
Orbital effect, subband depopulation, and conductance fluctuations in ballistic quantum dots
under a tilted magnetic field

C. Gustin,1,* S. Faniel,1 B. Hackens,1 S. Melinte,1 M. Shayegan,2 and V. Bayot1
1CERMIN, PCPM, and DICE Laboratories, Université Catholique de Louvain, B-1348 Louvain-la-Neuve, Belgium

2Department of Electrical Engineering, Princeton University, Princeton, New Jersey 08544, USA
sReceived 25 October 2004; published 15 April 2005d

Using two-dimensional electron gasess2DEGsd confined to wide and narrow quantum wells, we study the
magnetoconductance of ballistic quantum dots as a function of the well width and the tilt angle of the magnetic
field B with respect to the 2DEG. Both the wide and narrow quantum well dots feature magnetoconductance
fluctuationssMCFsd at intermediate tilt angles, due to the finite thickness of the electron layer and the field-
induced orbital effect. AsB approaches a strictly parallel configuration, a saturation of the MCFs’ spectral
distribution is observed, combined with the persistence of a limited number of frequency components in the
case of the narrow quantum well dot. It is found that the onset of saturation strongly depends on the width of
the confining well. Using the results of self-consistent Poisson-Schrödinger simulations, the magnetoconduc-
tance is rescaled as a function of the Fermi level in the 2DEG. We perform a power spectrum analysis of the
parallel field-induced MCFs in the energy space and find a good agreement with theoretical predictions.
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I. INTRODUCTION

Quantum dots patterned on top of two-dimensional elec-
tron gasess2DEGsd are now commonly used as an experi-
mental tool for the investigation of a particular regime of
quantum transport where the electron dynamics is both bal-
listic and coherent. In particular, the magnetoconductance
fluctuationssMCFsd observed in ballistic quantum dots have
been the subject of intensive research1–4 in the last few years.
The fluctuations arise from the complex quantum interfer-
ences occurring between electron trajectories that bounce
multiple times against the dot walls before escaping through
its leads. Unlike disordered systems where transport is essen-
tially chaotic, the underlying classical dynamics in open
quantum dots is characterized by a mixedschaotic and regu-
lard phase space5 with quantum-mechanical tunneling of the
electrons through Kolmogorov-Arnol’d-MosersKAM d
islands.6 Central to quantum interference phenomena is the
presence of a magnetic field that breaks the time-reversal
symmetry and changes the phase experienced by electrons in
the dot.7

Until recently, the magnetic fieldB was usually applied
perpendicular to the 2DEG in order to maximize the mag-
netic flux enclosed by electron trajectories. Seminal experi-
ments and theoretical works8,9 have shown that the presence
of a component of the field parallel to the 2DEG can strongly
affect the MCFs’ statistics, mainly due to the spin-orbit cou-
pling, which is non-negligible in GaAs quantum dots.10,11

Other authors have focused their attention12–15 on the
complementary role that the orbital effect could play in par-
allel B-induced transport through quantum dots when the fi-
nite thickness of the 2DEG is taken into account. In a recent
publication,16 we showed that MCFs can indeed be observed
for ballistic quantum dots under a strictly parallelB. A care-
ful analysis of their variance confirmed that the MCFs arise
from the orbital effect.

The use of tilted fields has already proved successful in
the study of various quantum Hall states displayed by the

2DEGs at low temperatures and in the presence of a high
B.17,18 In the case of ballistic quantum dots, tilted-field mag-
netotransport is potentially interesting as it might shed light
on thesdis-dsimilarities between the phase spaces probed by
either a perpendicular or parallel field and on the role played
by the finite thickness of the 2DEG.19,20

Here, we have investigated two ballistic quantum dots
patterned on top of 2DEGs confined to a narrow and a wide
quantum well, respectively. We have studied their magneto-
conductance as a function of the well width and the tilt angle
u of the magnetic fieldB with respect to the normal to the
2DEG. The plan of the paper and the main results of our
work are as follows. In Sec. II, we present our magnetotrans-
port results. After a brief description of the experimental de-
tails, the measurements related to the narrow quantum well
sNQWd dot are described in Sec. II A and are followed by
their counterparts in the case of the wide quantum well
sWQWd dot in Sec. II B. In both NQW and WQW dots a rich
spectrum of MCFs is present whenB is brought to a strictly
parallel configurationsu=90°d, due to the finite thickness of
the electron layer and the orbital effect it induces. In Sec. III,
we analyze the MCFs’ power spectrum in tilted magnetic
fields and extract an effective tilt angle, which is a useful
parameter to analyze the dependence on the well width of the
MCFs’ fingerprint. Section IV is devoted to self-consistent
Poisson-Schrödinger calculations of the two-dimensional
electronic states under a parallel field,21,22in both narrow and
wide QWs. Particular emphasis is put on the influence of the
orbital effect on the energy dispersion relations, Fermi level
contours, and electron concentrations in the occupied sub-
bands. Our data analysis is presented in Sec. V. We introduce
a remapping ofB into a self-consistently calculated effective
Fermi energy in the QWs. The frequency analysis of the
MCFs in theenergy spaceis in good agreement with theo-
retical predictions.23 We draw our conclusions in Sec. VI.
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II. EXPERIMENT

Two identical dots with an area of 3mm2 have been
fabricated using electron beam lithography and wet etching
from two 2DEGsssee Fig. 1d. The first 2DEG is confined
to a 15-nm-thick quantum wellsNQWd, located 100 nm
below the surface. This NQW sample has a mobility
m,53105 cm2/V s. The second 2DEG is confined to a 45
-nm-thick quantum well. This WQW is located 150 nm be-
low the surface and its mobility ism,1.63106 cm2/V s.
Because of the difference in thickness between the two QWs,
one and two transversal subbands are populated by electrons
at B=0 in the NQW and WQW, respectively, as confirmed
by standard Shubnikov–de Haas measurementssFig. 2d. A
Cr/Au electrostatic gate, deposited on top of both the dot
and its measuring voltage leads, is used as a means to control
the width of the dot openingssFig. 1d. Throughout the mea-
surements, a constant gate voltageVF of −0.25 and 0.65 V is
applied for the NQW and WQW dots, respectively. The den-
sities of the 2DEGs arens=2.231011 cm−2 sNQWd and
ns=3.231011 cm−2 sWQWd. The positive potential applied
for the WQW dot was required in order to have at least one
transmission mode in each of the two quantum point contacts
connecting the otherwise closed dot atVF=0 to the electron

reservoirs. Rough estimates of the mean free path based on
the mobilities and subband densities in our samples52 give
values of 4mm in the NQW, 9 and 12mm for the upper and
lower subbands in the WQW, respectively—larger than the
lateral dimensions of the dots. The two dots were character-
ized in a He-3 cryostat with a base temperatureT=0.3 K
after having been cooled down in the dark. A standard,
4-contact low-frequency lock-in technique was used to mea-
sure their conductance with a current of 1 nA.

The samples are mounted on a sample holder that can be
tilted in situ with respect to the magnetic field. The tilt angle
is precisely controlled by monitoring the transverse magne-
toresistanceRxysu ,Bd of the 2DEG on a Hall bar located on
the same wafer, 300mm away from the dotsFig. 1d. The
value of the tilt angleu is extracted from the ratio of the
slopes ofRxysu ,Bd andRxys0,Bd with respect toB. The pre-
cision improves with increasingu and reaches a value of
0.01° in the configuration whereB is parallel to the 2DEG.

A. Narrow quantum well

Figure 3sad shows the results of a typical magnetoconduc-
tance measurement performed atT=0.3 K on the NQW dot
under a perpendicular magnetic field only. Reproducible
MCFs with no clear periodic pattern are superimposed upon
a slowly varying background. The investigatedB range is
limited to 0.15 T in order to avoid the coexistence of both
interference-induced fluctuations and Shubnikov–de Haas
oscillations that appear at higher magnetic fields when the
cyclotron radius becomes commensurate with the dot size.

FIG. 1. Schematic of the experimental setup within situ tilting
of the sample. The tilt angleu is determined by monitoring the
2DEG transverse magnetoresistance in the Hall bar located next to
the dot. Upper inset: Schematic diagram of the dot. Dark regions
represent etched areas of the 2DEG. The dot is connected to 2D
reservoirs through two quantum point contacts.

FIG. 2. Fast Fourier transformsFFTd of Shubnikov–de Haas
oscillations for the NQW and WQW. The positions of the FFT
peaks correspond to the subband densities.

FIG. 3. sad Magnetoconductanceg of the NQW dot at
T=0.3 K under a strictly perpendicularB. sbd Magnetoconductance
of the NQW dot for tilt angles close to 90°su=89°, 89.3°, 89.6°,
89.9°, and 90° from the upper to the lower curved. The traces are
shifted for clarity in steps of 0.2e2/h with respect to theu=90°
curve. Inset: Transverse resistance of the parent 2DEG at indicated
tilt angles, measured on the adjacent Hall barssee Fig. 1d.
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As a next step, the magnetic field was tilted away from its
perpendicular configuration and the magnetoconductance
was measured at variousu’s as shown in Fig. 3sbd. We point
out that the curves are presented as a function of thetotal
magnetic field. Foruù89°, the conductance fluctuations first
shift to lower frequenciessu=89.3 and 89.6°d, as expected
for perpendicularB-induced MCFs, but saturate atu=89.9°.
While the u=89.9° and 90° traces are not identical, they
definitively share common features, like their major fre-
quency components. The inset to Fig. 3sbd shows the trans-
verse resistance measured on the adjacent Hall bar at these
two tilt angles. A strictly parallelB corresponds to a symmet-
ric, quasiparabolicB dependence of the resistance.53 The dif-
ference between theu=89.9° and 90° curves demonstrates
the precision achieved with the experimental setup and con-
firms that the MCFs atu=90° cannot be attributed to a re-
sidual perpendicular component of the field. However, one
needs to confirm that the low-frequency oscillations ob-
served under a parallelB cannot be linked to a ballistic
effect24,25 across the open dot but, instead, are generated by
interference effects between electron trajectories.

To achieve this goal, we investigated theT dependence of
the magnetoconductance fluctuations. The strength of the
fluctuations as a function of temperature is indeed a good
indication of their origin. The electron mean free path, the
key player in electron focusing,26,27 is much less sensitive to
temperature than the phase relaxation length that limits the
MCFs’ amplitude.28 Figure 4sad shows the temperature de-
pendence of the fluctuations amplitudedgsBd=gsBd−g!sBd
in the NQW dot under a perpendicularB only. Hereg!sBd is
the average, slowly varying, low-frequency background
magnetoconductance that remains at high temperature
sTù2.5 Kd. Upon inspection of Fig. 4sad, it is clear that
dgsBd rapidly decreases with temperature. This behavior
points toward interference effects as the source of the fluc-
tuations. More quantitatively, the MCFs’ amplitude, ex-
pressed for the NQW sample in terms of its standard devia-
tion ssgd, is reduced from 0.076e2/h at T=0.3 K to
0.002e2/h at T=2.1 K fFig. 5sad, Lg and follows aT−0.6 law.
TheT dependence of fluctuations generated by a strictly par-
allel magnetic field in the NQW dot is presented in Fig. 4sbd.
Clearly visible atT=0.3 K are the relatively low frequency,
almost periodic fluctuations superimposed upon a slowly
varying background. As the temperature is increased, the
fluctuations start to disappear, leaving only the slowly vary-
ing background magnetoconductance atT=2.8 K. Because
of the small number of fluctuation periods observed at
u=90° and their limited frequency distribution compared to
their perpendicularB-generated counterparts, it is impossible
to extract the standard deviation of the fluctuations. There-
fore, the discussion must be limited to a simple analysis of
the amplitude reduction of a few oscillations on a selectedB
rangefFig. 4sbd, gray areag, where the peak-to-peak ampli-
tude decreases from 0.12 to 0.02e2/h betweenT=0.3 and
2.8 K. The four data points are illustrated in Fig. 5sad sjd.
The best power law fit gives aT−0.8 temperature dependence,
close to the T−0.6 law observed for the perpendicular
B-induced MCFs. Even though this comparison is not fully
conclusive, it nevertheless seems reasonable to give a com-

mon electron coherence origin to these similar reductions of
the MCFs’ amplitude under both a perpendicular and parallel
B.

We close this section with a discussion of the dephasing
time tw in the perpendicular magnetic field configuration.
Using an expression29 valid for interference-induced MCFs,
tw can be extracted from the variance of the conductance
fluctuations using the generalized formula

varsgd = kdg2l − kdgl2 = s2sgd

=E
0

` E
0

`

f8sEdf8sE8dCsE,E8ddE dE8, s1d

wheref8 is the first derivative of the Fermi distribution. Here
CsE,E8d=kgl2/ fsN+Nwd2+4psE−E8d2/D2g is the conduc-
tance correlator,D=2p"2/Am* the mean level spacing,m*

the electron effective mass,kgl is the average conductance,A
the dot area, andNw=2p" / stwDd and N are the number of
dephasing channels and of transmission modes in the dot
openings, respectively. A thermal average was explicitly in-
cluded as the mean level spacing is not negligible with re-
spect to the thermal energyfD / skTd.0.1 atT=0.3 Kg. The
value of tw calculated from Eq.s1d and shown in Fig. 5sbd
follows a T−1.2 power law, consistent with results from the
literature.30,31The corresponding number of dephasing chan-
nels Nw increases from 5 to 20 in the same temperature

FIG. 4. sad T dependence of the NQW dot magnetoconductance
under a strictlyperpendicular B. The temperatures are 2.1, 1.1, and
0.3 K from top to bottom.sbd The temperature dependence of the
NQW dot magnetoconductance under a strictlyparallel B. The tem-
peratures are 2.8, 1.5, 0.8, and 0.3 K from top to bottom, respec-
tively. The gray area indicates theB range for which the MCFs’
peak-to-peak amplitude is determinedssee the textd. The traces in
panelssad andsbd are shifted in steps of 0.1e2/h with respect to the
T=0.3 K curves.
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range. At baseT, Nw is thus close to the number of transmis-
sion modes in the dot openingssN.3 for kgl.1.5e2/hd.

B. Wide quantum well

We now focus our attention on the WQW sample. Figure
6sad shows the magnetoconductance of the WQW dot under
a strictly perpendicularB at T=0.3 K. The average conduc-
tancekgl across the dot is 5.2e2/h. Apart from the difference
in the shape of the background magnetoconductance, the
MCFs’ fingerprint is similar to the fluctuations observed at
u=0° in the NQW dotfFig. 3sadg. The MCFs’ variance is
constant over the investigatedB range fvarsgd=3.4
310−3 e4/h2g andNw.27. As stated earlier in the text,Nw in
the fictitious voltage probe model32 depends only upon the
dephasing timetw and the mean-level spacingD, which is
constant in the NQW and WQW dots because of their iden-
tical shape and area. The largerNw observed for the WQW
dot is thus caused by an increased dephasing that can have
several origins:33,34 a higher electron-electron scattering rate
and Nyquist dephasing. However, in the WQW dot, we
speculate that the increased dephasing, resulting in a large
Nw, originates from inter-subband scattering,35 due to the
presence of two occupied subbands in the WQW, and from a
greater sensitivity of the WQW sample to both switching
noise and external radiations.

After the u=0° measurements, the sample is tilted in the
magnetic field. Magnetoconductances at highu’s, including
u=90°, are shown in Fig. 6sbd. Note that the magnetocon-
ductance traces illustrated in this figure are expressed in
terms of thetotal magnetic field. Comparing these curves to
their counterparts obtained for the NQW dotfFig. 3sbdg,
three main characteristics can be pointed out. First, the

MCFs have a much richer frequency spectrum, i.e., higher
frequency components are present in the WQW dot. Second,
this frequency distribution of the MCFs is not significantly
modified as the sample is slightly tilted away from the 90°
position. If the MCFs had their origin in the perpendicular
component of the field, one would expect a progressive shift
of the fluctuations toward lower frequencies with increasing
tilt angle. Although this shift occurs for the NQW dot in Fig.
3, this is not the case with the WQW dot. This observation
suggests that the finite width of the QW plays a significant
role for the parallelB-induced MCFs and it reveals the im-
portance of tilted magnetic field magnetotransport studies.
The third difference concerns the magnetoconductance at
u=90°. We observe in the WQW dot a sudden drop inkgl
that occurs aroundB=4.2 T. In contrast, the magnetocon-
ductance in the NQW dot fluctuates over the entireB range
around its average value determined by the dot openings. In
a previous study,16 this reduction ofkgl in the WQW dot was
attributed to the magnetic subband depopulation of the upper
electronic subband and the corresponding reduction of the
number of transmission modes in the dot openings.36 This
conjecture is further supported by the inset to Fig. 6sbd,
where the transverse magnetoresistance of the unpatterned
2DEG is measured on the adjacent Hall bar. The sharp drop
in the resistance37 nearB=4.2 T gives a good measure of the
magnetic field where the upper subband becomes fully de-
pleted, as it corresponds to a reduction of intersubband scat-
tering.

FIG. 5. sad MCFs amplitude vsT at u=0° sstandard deviation,
Ld andu=90° speak to peak,jd in the NQW. The dashed curves
are two-parameter power law fits to data points.sbd T dependence
of the dephasing timetw extracted from Eq.s1d for the MCFs at
u=0° in the NQW.

FIG. 6. sad Low-temperature magnetoconductance of the WQW
dot under a strictly perpendicularB. sbd Magnetoconductance of the
WQW dot at indicated tilt angles. The traces are shifted in steps of
0.5e2/h with respect to theu=90° magnetoconductance curve. In-
set: Transverse magnetoresistance of the 2DEG measured on the
adjacent Hall barssee Fig. 1d. Note the parabolic-like variation of
DR already present for the NQW dot on the transverse magnetore-
sistance of Fig. 3scd and the step around 4.2 T.
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The temperature dependence of the WQW dot magneto-
conductance under a strictly perpendicular and parallelB is
shown in Fig. 7. The curves are presented here in a symmet-
ric B range. TheT dependence observed in the WQW dot
looks similar to that found for the NQW dotsFig. 4d. The
most important feature is that the MCF’s amplitude is re-
duced with increasing temperature and the oscillations are
barely visible atT=2.5 K. Following the same procedure
used for theu=0° magnetoconductance in the NQW dot, it is
possible to obtain an estimate oftw for the u=0° MCFs in
the WQW dot. It is found thattw decreases with the tempera-
ture according to aT−0.8 power law sFig. 8, nd. This is
slightly lower than theT−1.2 dependence of theu=0° fluctua-
tions observed in the NQW dotsFig. 5d, a result of the
greater dephasing taking place in the WQW dot and already
mentioned earlier in the text.

The reduction of MCFs amplitude with increasing parallel
magnetic field, clearly visible on theT=0.3 K trace of
Fig. 4sbd has been discussed in a previous publication.16 In
particular, this reduction was attributed to the complemen-
tary role played by theB-induced subband depopulation and
time-reversal symmetry breaking.12–14 Precisely because the
MCFs amplitude is not constant withB, a quantitative analy-
sis using Eq.s1d has to be performed in a smallB range, as
opposed to theu=0° fluctuations where the fullB range can
be used. For the gray area displayed in Fig. 7, the standard
deviation of MCFs amplitude decreases from
0.066 to 0.013e2/h between 0.3 and 2.5 K. The correspond-

ing dephasing timetw follows aT−0.8 power lawsFig. 8,Pd.
This behavior is consistent with the amplitude reduction of
parallel B-induced fluctuations observed in the NQW dot
fFig. 5sadg. The similarT dependencies for the fluctuations
observed atu=90° in the NQW and WQW dots confirm that
they have a common origin, i.e., coherent interference effects
as opposed to focusing.

Figure 9 summarizes the main results obtained when the
NQW supper rowd and WQWslower rowd dots are subject to
a strictly perpendicularsleft columnd and parallelsright col-
umnd magnetic field. For all the traces, the corresponding,
temperature-independent background was subtracted, leaving
only the fluctuations induced by electron coherent effects.
The three important observations are as follows: the presence
of MCFs in a strictly parallel fieldfpanelssbd and sddg, the
difference in the MCFs’ frequency distribution between the
NQW and WQW dotsall panelsd, and the reduction of the

FIG. 7. sad Temperature dependence of the WQW dot magneto-
conductance under a strictlyperpendicular B. The temperatures are
2.5, 1.5, and 0.3 K from top to bottom.sbd The magnetoconduc-
tance curve of the WQW dot under a strictlyparallel B at various
T’s. From the upper to the lower curve, the temperatures are 0.3,
0.6, 1.5, and 2.5 K, respectively. The gray area indicates theB
range for which the fluctuation’s amplitude is determinedssee the
textd. The traces in panelssad andsbd are shifted in steps of 0.4e2/h
with respect to theT=0.3 K magnetoconductance curves.

FIG. 8. T dependence of the dephasing timetw extracted from
Eq. s1d for the u=0° snd andu=90° sPd MCFs in the WQW. The
dashed lines are two-parameter power law fits to the data points.

FIG. 9. MCFs of the NQWsupper rowd and WQWslower rowd
under a strictly perpendicularsleft columnd and parallelsright col-
umnd B. To isolate the MCFs, a slowly varying background corre-
sponding to the high-T magnetoconductancessFigs. 4 and 7d was
removed from the raw curves of Figs. 3 and 6, at the corresponding
tilt angles.
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MCFs amplitude with increasingB for the strictly parallel
field configuration in the WQW dotfpanelsddg.

III. MCFs’ FREQUENCY ANALYSIS

We now turn to the frequency distribution of both the
NQW and WQW MCFs as a function of the tilt angleu.
From the comparison of Figs. 3sbd and 6sbd, it is clear that
the two dots react differently to the presence of a tiltedB. To
quantitatively analyze the role played by the parallel compo-
nent of the field on the production of MCFs, compared to the
fluctuations solely attributed to the perpendicular component
of B, we evaluate the power spectrum of the magnetoconduc-
tance curves at tilt angles close tou=90°. This method is
commonly used for the determination of the temperature-
dependent dephasing time28 or to study shape-induced
fluctuations38 in open quantum dots. In our sample, the au-
tocorrelation function of the conductance fluctuations with
respect to the magnetic field is Lorentzian-squared39 and the
corresponding MCFs power spectrum reads as

SBsfBd = SBs0df1 + 2pBcfBge−2pBcfB, s2d

where fB is the frequency inf1/Tg and Bc is a correlation
field. For each magnetoconductance curve at a tilt angleu,
SBsfBd is first evaluated withdgsBd expressed in terms of the
total magnetic field. The correlation fieldBcsud is then cal-
culated by fitting the experimental power spectrum with Eq.
s2d. An effective tilt angleuBc

sud is subsequently extracted
from Bcsud using the expression

Bcsud = Bcsu = 0d/ucosuBc
u. s3d

In Fig. 10, values ofuBc
obtained from Eq.s3d for both the

NQW and WQW dots are compared to the real tilt angleu of

the sample, extracted from the 2DEG transverse magnetore-
sistance in the Hall bar located near the dot. Typical MCFs’
power spectra at variousu’s, along with a fit to
Eq. s2d used for the evaluation ofuBc

at u=0°, are presented
for the WQW dot in the lower inset to Fig. 10. In both the
NQW and WQW dots,uBc

has a linear dependence onu at
low tilt angles but saturates asu→90°. The onset of satura-
tion is observed atu=89° in the WQW dot, compared to
u=89.9° in the NQW dotsupper inset to Fig. 10d. For MCFs
created by a perpendicularB, one would expect a strict linear
dependenceuBc

;u at all tilt angles. The observed saturation
thus indicates that above some QW-dependent tilt angle
sclose to 90°d, MCFs are generated mainly by the in-plane
component ofB.

For an ideal, zero-thickness 2DEG, a parallel field should
have no effect on electron dynamics in the dots: classically, it
induces no Lorentz force that could bend the electron paths,
and quantum mechanically it produces no magnetic flux,
hence no interferences among trajectories. Therefore, the
MCFs that dominate above the saturation angle must have a
different origin from the fluctuations generated by the per-
pendicular field. Since the major difference between the two
samples is the width of the QWs, the different values of the
saturation angle in the NQW and WQW dots indicate that a
parallel field has a stronger effect with respect to the produc-
tion of MCFs when the 2DEG is weakly confined in the
QWs. It is thus natural to invoke the interplay between the
electrostatic and magnetic energies as the source of these
parallelB-induced MCFs. The value of the saturation angle
would then be an indication of the threshold point where the
magnetic confinement of the 2DEG becomes commensurate
in strength with the electrostatic one.

In order to have a better understanding of the interplay
between magnetic and electrostatic confinement of the 2DEG
and their combined effect on the production of MCFs by a
parallelB, a self-consistent calculation of the energy multi-
band structure is required and will be the main topic of the
next section.

IV. SIMULATIONS

In our previous study,16 a simple model was introduced to
account for the depopulation of electron subbands by a par-
allel B in the WQW sample. It is indeed well known that the
finite thickness of the quantum wells confining the 2DEGs
induces an orbital motion of the electrons.40 Its most impor-
tant consequence is a modification of the subband energy
dispersion relations combined with a diamagnetic shift in
reciprocal space of the position of the Fermi energyEF with
respect to the subband minima. Using arguments based on
the well width and the onset of upper subband depopulation,
a non-negligible quadratic shift of 0.1B2 smeV T−2d in B was
obtained for the position ofEF in the WQW dot with respect
to the bottom of the conduction band. We concluded that a
parallel B can play a similar role onEF as an electrostatic
gate, and thus generates MCFs similar to those observed in
Fig. 6.

In this section, the interplay between magnetic and elec-
trostatic energy is investigated more quantitatively in terms

FIG. 10. The effective tilt angleuBc
calculated from the corre-

lation field Bc ssee the textd is shown as a function of the angle
u extracted from Hall measurements. HereuBc

is calculated for
uù84° for both the WQWshd and NQWsmd dots. The plain and
dotted curves are a guide to the eye. Upper inset: Zoom into the
uù89.5° range for the NQW dot. Lower inset: Power spectra of the
WQW dot MCFs foru=0°, 89°, and 90°. The dashed curve is a fit
to theu=0° datassee the textd.
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of the electronic structure of the 2DEGs confined in the nar-
row and wide QWs. Our calculations are based on the self-
consistent solution of the coupled Schrödinger and Poisson
equations. This standard procedure has already been used
successfully to study shell-filling effects in quantum dots,41

in electronic structure calculations of GaAs/AlGaAs hetero-
structures in a parallel magnetic field,42 and in explaining the
single-to-double layer transitions in bilayer electron
systems.43 Using self-consistent calculations, we precisely
determine the conduction energy dispersion relations and the
amplitude of the diamagnetic shift. We then perform a
remapping of the magnetic field onto a self-consistently cal-
culated effective Fermi energy. The resulting frequency
analysis of the MCFs in the energy space is found to be in
good agreement with theoretical predictions.23

In the case of a 2DEG subjected to a strictly parallel
B=s0,B,0d, gauge invariance allows for the choice of a vec-
tor potentialA with the formA =sBz,0 ,0d where the coordi-
nate system is the one shown in Fig. 1. The Hamiltonian then
reads as

Ĥ =
1

2m* sp + eAd2 + ECsr d + Excsr d, s4d

wherep=spx,py,pzd=s"kx,"ky,pzd is the momentum opera-
tor, ECsr d is the conduction band edge, andExc is the ex-
change and correlation energy. The eigenstatesCi solution to

the Schrödinger equationĤCi =EiCi can be written as
Ci =ciskx,zde−ikxxe−ikyy and the corresponding eigenvalues as
Ei =Eiskxd+"2ky

2/ s2m*d. The Schrödinger equation, in its sim-

plified form, becomesĤciskx,zd=Eiskxdciskx,zd with

Ĥ = −
"2

2m*

]2

]z2 +
1

2m* seBz− "kxd2 + ECszd + Excszd. s5d

The conduction energyECszd=−ewszd+DEos is the sum of
the Hartree energyf−ewszdg and the conduction band offset
DEos at the GaAs/AlGaAs interfaces. We obtain the electro-
static potentialwszd by solving the Poisson equation,

]

]z
Seszd

]w

]z
D = − rszd, s6d

whereeszd is the effective permittivity of the material. The
charge density rszd=efpszd−nszd+ND

+ szd−NA
−szdg is the

signed sum of the hole concentrationpszd, electron concen-
trationnszd, and ionized donors and acceptors concentrations
ND

+ szd and NA
−szd, respectively. For the exchange-correlation

energy, we use a local density approximation as parametrized
by Ceperley and Alder,44,45 whereExc can be written as the
sum of an exchangeEex and correlation termEcorr, functions
of the local electron concentrationnszd,

Exc = −
0.611

rs
+ mcorr −

rs

3

dmcorrsrsd
drs

, s7d

with

mcorrsrsd = 5 A

1 + BÎrs + Crs

, if rs ù 1

D + E ln rs + Frs + Grs ln rs, if rs , 1,
6

s8d

and

A = − 0.1423, B = 1.0529, C = 0.3334,

D = − 0.0480, E = 0.0311, F = − 0.0116, G = 0.0020.

s9d

In these expressions,rs is the Seitz radius,

rs = F 3

4pnszdG1/3 1

a0
* , s10d

expressed in terms of the effective Bohr radius
a0

* =em0a0/ se0m
*d, where e=13.2e0 is the permittivity of

bulk GaAs anda0 is the Bohr radius. We point out thatExc
in Eq. s7d is expressed in scaled atomic units
Ha

* =Hap se0
2m*d / se2m0d, where Ha=27.2 eV is the Hartree

energy. The hole, ionized acceptors, and donor concentra-
tions are calculated across the entire structure by means of
the usual equilibrium charge models for bulk
semiconductors.46 Similarly, in the nonquantized region and
in the delta-doping layers, the electron concentration is given
by

nszd = 2SkBTm*

2p"2 D3/2

F1/2S− ECszd
kBT

D , s11d

where

F jshd =
1

j !
E

0

+` xjdx

1 + expsx − hd
s12d

is the Fermi-Dirac integral of orderj . The electron concen-
tration n in the quantum well is obtained47 by summing the
contributions of the eigenstatesfciskx,zd ,Eiskxdg, solutions to

the HamiltonianĤ fEq. s5dg,

nszd = o
i

niszd = o
i

Î2pm*kBT

"2

3
1

2p2E
−`

+`

uciskx,zdu2F−1/2S−
Eiskxd
kBT

Ddkx. s13d

The electronic structure of the 2DEGs is realistically simu-
lated by modeling the GaAs/AlGaAs growth sequence of the
NQW and WQW samples. In particular, the position and
donor concentrations of the various delta-doping layers are
fully taken into account. No assumption is made on the full
or partial ionization of the donors. The only parameter left
with a degree of freedom is the height of the Schottky barrier
cs at the exposed upper surface of the sample. The Dirichlet
boundary condition onw for this region states that the pin-
ning of the Fermi levelfECsz=0d−EFsz=0dg is modified to
ws−VF by the presence of the electrostatic top gate, whereVF
is the gate biasssee Fig. 1d. Surface states in GaAs give a
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typical value of cs around 0.8 eV. In our model,cs is
slightly adjusted around this target value in order to obtain a
perfect agreement between the simulated and experimental
2DEG sheet densityns for a given range of gate voltagesVF.
For the bulk GaAs region at the back of the sample, a von
Neumann condition is used for the electrostatic potentialw.
It is thus assumed that the electric field vanishes at a distance
far enough from the quantum well. For the Schrödinger
equation, the eigenfunctions are expected to vanish in the
AlGaAs layers surrounding the QWs.

The Schrödinger and Poisson equations are self-
consistently solved on the discretized structure. At each self-
consistent step, the new solution to the Poisson equation is
combined with the solution of a previous iteration using a
damping factor on the order of a few percent. Beside its
discretization in real space, the Schrödinger equation also
requires a division of the reciprocal space. A mesh of 50
values of kx is required48 to maintain a constant electron
density for allB values. The investigatedkx range is chosen
between −2kF

0 and 2kF
0, wherekF

0 is the Fermi wave vector
calculated atB=0.

Figure 11 shows theECskxd dispersion relation of the con-
duction band for the NQW as a function of the parallel mag-
netic field B. The Fermi energyEF=0 is chosen as a refer-
ence level. AtB=0, ECskxd has the expected"2kx

2/ s2m*d
parabolic profile. WhenB is increased, the bottom of the
conduction is pushed upward in energy and slightly shifted
laterally in k-space. This is a result of the increase of the
density of states and of the well-known diamagnetic shift.
Because the electrostatic confinement in the NQW is quite
strong with respect to the magnetic confinement, the disper-
sion relation is only marginally modified by the parallelB
and keeps its parabolic shape even at high fields.

The difference is striking when one compares the NQW
resultssFig. 11d to the dispersion relations of the two occu-
pied subbands in the WQWsFig. 12d. Similar to the NQW

conduction band, the bottom of the upper subband in the
WQW is also lifted in energy with increasingB, but the
amplitude of the shift is much larger than with the NQW.
Quantitatively, between 0 and 6 T, the energy shift is 9 meV
for the upper subband in the WQW but only 0.2 meV in the
NQW. As expected, the bottom of the upper subband rises
above the Fermi level around 4.2 T, marking the onset of
subband depopulation and consistent with the experiment of
Sec. II B. This is a direct consequence of the increase in the
subband density of states resulting from the electron effec-
tive mass renormalization, i.e., the change in the dispersion
relation curvature. This renormalization is more pronounced
in the case of the WQW upper subband than for the NQW
s1.36m* and 1.05m* at B=6 T, respectivelyd.

Comparing the two subbands in the WQW,ECskxd for the
upper band keeps a parabolic shape even at high fields
sB=6 Td as opposed to the curvature of the lower subband,
which strongly varies with increasing parallelB. More pre-
cisely, the local energy minimum observed atB=0 splits into
a local maximum and two local minima as the parallelB is
increased.

To give a more visual understanding of the effect of a
parallel B on the conduction band properties of the narrow
and wide QWs, we now discuss the Fermi contours. Figure
13 shows the self-consistently calculated Fermi lines with
increasingB of the NQW ground statesad, lower sbd, and
upper scd WQW subbands. In both dots, theB=0 perfectly
circular contours get slowly deformed as the parallelB is
increased. In the case of the NQW, the distortion of the
Fermi line is very limited. On the contrary, both the upper
and lower subband contours in the WQW are strongly dis-

FIG. 11. sColor onlined Dispersion relations of the unpatterned
2DEG confined in the NQW sample at indicated values of the par-
allel B. The 2DEG has a sheet densityns=2.231011 cm−2. The
conduction band edgeEC is calculated with respect to the Fermi
energyEF=0.

FIG. 12. sColor onlined Dispersion relations of the unpatterned
2DEG confined in the WQW sample at indicated values of parallel
B. The conduction band edgeEC is calculated with respect to the
Fermi energy EF=0. The 2DEG has a sheet densityns=3.2
31011 cm−2 with two occupied subbands atB=0. The lowersup-
perd subbandECskxd relations are represented as plainsdashedd
curves.
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torted. While the lower subband contour takes a “peanut”-
like shape, the ellipsoidal surface enclosed by the upper sub-
band contour decreases with increasingB and disappears
above 4 T.

It is clear from the Fermi contours of Fig. 13, that there
are fundamental differences in the variation of the Fermi
level with respect to the bottom of the occupied subbands in
our samples. Because transport in the open dots occurs
through electrons with energies close toEF, this also means
that trajectories in the dots, located in reciprocal space
around the Fermi contours, will be more strongly affected by
the parallelB in the WQW dot. Figure 14sad showsEF as a
function of B for the three indicated subbands. Numerically,
EFsBd=−ECsB,kx=kmind, where kmin is the location of the
subband minimum at a givenB in the dispersion relations of
Figs. 11 and 12. In the case of the NQW, the variation ofEF
with B is small f0.2 meV, see the inset to Fig. 14sadg com-
pared with the 3 and 9 meV values calculated for the lower
and upper subbands in the WQW, respectively. Another in-
teresting feature in Fig. 14sad is the subband depopulation
that occurs around 4.2 T, consistent with the value ofB
where the sudden drop in transverse magnetoresistance is
observed in the inset to Fig. 6sbd. The gray region in the
figure indicates that only one subband is occupiedfthe Fermi
level of the upper bandsdashed curved has negative valuesg.
The upper band depopulation in the WQW is even more
visible in Fig. 14sbd at the electron sheet densities contrib-
uted by the lowersplain curved and uppersdashed curved
subbands. AsB increases, electrons are slowly transfered
from the upper to lower band, while the total sheet density
remains constant.

V. EF-INDUCED MCFs

We now discuss the experimental results of Sec. II in light
of the self-consistent simulations of Sec. IV. The presence of
MCFs under a strictly parallelB can be linked to the non-
negligible changes in the position ofEF with respect to the
conduction band edge asB increases. This variation of
EFsBd, particularly large in the case of the WQW, is similar
to the variation of the Fermi level obtained by sweeping the
voltage on electrostatic gates.49

It is therefore relevant to present theu=90° magnetocon-
ductances of Fig. 9 in terms of energy instead of the mag-
netic field. The idea is to obtain a mapping betweenB and
the variationdEF of the Fermi level with respect to the con-
duction subband edges in the QWs. Because only a single
band is occupied by electrons in the NQW sample,dEF can
be readily calculated using theEFsBd curve in Fig. 14sad,

dEFsBd = uEFsBd − EFsB = 0du. s14d

Unfortunately, this relation is not directly applicable to the
WQW as two subbands contribute to transport in the dot, at
least until the onset of subband depopulation is reached. As a
result, the twoEFsBd curves of Fig. 14sad for the WQW
upper and lower subbands must be combined here in a mean-
ingful way to obtain a singledEFsBd relation. For this pur-
pose, we propose the following empirical arguments:s1d
Macroscopically, it is reasonable to consider that the average

FIG. 13. Self-consistent Fermi lines at indicated values of the
magnetic fieldB and for sad the ground state of the NQW,sbd the
upper, andscd lower occupied subbands of the WQW sample. The
right panel insad is a closeup of the Fermi lines in the small window
indicated on the left panel. Insbd, the range of investigatedB’s is
limited to 4 T, as the subband is fully depleted forB.4.2 T.

FIG. 14. sad Self-consistent calculation of the variation ofEF

with B for the ground state of the NQW and for the two occupied
subbands of the WQW. HereEF is calculated with respect to the
corresponding conduction band edges. Inset: The calculatedEFsBd
in the NQW. sbd Calculated sheet densitiesns of the lower and
upper occupied subbands in the WQW with increasing magnetic
field B. The total density is 3.231011 cm−2. The gray regions indi-
cate theB range where only one subband is occupied in the WQW
sample.
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magnetoconductancekgl across the dot atu=90° is a good
image of dEF. This is supported by the fact thatkgl is
strongly influenced by the transfer of electrons from the up-
per to the lower subband asB increases. In particular, when
the upper band is fully depleted,kgl remains constant.s2d At
lower magnetic fields, a sensible hypothesis would be that
the contributions todEF of the two occupied subbands are
proportional to their respective weights in the total sheet den-
sity ns. s3d Finally, because the MCFs are created by the
variation of EF with B and do not depend on its absolute
value at a given field, it seems reasonable to extractdEF
from a density weighted average of first order derivatives of
EFsBd for the two occupied subbands. Based on these argu-
ments, we propose

dEFsBd = UE
0

B S ]EF
upsB8d
]B8

ns
upsB8d

nssB8d
+

]EF
lowsB8d
]B8

ns
lowsB8d
nssB8d

DdB8U
s15d

for the WQW, wherens
upsBd, ns

lowsBd, and nssBd=ns
upsBd

+ns
lowsBd are the upper subband, lower subband, and total

sheet densities at a givenB, respectively. HereEF
up andEF

low

are the positions of the Fermi level with respect to the bot-
tom of the upper and lower subbands, as represented in Fig.
14sad.

Figure 15sad shows the calculateddEF obtained from Eqs.
s14d ands15d for the narrow and wide quantum well under a
strictly parallelB. The difference in energy variation between

the two wells is striking. The onset of subband depopulation
in the WQW is clearly marked by a kink indEF. The gray
region corresponds to the range of magnetic fields where
only one subband is populated in the WQW. We next use the
mapping relation betweenB anddEF illustrated in Fig. 15sad
to rescale theu=90° magnetoconductance curves of Fig. 9
fpanelssbd andsddg. Figure 15sbd shows the MCFs in the full
energy rangesfrom 0 to 3.0 meVd covered byEF in the
WQW dot. By rescalingB into dEF, it becomes apparent that
the parallel magnetic field probes only a small subset of
MCFs in the NQW dot compared to what happens with the
WQW dot. Moreover, the energy-scaled fluctuations have
similar periodicities, meaning thatdEF is indeed the ruling
parameter. This observation reinforces our interpretation that
these MCFs have their origin in the probing of electron tra-
jectories in the dot by the Fermi level, with a strength that
depends on the well width and on the parallelB-induced
orbital effect.

In Sec. III a frequency analysis of the MCFs in tilted
magnetic fields was performed and an effective tilt angleuBc
was extracted from the power spectrum ofdgsBd. It was
found thatuBc

saturates asu→90°. As discussed earlier in
the text, it seems more appropriate in the case of the
u=90° MCFs to perform a power spectrum analysis in en-
ergy space, using theB→dEF mapping of Fig. 15sad. Be-
cause theu=90° MCFs spectrum in the NQW dot has a
limited frequency distribution, we restrict our analysis to the
dgsdEFd conductance obtained in the WQW dotfFig. 15sbd,
dotted curveg. An average power spectrum in energy space
SEsfEd is calculated using the same procedure as in Sec. III
for the power spectrumSBsfBd in magnetic field space. Simi-
lar to the result of Eq.s2d, the MCFs’ autocorrelation func-
tion in energy space is a Lorentzian50 and yields an exponen-
tially decreasing power spectrum density,

SEsfEd = SEs0de−2pESfE, s16d

whereES is a characteristic energy.
Figure 16 shows power spectra in energy space of

the WQW dot MCFsdgsdEFd at u=90°. A good agreement
between the experimentalSEsfEd and the theoretical predic-
tion of Eq. s16d is obtained by evaluating and fitting
the power spectrum on two distinct domains, delimited by
the onset of subband depopulation in the WQW. The two
domains are those depicted in Fig. 15 and correspond to
0,dEF,1.7 meV and 1.7,dEF,3 meV. On Fig. 16, the
set of red curves represents the power spectrum and the fit to
the dotted curve of Fig. 15sbd for 0,dEF,1.7 meV, where
two subbands are occupied. The blue curves were obtained in
the energy domain 1.7,dEF,3 meV, where the upper sub-
band is fully depleted. The calculated characteristic energies
ES are 0.010 and 0.013 meV for the one and two occupied
subbands configurations, respectively. Interestingly, this in-
crease ofES with the number of occupied subbands is ex-
pected as the semiclassical theory predicts54 thatES~ND /p.
As D remains constant, the only parameter that can influence
the value ofES for parallelB-induced MCFs is the number of
transmission modes. The drop in the background magneto-
conductance and the drop around 4.2 T, observed when the

FIG. 15. sad Variation with magnetic fieldB of the self-
consistent effective Fermi energydEF in the narrowsplain curved
and wide sdotted curved quantum wells. For the WQW, the two
EFsBd relations for the upper and lower occupied subbands shown
in Fig. 14sad were merged into a singledEFsBd using Eq. s15d.
MCFs of the narrow and wide quantum wells as a function ofdEF.
The gray region indicates the energy range where only one subband
is occupied in the WQW sample.
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WQW dot is subject to a parallel fieldsFig. 6d, is an image of
the reduction ofN as the upper subband gets depopulated
and does not contribute anymore to the transmission modes
into the dot. Using an effective radius of 0.75mm for the
dot, which takes into account the depletion region induced
by the sample wet etching, the mean-level spacing is
4310−3 meV. Further, assuming thatN is reduced from 10
to 8 as the magnetoconductanceg decreases from 5 to 4e2/h
because of subband depopulation, the theoretical value ofES
is expected to drop from 0.0128 to 0.0102 meV, which is

clearly in good agreement with the values ofEs extracted
from the experimental power spectra.

VI. CONCLUSIONS

In this work we have investigated magnetoconductance
fluctuationssMCFsd generated in ballistic quantum dots in
tilted magnetic fields. Using twosNQW and WQWd samples,
we compared the magnetotransport properties of the quan-
tum dots as a function of the well width and the tilt angle.
We observed strong similarities in the temperature depen-
dence of the perpendicular and parallelB-induced MCFs.
The differences between the rich spectrum of parallel
B-induced MCFs in the WQW dot and the MCFs measured
in the NQW dot were analyzed by means of an effective tilt
angleuBc

, extracted from the power spectra of the magneto-
conductance curves. It was found thatuBc

saturates as
u→90°. The strong dependence of this saturation angle on
the well width confirms that the interplay between the elec-
trostatic and magnetic confinements of the 2DEG is the
source of the parallelB-induced MCFs. Self-consistent
Poisson-Schrödinger simulations indicate that a parallelB
has a very different effect on the subbands dispersion rela-
tions and Fermi contours of the NQW and WQW samples.
Likewise, the position ofEF does not vary significantly in the
NQW with increasingB. On the contrary, in the WQW the
strong variation ofEF is related to the electron depopulation
of the upper subband. A remapping ofB into a self-
consistently calculated effective Fermi energydEF revealed
that the parallel magnetic field probes only a limited set of
MCFs in the NQW dot compared to the WQW sample. Fur-
thermore, a good agreement was found between the power
spectrum analysis in energy space of the WQW magnetocon-
ductance atu=90° and theory. This is a confirmation of the
relevance of thedEF rescaling for the interpretation of par-
allel B-induced MCFs.
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