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Thermodynamic properties of a tetrameric bond-alternating Heisenberg spin chain with ferromagnetic-
ferromagnetic-antiferromagnetic-antiferromagnetic exchange interactions are studied using the transfer-matrix
renormalization group and compared to experimental measurements. The temperature dependence of the uni-
form susceptibility exhibits typical ferrimagnetic features. Both the uniform and staggered magnetic suscepti-
bilities diverge in the limitT→0, indicating that the ground state has both ferromagnetic and antiferromagnetic
long-range orders. A double-peak structure appears in the temperature dependence of the specific heat. Our
numerical calculation gives a good account for the temperature and field dependence of the susceptibility, the
magnetization, and the specific heat for Cus3-Clpyd2sN3d2 s3-Clpy=3-Chloroyridined.
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I. INTRODUCTION

Physical properties of one-dimensional quantum ferri-
magnets have attracted much interest in recent years. In par-
ticular, physical properties of the so-called Lieb-Mattis1-type
ferrimagnets have been extensively investigated both theo-
retically and experimentally.2–5 In these materials, there ex-
ists strong competition between ferromagnetic and antiferro-
magnetic fluctuations. This competition leads to a
ferrimagnetic-ordered ground state with coexisting gapless
ferromagnetic and gapped antiferromagnetic excitations, a
minimum in the temperature dependence of the product of
the susceptibility and temperature, a double-peak structure in
the specific heat, and a wide variety of other physical phe-
nomena.

A Lieb-Mattis-type ferrimagnet can be constructed from
monospin chains with polymerized exchange interactions. It
can be also constructed from an alternating spin chain with
antiferromagnetic interactions. These two types of ferrimag-
nets are equivalent to each other in certain limits. Many of
their thermodynamic or dynamic response functions show
qualitatively similar behaviors. For convenience in the dis-
cussion below, we call the ferrimagnets formed from mono-
spins or from alternating large and small spins as Type-I or
Type-II ferrimagnets.

The simplest bond-alternating spin chain is a
ferromagnetic-antiferromagneticsF-AFd alternating Heisen-
berg spin chain. A typical example of this F-AF alternating
spin chain is the compoundsCH3d2CHNH3CuCl3. Manakaet
al.6 did birefringence measurement on this material. Al-
though the ground state of the compound is nondegenerate, a
double-peak structure of the specific heat was observed.

A Type-I ferrimagnet can be constructed from a
tetrameric ferromagnetic-ferromagnetic-antiferromagnetic-
antiferromagneticsF-F-AF-AFd Heisenberg exchange spin
chain. Recently, Hagiwaraet al. studied thermody-
namic properties7,8 of a tetrameric chain compound
Cus3-Clpyd2sN3d2 s3-Clpy=3-Chloroyridined, abbreviated as

CCPA below.9 Typical behavior of ferrimagnets was re-
vealed. Furthermore, by exactly diagonalizing an isotropic
F-F-AF-AF Heisenberg model on small lattice, they found
that the experimental data for the magnetization and suscep-
tibility can be quantitatively understood from this model.7,8

There were also other theoretical and numerical studies on
this tetrameric chain system. Yamamoto calculated the zero-
field specific heat and susceptibility of the F-F-AF-AF
Heisenberg model using the modified spin-wave theory as
well as the Quantum Monte Carlo method.10 Nakanishi and
Yamamoto11 found that the specific heat of this model shows
a double-peak structure. However, a direct comparison be-
tween experiments and numerical calculations, especially for
the temperature dependence of the specific heat, is still ab-
sent.

A typical Type-II ferrimagnet is the alternatingS=1 and
1/2 spin chain. Kahn’s group12 synthesized success-
fully a class of bimetallic chain compounds with each
unit cell containing two spins with different values.
Typical compounds include ACuspbadsH2Od3·nH2O
and ACuspbaOHdsH2Od3·nH2O, where A=Mn, Fe, Co,
Ni, Zn, pba=1,3-propylenebis soxamatod, and
pbaOH=2-hydroxy-1, 3-propylenebissoxamatod. This has
stimulated theoretical studies on alternating spin chains.
From numerical simulations, Patiet al.2 revealed the coex-
istence of gapless and gapped excitations in alternating
spin-s1,1/2d ferrimagnetic chains using the density-matrix
renormalization groupsDMRGd.13 The coexistence of ferro-
magnetic and antiferromagnetic aspects was also found by
Brehmeret al.14 from quantum Monte CarlosQMCd simula-
tions. Thermodynamic properties of the alternating spin
chains were studied by the transfer-matrix renormalization
group sTMRGd.4 To further explore the dual features of fer-
rimagnetism, the Schwinger boson and the spin-wave ap-
proximations were exploited.4,5,10

In this paper, we investigate numerically thermodynamic
properties of tetrameric spin chains with alternating
F-F-AF-AF exchange interactions and compare the results to
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the experimental data for CCPA. In Sec. II, the isotropic
F-F-AF-AF Heisenberg exchange model for the tetrameric
spin chains with its general properties is introduced. In Sec.
III, thermodynamic quantities of the tetrameric model in-
cluding the magnetization, uniform and staggered magnetic
susceptibilities, and field-dependent specific heat, are evalu-
ated using the transfer-matrix renormalization group.15–17

Section IV compares the numerical results to the experimen-
tal data on CCPA. Our numerical results agree well with the
experimental data for the zero-field uniform susceptibility as
well as the magnetization. The numerical results for the dif-
ference of the specific heat between two different fields are
also in good agreement with the experimental data. We
briefly discuss the sharp low-temperature peak that appeared
in the zero-field specific-heat curve published in Refs. 7 and
8. It is suggested that this experimental sharp peak is an
extrinsic feature and most probably because of the contribu-
tion of magnetic impurities.

II. MODEL HAMILTONIAN AND GENERAL PROPERTIES

CCPA is a tetrameric spin-chain compound. It consists of
copper chains in which adjacent Cu2+ ions are linked by two
kinds of azido bridges, namely, end-on and end-to-end
bridge, respectivelyfFig. 1 of Ref. 7g. The exchange interac-
tions between adjacent Cu2+ ions are determined by the azido
bridges linked to them. The low-energy magnetic excitations
in this material can be modeled by aS=1/2 Heisenberg
Hamiltonian defined by

H = H0 + H8, s1d

H0 = o
i=1

L

fJFS4i−3 ·S4i−2 + JAFS4i−2 ·S4i−1

+ JAFS4i−1 ·S4i + JFS4i ·S4i+1g, s2d

H8 = − o
i=1

4L

gmBhSi
z, s3d

whereL is the number of unit cells,JF andJAF are the fer-
romagnetic and antiferromagnetic exchange constants, re-
spectively,g is the magneticg factor, andh is the external
magnetic field. This model belongs to the family of Lieb-
Mattis-type ferrimagnets, as shown in Fig. 1.

According to the Lieb-Mattis theorem,1 this tetrameric
system hass2L+1d-fold degenerate ground states with total
spin Stot=L. The macroscopic magnetization of the ground
state has been quantitatively confirmed by magnetization
measurements with pulsed and static fields on a single crystal
of CCPA.8

In the limit JF=0, the system is decoupled into isolated
trimers, separated by local one-half spins. The Hamiltonian
then becomes

H = o
i=1

L

Hi
scd, s4d

where

Hi
scd = JAFsS4i−2 ·S4i−1 + S4i−1 ·S4id

− gmBhsS4i−3
z + S4i−2

z + S4i−1
z + S4i

z d. s5d

This model is exactly soluble. In the absence of an applied
field, an antiferromagnetic trimer is a three-level system with
a doubly degenerate ground state ofStot=1/2. Oneexcited
state is twofold degenerate withStot=1/2 and anenergyJAF
above the ground state. The other is fourfold degenerate with
Stot=3/2 and anenergy 3JAF/2 above the ground state. For
finite but smallJF, the ferromagnetic correlation dominates
the low-temperature excitations. The low-temperature behav-
ior of the system is expected to act similarly as a spin-1

2
ferromagnetic spin chain.

In the limit uJFu@JAF, the three ferromagnetically coupled
neighbors in one unit will bind together to form a 3/2 spin.
In this case, the system is expected to behave similarly as a
sS,sd=s3/2,1/2d Heisenberg ferrimagnetic spin chain.

For the alternating sS,sd=s1,1/2d Heisenberg spin
chain,2,4,5,14 there exist both gapless ferromagnetic and
gapped antiferromagnetic excitations. For the bond-
alternating ferrimagnetic spin chain considered here, these
two kinds of excitations are also expected to exist. In low
temperatures, thermodynamic properties of the system are
more strongly affected by ferromagnetic excitations. How-
ever, with increasing temperatures, the contribution from
gapped antiferromagnetic excitations increases. This leads to
a crossover in the behavior ofC andx. For instance, in low
temperatures, for thesS,sd=s1,1/2d spin chains, the specific
heat and the susceptibility vary respectively asC~T1/2 and
x~T−2, same as for the spin-1

2 ferromagnetic spin chain.
However, in the intermediate temperature regime, they show
a Schottky-like peak and a minimum, respectively.4

III. NUMERICAL RESULTS

In this section, we will use the TMRG to evaluate the
temperature dependence of the magnetic susceptibility and
the specific heat for the tetrameric bond-alternating spin
model described by Hamiltonians1d. The TMRG is a pow-
erful numerical tool for studying thermodynamic properties
of one-dimensional quantum systems.15–17 It starts by ex-

FIG. 1. Schematicrepresentation of the chain
structure of Cus3-Clpyd2sN3d2 sCCPAd with inter-
actions described by Hamiltonians1d. The system
can be decomposed into two sublattices accord-
ing to the nature of coupling, i.e., A and B sub-
lattices, respectively.
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pressing the partition function of a one-dimensional quantum
lattice system as a trace of a virtual transfer matrixTM using
the Trotter-Suzuki decomposition

Z = Tre−bH = lim
M→`

TrT M
N/2, s6d

where M is the Trotter number,N is the system size, and
t=b /M. For the tetrameric model considered here,N=2L
and each site used in the Trotter-Suzuki decomposition con-
tains two spins. In the limitN→`, one can evaluate nearly
all thermodynamic quantities by the maximum eigenvalue
lmax and the corresponding leftkcLu and rightucRl eigenvec-
tors of the transfer matrixTM. For example, the free energy
F, internal energyU, and longitudinal magnetizationMz per
unit cell can be expressed, respectively, as

F = − lim
N→`

1

Nb
ln Z = −

1

2b
lim

M→`
ln lmax, s7d

U =
kcLuT̃UucRl

lmax
, s8d

Mz =
kcLuT̃MucRl

lmax
, s9d

where the definition of the transfer matricesT̃U and T̃M can
be found from Refs. 16 and 17. The specific heat and mag-
netic susceptibility can then be calculated by numerical de-
rivatives ofU andMz, respectively,

C =
]U

]T
, s10d

x =
]Mz

]H
. s11d

In our TMRG iterations, 60 states are retained in the cal-
culation of the susceptibility, and 80 states are retained in the
calculation of the specific heat. The error results from the
Trotter-Suzuki decomposition is less than 10−3. The trunca-
tion errors are smaller than 10−8.

Figure 2 shows the temperature dependence of the uni-
form zero-field susceptibility multiplied by temperaturexT.
When JF=0, xT approaches a finite value in the limitT
→0, in agreement with the Curie-Weiss law for a free mag-
netic moment ofS=1/2. With increasing temperature, exci-
tations corresponding to higher spins in the trimers are
stimulated andxT increases and saturates in high tempera-
tures. For finiteJF, xT diverges in the limitT→0, because of
the formation of ferromagnetic long-range order in the
ground state. Generally,xT decreases monotonically with
temperature for ferromagnets, whereas it increases mono-
tonically with temperature for antiferromagnets. The behav-
ior of xT for this ferrimagnet reflects the interplay of these
two opposite trends. Gapless ferromagnetic excitations re-
duce the magnetization at lowT, while thermally activated
antiferromagnetic excitations give rise to the increase ofxT
at highT. The presence of a minimum inxT for all nonzero
JF is a typical feature of one-dimensionals1Dd ferrimagnets.

Similar behavior was observed in the alternatingsS,sd
=s1,1/2d spin chain.4 This minimum moves slightly toward
higher temperature with increasinguJFu /JAF, resulting from
the enhancement of ferromagnetic correlations.

Figure 3 shows the temperature dependence of the stag-
gered susceptibility. To calculate the staggered susceptibility,
we add a staggered magnetic fieldhs instead of a uniform
field to the Hamiltonian. Two kinds of staggered fields are
considered. One is a staggered-field applied to the whole
lattice. The corresponding Zeeman interaction, staggered
magnetization, and susceptibility are defined by

Hs
s1d = − gmBhso

i=1

2L

sS2i−1
z − S2i

z d, s12d

Ms
s1d =

gmB

4L
o
i=1

2L

kS2i−1
z − S2i

z l, s13d

FIG. 2. TMRG resultssexcept for the caseJF=0d of the uniform
zero-field susceptibility multiplied by temperature for the tetrameric
bond-alternating spin model.

FIG. 3. The zero-field staggered susceptibilities multiplied by
temperature.xs

s1d and xs
s2d are defined by Eqs.s14d and s17d,

respectively.
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xs
s1d =

]Ms
s1d

]hs
. s14d

The staggered susceptibilityxs
s1d as defined corresponds to

the spin structure factor atq=p. Another kind of staggered
field we consider is that applied only to the first and third
spins in each unit cell. The corresponding Zeeman interac-
tion, staggered magnetization, and susceptibility are defined
by

Hs
s2d = − o

i=1

L

gmBhssS4i−3
z − S4i−1

z d, s15d

Ms
s2d =

gmB

4L
o
i=1

L

kS4i−3
z − S4i−1

z l, s16d

xs
s2d =

]Ms
s2d

]hs
. s17d

xs
s2d corresponds to a sum of the spin structure factor atq

= ±p /2. As revealed by Fig. 3, both staggered susceptibili-
ties, Ms

s1d andMs
s2d, diverge atT=0 in the zero-field limit.

The divergence of the uniform susceptibilityx as well as
the two staggered susceptibilitiesxs

s1d and xs
s2d is an indica-

tion of the formation of ferromagnetic as well as antiferro-
magnetic long-range orders at zero temperature. This is con-
sistent with a rigorous theorem about the ferromagnetic and
antiferromagnetic orders in the ground state of Type-II
ferrimagnets.18

Figure 4 shows the temperature dependence of the zero-
field specific heat at differentJF /JAF. WhenJF=0, the spe-
cific heat drops quickly in low temperatures because of the
finite-energy gap between the ground state and excitation
states. At finiteJF, a small peak develops in low tempera-
tures andC shows a small peak-valley structure. The low-
temperature peak ofC results from the gapless ferromagnetic
excitations, as illustrated by Fig. 5. In low temperatures, the
temperature dependence ofC/T measures the energy depen-
dence of the density of states of low-lying ferromagnetic

excitations. For finiteJF, since the density of states of ferro-
magnetic excitations diverges at zero energy,C/T is ex-
pected to diverge atT=0 K. For uJFu /JAF*0.5, as shown by
Fig. 4, the small peak-valley in the low-temperature specific
heat changes gradually into a hump structure. A more con-
spicuous peak aroundkBT,0.5JAF exists in all the cases
studied. This broadened peak, often called the Schottky-like
peak, is associated with gapped antiferromagnetic excita-
tions, as predicted by various methods2,4,5,14 for the Lieb-
Mattis-type ferrimagnets.

The double-peak structure of the specific heat for ferri-
magnets was also observed by Nakanishi and Yamamoto11

using modified spin-wave theory. They found that this
double-peak structure of the zero-field specific heat is an
intrinsic feature with topological origin, since the dual fea-
tures of ferromagnetism and antiferromagnetism in ferrimag-
nets can potentially induce a low-temperature peak as well as
an intermediate-temperature peak. They calculated the low-
lying spectra of the tetrameric chain. Three bands of ferro-
magnetic excitations with one gapless and two gapped, and
one band of gapped antiferromagnetic excitation were found.
From the above qualitative analysis on the F-F-AF-AF
model, we believe that in the regionuJFu!JAF, the low-
energy physics of the tetrameric chain is governed by the
ferromagnetic coupling. In this region, the peak should move
to higher temperature with increasinguJFu. Our numerical
results support the above arguments. The positions and the
heights of the low-temperature peaks in the calculations are
consistent with the results for theS=1/2 Heisenberg model
with the same ferromagnetic interactionJF. With increasing
uJFu, we find that the peak moves toward higher temperature
and eventually mixes with other excitations, leading to a
hump structure. However, the position and the height of the
Schottky-like peak are not sensitive to the ratiouJFu /JAF. This
is different to the modified-spin-wave theory.11 It should be
emphasized that the intrinsic double-peak structure of the
specific heat is not a distinctive character of bond-
alternating-type ferrimagnets. As pointed out by Nakanishi
and Yamamoto,11 this structure appears when the antiferro-
magnetic gap is larger than the ferromagnetic bandwidth. For
the sS,sd alternating-spin-type ferrimagnets, this condition is
satisfied forS@s.

At finite magnetic field, due to the field-induced splitting
of ferromagnetic excitations, a double-peak structure of the

FIG. 4. TMRG results of the zero-field specific heat at
uJFu /JAF=0,0.05,0.15,0.5,2.0 in ascending order along the direc-
tion of arrows. The caseuJFu /JAF=2.0 is plotted as a dashed line for
visual effect. The inset shows the low-temperature part of the spe-
cific heat.

FIG. 5. The zero-field specific heat coefficientC/T versusT for
uJFu /JAF=0,0.05,0.15,0.5,2.0.
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specific heat can also appear in some ferrimagnets, such as
for the casesS,sd=s1,1/2d.19 However, these two cases
should be clearly distinguished. Figure 6 shows the tempera-
ture dependence of the specific heat forJF /JAF=−0.15 at
different external fields. When a weak field is applied,C
shows a sharp low-temperature peak. With increasing field,
the double-peak structure is smeared out and merges to-
gether, due to the Zeeman splitting.19 The Zeeman splitting
of the eigenvalues leads to a finite energy gap in the ferro-
magnetic excitations proportional toh, but reduces the en-
ergy gap in the antiferromagnetic excitations.

Recently, Strečka et al.20,21 investigated thermody-
namic properties of a spin-1

2 Ising-Heisenberg chain with
F-F-AF-AF bond-alternating interaction using a mapping-
transformation technique. They considered the Ising-type fer-
romagnetic interaction. Nevertheless, their results agree
qualitatively with ours.

IV. COMPARISON TO EXPERIMENTS

In this part we calculate the susceptibility and specific
heat of the tetrameric model in the parameter regime relevant
to CCPA and compare the numerical results to the experi-
mental data published in Refs. 7 and 8.

A. Magnetization and susceptibility

Figure 7 compares the TMRG results ofxsTdT for differ-
ent JF /JAF to the experimental data for CCPA. The param-
eters used are the same as in Ref. 7. A good agreement be-
tween experiments and calculations is found whenJF /JAF
<−0.6, same as in Ref. 7. However, above 70 K, the numeri-
cal curves are slightly below the experimental ones.

Figure 8 compares the TMRG results of the field depen-
dence of the longitudinal magnetization to the experimental
data. Within experimental errors, the TMRG results agree
with the experiments in the low-field regime. In the high-
field regime, the numerical curve deviates slightly from the
experimental data. It is unknown whether this deviation is
because of some unknown effects or measurement errors. At
T=1.7 K, there is a broad magnetization plateau. This pla-
teau is a typical feature of a quantum ferrimagnet, due to
macroscopic magnetization of the ground state. At relatively
high temperatureT=4.2 K, the plateau region shows a weak

field dependence resulting from thermal fluctuations.
At high fields, the magnetization increases sharply and

becomes saturated forT=1.7 K. At T=4.2 K, the magnetiza-
tion curve is smoothed by thermal fluctuations. In the work
of Strečka et al.,20,21 quantum fluctuations are restricted to
the antiferromagnetic trimers since the ferromagnetic cou-
pling is Ising-like. A stepwise increase of magnetization with
B at very low temperature is expected because of the short
correlation length inherent in this quantum ferrimagnet.
Nakanishi and Yamamoto calculated the spectrum of the
F-F-AF-AF Heisenberg model using the modified-spin
wave.11 They found that in the regionuJFu /JAF,1, the anti-
ferromagnetic excitations are almost dispersionless. It is this
dispersionless antiferromagnetic excitation that enhances
the magnetization. The above comparison suggests that the
F-F-AF-AF Heisenberg model can describe quantitatively
the temperature dependence of the susceptibility and field
dependence of the magnetization of CCPA withJF /JAF,
−0.6.

B. Specific heat

Figure 9 shows the numerical results on the temperature
dependence of the specific heatCsTd at different fields for

FIG. 6. Temperature dependence of the specific heat for
JF /JAF=−0.15 at different external magnetic fields. FIG. 7. Comparison between our numerical results for the mag-

netic susceptibility multiplied by temperature and the experimental
data published in Ref. 7.

FIG. 8. Comparison of the measured experimental data of the
field dependence of low-temperature longitudinal magnetization8 to
the TMRG results. The parameters used areJAF/kB=29.6 K,
JF /JAF=−0.6,g=2.24.ms is the saturation magnetization.
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JF /JAF=−0.6. At zero field,C increases in a certain power
law of T in low temperatures. When an external field is ap-
plied, a double-peak structure appears. With increasingH,
the low-temperature peak moves toward higher temperature,
but the high-temperature peak moves in the opposite direc-
tion.

Figure 10 compares the experimental data ofC to our
numerical calculations. At finite fields, the numerical results
agree well with the experimental data below 3 K. However,
in relatively higher temperatures, the experimental curves are
clearly above the numerical ones.

The experimental data shown in Fig. 10 were obtained
from the measurement raw data by subtracting theT3 phonon
contribution to the specific heat. This subtraction may not
always be accurate. Thus we have reason to suspect that the
deviation at high temperatures may come from the error in
the subtraction of the phonon contribution.

In order to reduce the error in the data subtraction, we
compare our numerical results of the difference of the spe-
cific heat at a finite field and that at zero field,DC1

=CsT,Hd−CsT,0d, to the corresponding experimental data.
As shown in Fig. 11, the agreement between the experimen-
tal and numerical results is improved, especially in highT,
from 1.3 K to 6 K. However, in low temperatures, the agree-
ment became worse. This is clearly because of the presence
of the experimental sharp peak around 0.5 K at zero mag-
netic field.

Hagiwaraet al.7 suggested that when a Heisenberg spin
chain has more than two kinds of exchange interactions, the
specific heat is expected to show more than one peak.
Manakaet al.6 also found the double-peak structure in the
temperature dependence of the specific heat by the birefrin-
gence measurements in ferromagnetic-dominant F-AF alter-
nating Heisenberg chainssCH3d2CHNH3CuCl3. From Sec.
III, we know that the intrinsic double-peak structure of the
specific heat for the Heisenberg F-F-AF-AF model could be
observed whenuJFu /JAF is small enough. But for the given
parameterJF /JAF=−0.6, the sharp peak at 0.5 K is not ex-
pected. Strečka et al.21 also made a comparison of theoretical
results on the F-F-AF-AF Ising-Heisenberg model with ex-
periments. In order to fit the striking low-temperature peak
around 0.5 K,uJFu /JAF had to be drastically reduced, and the
results merely qualitatively agreed with experiments. On the
other hand, from the experimental data, the experimental
sharp peak around 0.5 K seems to be suppressed by mag-
netic field fFig. 4 in Ref. 7g. The behavior is different from
the usual situation, as shown in Fig. 6, where the low-
temperature peak of the double-peak structure is strength-
ened by a weak external field.

We believe that the experimental sharp peak of the spe-
cific heat around 0.5 K at zero magnetic field is not an in-
trinsic property of the model. It may result from some ex-
trinsic properties of the material, such as defects or boundary
states. Further measurements and more extensive theoretical
and numerical analysis are needed for fully understanding
this behavior.

To avoid the contribution from the experimental sharp
low-temperature peak of the specific heat at zero field, we

FIG. 9. TMRG results for the temperature dependence of the
specific heat atH=0,0.5,1.0,1.5, 2.0 T in ascending order along
the direction of arrows. The parameters used are the same as for
Fig. 8. The inset shows the low-temperature part ofC.

FIG. 10. Comparison of the specific heat of CCPA to the TMRG
results. Insad the trianglessolidd, circle sdashedd lines represent the
experimentalsnumericald data forH=0, 0.5 T, respectively; Insbd,
scd, sdd, the circle and solid lines represent experimental and nu-
merical results, respectively. The parameters used are the same as
for Fig. 8.

FIG. 11. Comparison of the specific heat of CCPA to TMRG
results after subtracting the corresponding zero-field data. Circles
and solid lines represent experimental and numerical results, re-
spectively. The parameters are the same as for Fig. 8.
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show in Fig. 12 the results forDC2=CsT,Hd−CsT,0.5 Td,
which subtracts the data in the fieldH=0.5 T, instead of at
zero field. We find that our numerical results agree excel-
lently with the experiments. This indicates that the experi-
mental sharp low-temperature peak of the zero-field specific
heat is indeed extrinsic.

V. CONCLUSION

We have investigated numerically thermodynamic proper-
ties of the bond-alternating F-F-AF-AF tetramer Heisenberg
spin chain using the TMRG. The temperature dependence of

the spin susceptibility and the specific heat is found to be
determined by the competition of gapless ferromagnetic ex-
citations and gapped antiferromagnetic excitations. This
leads to a crossover in the behavior ofC andx. With increas-
ing temperature,xT drops sharply in low temperatures, but
increases and becomes saturated in high temperatures. The
minimum ofxT increases gradually with increasinguJF /JAFu.
Both the uniform and staggered susceptibilities diverge in the
zero temperature limit. This suggests that both ferromagnetic
and antiferromagnetic spin correlations are long-range or-
dered in the ground state.C shows a small peak in low tem-
peratures and a stronger and broadened Schottky-like peak in
an intermediate temperature regime. The nonmonotonicT
dependence ofxT and the double-peak structure ofC are
also the characteristic features of alternating spin ferrimag-
nets.

Our numerical results for the temperature dependence of
x and the difference ofC between two different fields
CsHd−Cs0.5Td with JF /JAF=−0.6 agree excellently with the
experimental data for CCPA. The field dependence of the
magnetization agrees also with the experiment. We argue that
the sharp peak observed at,0.5 K in the zero-field specific
heat is an extrinsic feature of CCPA. It is likely to be the
contribution of defects or magnetic impurities. Further ex-
perimental measurements with high-quality samples are de-
sired to clarify this issue.
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FIG. 12. Comparison of the specific heat of CCPA to TMRG
results after subtracting the corresponding data atH=0.5 T. Circles
and solid lines represent experimental and numerical results, re-
spectively. The parameters are the same as for Fig. 8.
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