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We investigate intra-Landau-level collective excitations in a bilayer disordered two-dimensional electron
system exposed to a perpendicular magnetic field. The energy spectrum is calculated within the random phase
approximation by taking into account the electron-impurity scattering in the self-consistent Born approxima-
tion which includes consistent vertex corrections. It is shown that the whole spectrum lies in the finite-wave-
vector domain and that there exist multiple wave-vector gaps in the weak Landau-level coupling regime. The
signatures of the obtained bilayer excitations in drag and collective excitation measurements are identified.
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In bilayer two-dimensional electron systemss2DESd, an
additional degree of freedom, associated with the layer in-
dex, produces collective excitationssCEd, which have no
counterpart in the individual 2DES.1 New interlayer electron
correlations arise which govern different ferromagnetic and
antiferromagnetic phases of the quantum Hall states.2 The
bilayer CE also play an essential role in the dynamical
screening of interlayer Coulomb interactions in the frictional
drag effect both in zero3–5 and finite magnetic fields.4,6–9

The basic source of physical information on the funda-
mental properties of a system is the spectrum of CE. In a
zero magnetic field, the spectrum of CE in the bilayer
disorder-free 2DES has been studied comprehensively both
in theory10 and experiment.11 The spectrum includes not only
the optical wave with in-phase density fluctuations and the
usual square-root dispersion, but also an additional acousti-
cal branch with out-of-phase fluctuations and a linear disper-
sion. In the finite magnetic fields, the dispersion of inter-
Landau-levelsLL d CE with energies close to the multiples of
the cyclotron energy was obtained analytically at the zero
temperature limit.12 Experimental measurements of the spec-
trum of inter-LL CE in bilayer 2DES were performed only
recently; the principal Bernstein magnetoplasmon modes
were observed by means of inelastic light scattering.13

Of central importance, however, is the spectrum of CE in
the extreme quantum limit when no kinetic energy change
occurs in the 2DES. These CE with energies,"v, below the
cyclotron energy,"vB, are referred to as the intra-LL CE. In
the fractional quantum Hall effectsFQHEd regime the
intra-LL CE are the well known magnetorotons in
single-layer14 and double-layer15 2DES, with the dispersion
minima at wave vectorsq,1/,B,16 where,B is the magnetic
length. In disordered 2DES, a continuum of particle-hole ex-
citations takes place within a broadened LL. In the indi-
vidual, disordered 2DES the spectrum of intra-LL CE has
been studied by Antoniouet al.17 for the lowest LL, and it
has been found that the plasmonlike CE emerge above the
particle-hole continuumsPHCd. It has also been predicted by
Merkt18 that in the disordered 2DES, electron-electronse-ed
interaction overcomes Kohn’s theorem19 and results in a low-
lying, disorder-induced, cyclotron-resonance mode. Re-
cently, the importance of intra-LL CE in the drag effect has
been also discussed.8

This paper reports theoretically on the spectrum of

intra-LL CE in the bilayer disordered 2DES in a perpendicu-
lar magnetic field at finite temperatures when a higher LL is
partially filled. We treat e-e interaction within the random
phase approximationsRPAd and electron-impurityse-id scat-
tering in the self-consistent Born approximationsSCBAd,20

which includes the consistent vertex corrections to the re-
sponse function of the individual 2DES.17 We obtain that the
whole spectrum of intra-LL CE is located in a finite-wave-
vector interval, and, depending on the system parameters,
there can existl0 forbidden zones within this wave-vector
interval. sl0 is the Landau index of the outermost partially
filled LL.d The reason why there exist such wave-vector gaps
is because the 2DES become unable to respond in the wave-
vector zones where the e-e interaction vanishes effectively.
The intra-LL CE emerge above the PHC only at sufficiently
large values of mobility, and, despite the fact that the filling
factor is large in the regime of our interest, the LL broaden-
ing and temperature are chosen to be much smaller than the
cyclotron energy so that the LL mixing is weak. We include
this weak LL mixing effect in our calculation and establish
that the spectrum exhibits the wave-vector gaps in the stud-
ied regime.

The bilayer dielectric tensor«i jsq,vd si , j =1,2 are the
layer indicesd is given in terms of the irreducible electron
polarization functionPi jsq,vd, which is obtained from the
solution of a matrix Dyson equation for the dynamically

screened Coulomb interactionV̂sq,vd. It has the following
usual form:

V̂sq,vd = v̂sqdf1 − v̂sqdP̂sq,vdg−1 ; v̂sqd«̂−1sq,vd, s1d

where all quantities are 232 matrices, andv̂ denotes the
bare Coulomb interaction tensor. For simplicity we assume
that the layers are infinitely thin and usev11=v22=v
=2pe2/k0q andv12=v12=exps−qLdv, wherek0 is the static
dielectric constant, andL is the interlayer spacing. We
neglect tunneling between the layers and adopt an approxi-
mation where the interlayer polarization functions are
zero,P12=P21=0. Then, the components of the inverse di-
electric tensor are given as«11,22

−1 sq,vd=«2,1sq,vd /«bisq,vd
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and «12,21
−1 sq,vd=v12sq,vd /«bisq,vd. Here, «1,2sq,vd=1

−v11P11,22sq,vd and P11,22sq,vd are the screening and po-
larization functions in each layer. The bilayer screening func-
tion «bisq,vd is the determinant of the dielectric tensor,

«bisq,vd=«1sq,vd«2sq,vd−v12
2 sq,vdP11sq,vdP22sq,vd.

The RPA approximates the exact irreduciblePsq,vd by
its simple bubble diagram with respect to the e-e interaction,
which, for finite magnetic fields, gives

Psq,vd =
1

p,B
2 o

l,l8=0

`

Qll8stdE
−`
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For brevity we suppress the layer indices here, andGl
R,AsEd

are the electron-retarded and electron-advanced Green’s
functions, dressed bye-i interaction. In the SCBA they are
diagonal and given byGl

R,AsEd=2sE−El +ÎsE−Eld2−G0
2d−1,

with the imaginary part of the square root set to positive
snegatived for the advancedsretardedd function. In the short-
range impurity model, the half widthG0=Îs2/pd"vBs" /td
of the El =sl +1/2d"vB LL is independent of the Landau in-
dex l. st is the transport relaxation time, determined from
mobility m.d The bare vertex functionsQll8std are given by
the gauge-invariant part of the in-plane form factor,Qll8std
=s−1dl+l8e−tLl

l8−lstdLl8
l−l8std wheret=sq,Bd2/2 andLl

l8std is the
associated Laguerre polynomial. The denominators in the
right-hand side of Eq.s2d differ from one due to the vertex
corrections dgll8

ab, which are obtained consistently in the
short-range impurity model with the assumption that the LL
are clearly resolved.21 The chemical potentialEFsn,B,T,md
in the Fermi distribution functionfT is determined implicitly
by the electron density vian=−s2p2,B

2d−1ol=0
` e0

`dEfTsE
−EFdIm GlsEd. Here we use the electron Green’s functions
which correspond to the Gaussian density of states,
Im GlsEd=Î2p /G0 expf−2sE−Eld2/G0

2g, without unphysical
edges of the Landau band.22 We assume spin degeneracy, so
the capacity of each LL is doubled.

It is seen in Fig. 1 that Re«sq,vd of the individual 2DES
becomes negative for intermediate values ofv of the order
of G0 fthe inverse of Tesla, which equals m2/ sV secd, is cho-
sen as the unit of mobilityg. This requires two crossings of
the Re«sq,vd=0 axis. The low-frequency zerossLFZd of
Re«sq,vd always lie within the PHC where Im«sq,vd is
large. The high-frequency zerossHFZd are close to or above
the upper edge of the PHC where Im«sq,vd is small or
exactly zero within the SCBA. The pronounced peaks of the
dynamical structure factorSsq,vd~−Imf1/«sq,vdg, as a
function of v, correspond to the HFZ, while no peaks corre-
spond to the LFZ. Therefore, the HFZ represent the intra-LL
CE of the system, while the LFZ cannot be interpreted as

excitations. We believe, however, that these particle-hole
states play an important role, particularly in the realization of
the frictional magnetodrag effect, and we calculate the LFZ
and present them below in the spectrum together with the
intra-LL CE modes.

In the bilayer 2DES, there appear a pair of zeros instead
of the LFZ and HFZ of the single layer 2DES, and
Re«sq,vd becomes negative only within small regions, re-
stricted by the two zeros in each pair. Therefore, the bilayer
intra-LL CE spectrum consists of two branches which corre-
spond to the in-phase and out-of-phase intra-LL CE. Accord-
ingly, one can see from Fig. 1 that the bilayer structure fac-
tor, instead of the single peak ofSsq,vd of the individual
2DES, shows a double-peak structure near the upper edge of

FIG. 1. The structure factorssolid lined, the realsdashed lined,
and the imaginarysdotted lined parts of dielectric function of the
bilayer 2DES with theL=30 nm spacing and forl0=4. The thin
lines correspond to the individual 2DES, in which Im«sq,vd differs
from that in the bilayer 2DES by a numerical factor and is not
shown here.

BRIEF REPORTS PHYSICAL REVIEW B71, 153308s2005d

153308-2



the PHC, while again it demonstrates monotonic behavior at
low energies.

In Fig. 2 we plot the spectra of intra-LL CE of individual
2DES at finite temperatures and for various values of elec-
tron mobility. The inclusion of the consistent vertex correc-
tions allows us to reproduce the square-root-like dispersion17

of intra-LL CE at small momenta. However, no exactq→0
limit exists in the spectrum. In thedisordered2DES the den-
sity of states remains finite in the centrum of the LL, and the
response function vanishes asq2, even if v is in the imme-
diate vicinity of vB. In the short-wavelength limit, again the
disordered2DES does not respond, since the response func-
tion vanishes exponentially at wavelengths much shorter
than,B. For the lowestl0=0 partially filled LL, there exists
only one allowed wave-vector zonefL0std=1g, and our find-
ings are in agreement with Ref. 17. When a higher LL is
partially filled, the number of allowed wave-vector zones can
be multiple. As seen from Fig. 2, near half filling of thel0
=4 LL and atT=0.1 K, there exist only one, two, and three
allowed zones form=35 200, and 1000T−1, respectively,
with the wave-vector gaps located aroundq,B=0.8 and 1.87.

A comparison of the spectra obtained neglecting the
inter-LL couplingsshown in the insetd with the full outcome
indicates that the gaps appearing in the no-coupling case
remain the same qualitatively in the weak LL-coupling re-
gime. Also, notice that the formation of the wave-vector gaps
is possible only in the disordered 2DES where the density of
states is always finite. We find that the size of the gaps de-
creases when mobility increases and that, due to the diver-
gence of the density of states, the wave-vector gaps cannot
survive in the disorder-free case, despite the zeros of the
effective e-e interaction. We expect also that the inclusion of
the ladder diagrams from the Coulomb correlations will par-
tially smear the zeros of the effective interactions, and in-
stead of the gaps, some structures may be developed in the
spectrum.23

In the first zone close toq=0 in Fig. 2, for all three values
of m, the intra-LL CE emerge above the PHC in the middle
of the zone where the energy shows a maximum. In this
region the spectrum describes CE modes without damping,

and delta-function-like peaks occur inSsq,vd. Towards the
edges of the allowed zone the energy decreases. Within the
PHC "v,2G0, near its upper edge, the peaks ofSsq,vd
become broadened, and though the intra-LL CE modes are
damped, there still are well defined excitations. Exactly at
the edges of the allowed zone, the group velocity shows
anomalous behavior and becomes infinite. At these points CE
merge with the particle-hole states, which are described by
LFZ of Re«sq,vd. Below this merging energy the damping
is so strong that the zeros of Re«sq,vd cannot be interpreted
as CE. In the higher zones the energy maximum is smaller
and the intra-LL CE emerge above the PHC only in the sec-
ond zone for the highest value of mobility.

In Fig. 3 we plot the dispersion relations of the intra-LL
CE of the bilayer disordered 2DES with the interlayer sepa-
ration L=30 nm. We restrict our consideration here to the
symmetric bilayer 2DES with matched electron densities and
present calculations only for the first allowed wave-vector
zone. In this case«1=«2=«, and the bilayer screening func-
tion «bisq,vd is represented as

«bisq,vd = s1 − a2df«sq,vd − «insqdgf«sq,vd − «outsqdg,

s3d

where we have defined«in,outsqd=1/s1±a−1d with a
=exps−qLd. Now the spectrum of the intra-LL CE in the
bilayer 2DES is determined implicitly by the conditions
Re«fq,vin,outsqdg=«in,outsqd.

As seen in Fig. 3, the spectrum of the bilayer intra-LL CE
is split into the in-phase and out-of-phase modes. The in-
phase CE mode, irrespective of the spacingL, is less af-
fected by the interlayer interaction, and lies above it and
behaves similarly to the CE mode of individual 2DES. The
out-of-phase CE branch lies below the single-layer mode and
has a dipole oscillator strength. At small wave vectors the
dispersion of in-phase modes is close to the square-root one,
while the out-of-phase modes demonstrate a smoother dis-
persion and achieve the maximum energy at larger values of
q. The splitting energydE decreases inL which supports the

FIG. 2. The dispersion relations of intra-LL CE referred to the
l0=4 half-filled LL in the individual 2DES for the three values of
mobility. The inset shows the spectra when the LL coupling is not
included. It is seen that the wave-vector gaps appear regardless of
the inclusion of the LL coupling in the studied regime.

FIG. 3. The dispersion relations of the intra-LL CE in the first
allowed wave-vector zone for the bilayer 2DES. The thin lines rep-
resent the spectra in the single-layer limit.

BRIEF REPORTS PHYSICAL REVIEW B71, 153308s2005d

153308-3



tendency that, within the limit ofL→`, the dispersion
curves of the in-phase and out-of-phase modes degenerate
and coincide with that of the single-layer intra-LL CE mode.
dE has a minimum near the upper edge of the PHC and close
to the right edge of the allowed wave-vector zone. Towards
the right edge of the zone,dE increases slightly, while the
increase is strong towards the left edge. The CE modes with
q close to the edges of the zone and with energies"v
,2G0 are responsible for the enhancement of the frictional
magnetodrag effect. The out-of-phase CE mode has rela-
tively strong damping and contributes largely to the drag
effect. However, in certain ranges of wave vectors close to
the edges of the allowed zone, the in-phase modes develop
and exist solely and will contribute to the drag effect in the
absence of the out-of-phase modes.

The corresponding bilayer structure factor for thel0=4
LL is calculated in the plasmon-pole approximation and is
depicted in Fig. 1. Forq,B=0.33 the splitting energy is ap-
proximately equal to 0.17G0. For m=35 T−1 and B<3.22T
we haveG0<4.84 K, and this givesdE more than 0.8 K.
This is a quite measurable quantity; however, notice that at
smaller wave vectors,dE is appreciably largersFig. 3d. As
seen from Fig. 1, the out-of-phase peak ofSsq,vd is about 6
times lower than the in-phase mode peak. However, both the
in-phase and out-of-phase CE modes have enough weight to
be observed experimentally, and the signatures of these bi-
layer intra-LL CE in the infrared absorption and inelastic

light-scattering measurements should constitute asymmetric
doublets.

We expect that the used approximations are adequate for
the 2DES in which disorder dominates over the Coulomb
correlations. This is safer in the first allowed zone where
qlB,1 and the RPA is an acceptable approximation even in
the disorder-free case.16 In the disordered 2DES, the RPA is
valid when no FQHE excitation gap is developed.17 This is
the case if the gap in the disorder-free caseD0 is smaller than
the typical disorder energy.24 According to Laughlin’s
estimates25 D0<0.056Ec for the smallest fractionn= 1

3 for
which D0 is maximal. Here, we consider the moderate mag-
netic fields well below the FQHE threshold26 and obtain the
intra-LL CE referred to the higher LL. Form=35 T−1 the
ratio Ec/G0 is less than 20, and, near half filling of thel0
=4 LL, the system is well away from the regime where
FQHE occurs. Thus, we expect that the regime considered
here is favorable for the applicability of this theory and for
the observation of these novel bilayer intra-LL CEs with at-
tractive many-body and disorder effects.
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