybridization
Vsmd is sufficient to describe the data, whereas for
Yb2Rh3Ga9, two hybridizations are necessary to adequately
describe our results.

II. EXPERIMENT

Single crystalline rods of Yb2M3Ga9 sM =Rh, Ird with a
tapered hexagonal morphology were grown by a Ga self-flux
technique. Elemental analysis confirmed the correct 2-3-9
stoichiometry. X-ray powder diffraction measurements on
crushed single crystals produce a spectrum that can be in-
dexed in either a hexagonal orC-centered orthorhombic
structure. Examination of the resulting lattice parameters
suggests that the hexagonal unit cell is apparently a subcell
of a larger orthorhombic cellswith aorthorhombic=Î3ahexagonald.
The room-temperature values of the hexagonal lattice param-
eters area=7.471s6d Å, c=9.440s3d Å for Yb2Rh3Ga9 and
a=7.483s4d Å, c=9.441s2d Å for Yb2Ir3Ga9, in agreement
with Refs. 6 and 11. The larger orthorhombic lattice con-
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stants are close to those reported for polycrystalline samples
of the same compounds obtained by means of arc or induc-
tion melting.4,23,24 X-ray single crystal diffraction studies
sdiscussed in detail elsewhere12d that include the possible
role of stacking fault disorder, as indicated in isostructural
aluminum-rich compounds,13 suggest that the samples crys-
tallize in the hexagonal structure. Specific heat and magneti-
zation measurements were performed in a commercial
sQuantum Designd PPMS and MPMS, respectively. The re-
sistivity was measured using a standard four-probe tech-
nique, with the current parallel to thec axis in the tempera-
ture range of 0.5–300 K under zero applied field.

Figure 1 shows the magnetic susceptibility,xsTd, of
Yb2Rh3Ga9 measured inH=1 kOe. xsTd displays a broad
maximum at 90 K sH icd and 165 K sH'cd, typical of
mixed-valence compounds. The high-temperature magnetic
susceptibility of Yb2Rh3Ga9 follows a Curie-Weiss law
above 200 K yielding values ofmeff=4.3 mB/Yb; u=−50 K
and meff=4.4 mB/Yb; u=−293 K for field parallel and per-
pendicular to thec axis, respectively. The average effective
magnetic moment is nearly the value of free Yb3+ smeff

=4.5 mBd. The marked difference in the respective values for
the Weiss temperature is due to the strong magnetocrystalline
anisotropy. As will be discussed later, this anisotropy is also
the origin of the orientation-dependent maxima inxsTd.

Figure 2 displays magnetic susceptibility data for
Yb2Ir3Ga9. These data are consistent with stronger hybridiza-
tion in Yb2Ir3Ga9 as compared with Yb2Rh3Ga9. The
maxima inxsTd are shifted to higher temperature, and Curie-
Weiss behavior is not fully recovered by our highest mea-
surement temperature. As pointed out by Trovarelliet al.,6

the upturns in susceptibility at lowest temperature may not
be extrinsic. These authors reach this conclusion based on
field-dependent magnetization measurements. That we see
field-orientation dependent upturns at low temperature, espe-
cially in the case of Yb2Rh3Ga9 fxsTd for H ic is essentially
temperature independent whereasxsTd for H'c increases
rapidly with decreasing temperatureg adds further credibility
to this assertion.6

The electrical resistivityrsTd, measured with current ap-
plied along the hexagonalc-axis sthe long axis of our rodlike

crystalsd, of Yb2Rh3Ga9 and Yb2Ir3Ga9 is displayed on the
left-hand insets of Figs. 1 and 2, respectively. The observed
temperature dependences are characteristic of intermediate-
valence metals and again reflect the higher characteristic
temperaturesi.e., the inflection pointd in Yb2Ir3Ga9. Simi-
larly, specific heat divided by temperatureC/T versusT2 is
shown on the right-hand insets of Figs. 1 and 2 forM =Rh,
Ir, respectively. A low-temperature fit toC/T=g+bT2

gives values of g=45s25d mJ/mol Yb K2 and b
=0.75s0.91d mJ/mol Yb K4, corresponding to a Debye tem-
peratureuD=250 K s234 Kd for M =Rh sIrd. The values ofg
reflect moderate mass enhancement in Yb2Rh3Ga9 and
Yb2Ir3Ga9.

III. THEORY

To account for the combined effects of Kondo hybridiza-
tion and crystal electric field splitting, we use an approxima-
tion scheme developed in Refs. 22 and 25 that we generalize
to allow for different conduction electron hybridizations of
each ground state multiplet of the magnetic configuration.
The approach is based on the non-crossing approximation
sNCAd with the additional assumption that the density of
states of the nonmagnetic configuration by its pole at tem-
peratureT=0,

r0svd = s1 − nfddsv − v0d, s1d

where 2+nf is the valence of Yb atT=0, and v0 is the
ground state energy, obtained by a variational ansatz that is
exact for large degeneracy of the magnetic configuration.26

The approximation Eq.s1d ceases to be valid at temperatures
of the order of the charge transfer energyE0−minsEmd+eF

ssee belowd. However, it has led to very good agreement
with results for the magnetic susceptibility of the full NCA
and Bethe-ansatz in the isotropic case.22 Furthermore, it has
the advantage that the results converge smoothly to those of
the variational approximation forT=0 and is free from the
usual artifacts of the NCA at lowT.27,28

The Hamiltonian is that of the impurity Anderson model
including crystal and magnetic field,

FIG. 1. Magnetic susceptibilityxsTd of Yb2Rh3Ga9. The lines
are fits to the data using the model described in the text. Left-hand
inset, electrical resistivityrsTd of Yb2Rh3Ga9. Right-hand inset,
specific heat divided by temperatureC/T versusT2 of Yb2Rh3Ga9.

FIG. 2. Magnetic susceptibilityxsTd of Yb2Ir3Ga9. The lines are
fits to the data using the model described in the text. Left-hand
inset, electrical resistivityrsTd of Yb2Ir3Ga9. Right-hand inset, spe-
cific heat divided by temperatureC/T versusT2 of Yb2Ir3Ga9.
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H = H0 + H1 + HB + Hband+ Hmix, s2d

with

H0 = E0u0lk0u, H1 = o
m

Emumlkmu,

HB = − gmBBJa, Hband= o
km

ekckm
† ckm, s3d

Hmix = o
km

Vmsumlk0uckm+ H.c.d.

H0 describes the ground state of the nonmagnetic 4f14 con-
figuration of Yb+2; H1 corresponds to the ground state mul-
tiplet of the 4f13 configuration, distributed in four Kramers
degenerate doublets belonging to three irreducible represen-
tations of the point group;ckm

† creates a hole in an extended
state with the same symmetry as the localized stateuml. The
density of these band statesr is assumed constant and inde-
pendent ofm as usual. The termHmix allows for different
hybridizationsVm for each doublet.HB describes the cou-
pling of the magnetic configuration with an applied magnetic
field B in the directiona. The value ofg for Yb is 8/7.

To be able to use the NCA at finiteB whenVm depends on
m, we diagonalize firstH1+HB and perform a canonical
transformation on theckm

† in such a way thatH1+HB takes
the form ofH1 with field dependentEm, andHmix retains the
same form in the new basis. CallingumsBdl the eigenstates of
H1+HB, the transformation is

ckm
† sBd =

1

VmsBdo
m8

Vm8km8s0duumsBdlckm8
† , s4d

where

Vm
2 sBd = o

m8

Vm8
2 ukm8s0duumsBdlu2. s5d

Working up to second order inB, diagonalizing firstJa in
each subspace of identicalEm, denotingGm=prVm

2 , we ob-
tain for EmsBd andGmsBd in the new basis,

Em = Em
0 − gmBBkmuJauml + sgmBBd2o

m8

8 ukmuJaum8lu2

Em
0 − Em8

0 ,

Gm = Gm
0 + sgmBBd2o

m8

8 sGm8
0 − Gm

0 dukmuJaum8lu2

sEm
0 − Em8

0 d2
, s6d

whereom8
8 runs over allm8 with Em8

0 ÞEm
0 and Em

0 =Ems0d,
Gm

0 =Gms0d. In this way the Hamiltonian is mapped intoH
−HB with field dependent parameters.

Proceeding as in Ref. 26, the ground state energyv0sBd is
obtained from the equation

v0 − E0 = o
m

Gm

p
ln

Em − v0

W+ Em − v0
, s7d

where we set the Fermi energyeF to zero andW is the width
of the part of the conduction band occupied with holes. Us-

ing xas0d=−]2v0/]B2 and neglecting 1/W in comparison
with 1/T0, whereT0=minsEmd−v0 is the stabilization energy
of the correlated singlet, we obtain a closed expression for
the susceptibility atT=0,

xas0d = sgmBd2o
m

nfmFkmuJauml
Em

0 − v0

+ 2o
m8

8
ukmuJaum8lu2

3 S 1

Em8
0 − Em

0 +
Em

0 − v0

sEm
0 − Em8

0 d2
ln

Em
0 − v0

Em8
0 − v0

DG ,

s8d

wherenfm, the occupation number of the stateuml at T=0, is
given by

nfm =
Cm

1 + on
Cn

, Cm =
Gm

psEm − v0d
. s9d

The same expression Eq.s8d is obtained finding first the
variational wave function forB=0 and then using second
order perturbation theory inB. While this procedure is actu-
ally easier, it cannot be extended toTÞ0.

At finite T, the susceptibility is obtained fromxasTd=
−]2F /]B2, where the free energy is given by

F = v0 − T lnFs1 − nfdS1 + o
m

GmImDG , s10d

with:

nf = o
m

nfm, s11d

Im =E dv

p

fsvd
sv + v0 − Emd2 + fGms1 − nfdfs− vdg2 , s12d

wherefsvd is the Fermi function. The second derivative ofF
is calculated using Eqs.s6d, s9d, ands11d.

Up to now the theory corresponds to a single magnetic
impurity coupled to band states. We find that in order to
explain the observed magnetic susceptibility, in particular the
ratio of xsT=0d and the maximum value ofxsTd, a small
antiferromagnetic interaction between Yb ions should be in-
cluded. In mean field, the susceptibility of the compoundxa

c

is given by

xa
c =

xa

1 + Ixa

, I =
od

Jd

sgmBd2 , s13d

where the sum runs over the exchange interactions of all sites
that interact with the given one.

IV. DISCUSSION

The best fits to the anisotropic magnetic susceptibility
data for Yb2Rh3Ga9 and Yb2Ir2Ga2 using our theoretical
framework are shown in Figs. 1 and 2, respectively. The
parameters associated with these fits are given in Table I. To
obtain these fits in practice, we usenf at T=B=0 rather than
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E0 andW as fitting parameters and determinev0 from Eqs.
s9d and s11d. Because the upturns in susceptibility at low
temperature are either extrinsic or periodic effects beyond
the scope of our model, only data above 50 K were used in
our fits. Several considerations influenced our fitting of the
data in order to minimize the number of allowed free param-
eters. In order to obtain a larger susceptibility forB parallel
to thec axis sxid, states with larger angular momentum pro-
jection along that axismc should lie lower in energy. How-
ever, the well-defined maximum inxi at intermediate tem-
peratures sTmax,100 Kd points to an effective large
degeneracysthis is clear from Bethe-ansatz results in the
isotropic case.17d As a compromise, we took a fourfold de-
generate ground state ofH1, containing the states withmc
= ±7/2 andmc= ±5/2 along c sall belonging to the same
irreducible representationd. The remaining four states were
also assumed degenerate. Allowing these quartets to split
into closely spaced doublets does not qualitatively change
the results. A larger admixture with the 4f14 configuration
slower nfd decreases both susceptibilities but increases rela-
tively the upturn inxi as pointed out earlier.22

The structure of the compounds suggest a larger hybrid-
ization for orbitals lying in the plane perpendicular to thec
axis, which should correspond to highermc. Thus, we begin
our fitting procedure with two different values ofGm, with
the larger value corresponding to the ground state quartet.
IncreasingGm for both quartets leads to flatter curves and

more similar values ofxi andx'. As indicated in Table I, a
single hybridization parametersi.e., G;G±7/2

0 =G±5/2
0 =G±3/2

0

=G±1/2
0 d is sufficient to produce a high quality fit to the data

for Yb2Ir3Ga9 sFig. 2d. It is worth noting, however, that the
included crystal field splitting is essential for describing the
data.

As the overall hybridization decreases from Yb2Ir3Ga9 to
Yb2Rh3Ga9, the need for level-specific hybridization be-
comes apparent. In order to adequately fit the susceptibility
of Yb2Rh3Ga9, especially the in-plane susceptibilitysx'd, a
quartet-specific hybridization must be included. This is
shown most clearly in Fig. 3. Here, we show best fits to the
measured data using three calculation approaches, that of the
traditional Bethe-ansatz, the NCA with a single hybridization
that was used for Yb2Ir2Ga9, and the NCA allowing for a
different hybridization of the upper CEF quartet than that of
the lower CEF quartetsG±7/2,±5/2

0 ÞG±3/2,±1/2
0 d. Our theoretical

approach also enables the calculation ofg, the low-
temperature electronic contribution to specific heat. Using
the best model parameters of Table I, we find
68 mJ/mol Yb K2 and 28 mJ/mol Yb K2 for Yb2Rh3Ga9 and
Yb2Ir3Ga9, respectively, in reasonable agreement with mea-
sured valuesf45s25d mJ/mol Yb K2 for M =Rh sIrdg. Inelas-
tic neutron scattering measurements of the quasielastic line-
width and x-ray absorption spectroscopy measurements ofnf
are presently in progress to further validate our model.30

In summary, measurements of magnetic susceptibility,
specific heat, and electrical resistivity have been performed
on the mixed-valence compounds Yb2Rh3Ga9 and
Yb2Ir3Ga9. Anderson impurity model calculations within the
NCA approach describe the anisotropic magnetic susceptibil-
ity indicating that it is essential to include crystalline electric
field effects. In Yb2Ir3Ga9, a single hybridization of the two
split CEF quartets with the conduction electrons is needed to
model the anisotropicxsTd, while two different hybridiza-
tions of the two quartets are needed to fit thexsTd data of
Yb2Rh3Ga9.
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TABLE I. Fit parameters for the three calculations of the magnetic susceptibility of Yb2M3Ga9 sM =Rh, Ird described in the text.TK

Kondo temperature. The values of the energy scaleT0 for the NCA calculations have been scaled to compare with the Bethe-ansatz Kondo
temperatureTK. The scale factor is given byTK=fs2J+1d /2pnfgT0, yielding the values ofTK listed in the table.I, molecular field constant;
G, ssingled conduction electron hybridization with CEF states;Gm

0 , conduction electron hybridization with CEF stateuml; D, CEF splitting
between upper and lower quartets;nf, f-occupation number atT=0 K; g, electronic specific heat coefficient; GOF forx i / 'c,
s1/Ndoi=1

N fsxi
exp−xi

thd /si
expg2/d, whereN is the number of data points,si

exp is the error inxi
exp, andd is the number of degrees of freedom

sRef. 29d. The units ofTK, D, andG are K; units ofI are mol Yb/emu; units ofg are mJ/mol Yb K2.

Bethe-ansatz NCA, single CEF hybridization NCA, multiple CEF hybrizations

Compound TK I G D I TK nf g GOF G±7/2,±5/2
0 G±3/2,±1/2

0 D I TK nf g GOF

Yb2Rh3Ga9 550 10 165 400 25 419 0.59 68 2.51/9.10 170 145 400 25 429 0.59 68 2.51/0.59

Yb2Ir3Ga9 1000 20 230 280 45 1030 0.53 28

FIG. 3. sColor onlined Magnetic susceptibility xsTd of
Yb2Rh3Ga9. The lines are fits to the data of the three calculation
approaches discussed in the text.
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