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Bose-Einstein condensation in solidHe
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We have computed the one-body density magkixn solid *He atT=0 K using the shadow wave-function
(SWH variational technique. The accuracy of the SWF has been tested with an exact projector method. We find
that off-diagonal long-range order is presenpinfor a perfect hcp and bee solftHe for a range of densities
above the melting one, at least up to 54 bars. This is first microscopic indication that Bose Einstein conden-
sation(BEC) is present in perfect solitHe. At melting, the condensate fraction in the hcp solid s and
it decreases by increasing the density. The key process giving rise to BEC is the formation of vacancy
interstitial pairs. We also present values for Leggett’s upper bound on the superfluid fraction deduced from the
exact local density.
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The supersolid state, a solid with superfluid properties, islistance behavior gf;(r,"), specifically ifp; has a nonzero
moving out from theoretical speculations as a result of thdimit at large distance (off-diagonal long-range order,
observation of nonclassical rotational inertCRI) in solid ~ ODLRO) which implies BEC. With perfect solid we mean
“He in Wcort and very recently in the bufk.The initial  that the number of maxima in the local density) is equal
theoretical suggestidf of the supersolid state was based onto the number ofHe atoms. The use of SWF is especially
the possible presence of vacancies in the ground state of@eful in the present context because with such wf the crys-
Bose quantum solid. In addition, these vacancies have to bglline order is an effect of the spontaneously broken sym-
mobile in order to give rise to Bose Einstein condensationmetry so that local disorder processes such as the exchange
(BEC) of “He atoms. Experimentally, no evidence has beerof two or more particles, creation of vacancy interstitial pairs
found for the presence of vacancies at very low temperaturévIP), or more complex processes are in principle allowed.
and this is in agreement with the results of microscopicThe major finding of our computation is the presence of a
theory>®which gives an energetic cost of about 15 K for thesmall but finite condensate for a range of densities above
formation of a vacancy in bulk solifHe. However, it was melting. The variational theory is very useful to describe
almost immediately recognizéthat the presence of ground- strongly interacting systems, such as liquid or sékt, but
state vacancies is only one possible mechanism for NCRIt is always open to debate how much the results depend on
and what is really needed is that atoms are not localized ahe ansatz on the wf, especially for quantities other than the
the lattice sites but are delocalized via exchange or othegnergy. In order to give an indication on the reliability of our
processes. This gives the possibility of having in the waveSWF we present some results on quantities including the
function (wf) a phase which governs collectively the motion degree of local order, of localization, and of the local density
of the atoms. The existence of a supersolid statéHe is  obtained also from an exact computafidhased on the pro-
therefore strictly related to the question of localization orjection algorithm SPIGS, a path integral ground-state
delocalization of particles and, of course, this is a topic ofmethod* which uses a SWF as the starting wf.
general interest. This is the case, for instance, of cold alkali In a SWF the correlations between atoms are introduced
atoms in a periodic potentiélExperiments with"He give  both explicitly by a Jastrow factor and also in an implicit
access to the superfluid fractipg/p which turns out to b8 way by coupling with a set of subsidiary variables, called
at most of order 2%. Theoretically, only upper boundspgn “shadow” variable® (one shadow for each quantum par-
have been obtained up to ndw! and no microscopic theory ticle), which are integrated over. All expectation values are
has given evidence for a supersolid phase. The commonlyomputed by a Monte CarldMC) method and the statistical
accepted view is that one can have a finptein a three-  sampling of|¥|?> maps the quantum system Nfparticles in
dimensional system if there is BEC in the system, so a cena system ofN special interacting triatomic “molecul€s”
tral quantity to compute is the off-diagonal one-body densitywhich consist of #He atom and two shadows. The accuracy
matrix p,(f', "), whose Fourier transform represents the mo-of the SWF technique is well documented and it has been
mentum distribution. possible to treat also disorder phenomena in a quantum solid,

In this article we address the computationpeffor solid  i.e., a vacand® or even the interfacial region between a
“He at T=0 K based on a variational wf, a shadow wf solid and a liquid at coexistené®As a functional form for
(SWP). In a previous computatidhwe have found that the the correlating factors contained in the SWF we have taken
presence of vacancies in the solid induces a BEC which ithe ones used in Ref. 5; as interatomic interaction we have
proportional to the concentration of vacancies. On the othensed a standard Aziz potentigl.
hand, the large energy of formation of a vacancy makes the A SWF can be interpreted as a first projection step in
probability of having such defects at low temperature vanimaginary time of a Jastrow wf via a variationally optimized
ishingly small. Here we study in the perfect solid the largeimaginary time propagatd?. With SPIGS one goes beyond
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TABLE I. Upper boundsf for the superfluid fraction in hcp  deviationo as a fitting parameter. We find that the GM gives
bulk solid *He computed at different densities with the SWF tech-an excellent representation of the integrated density along
nique, the SPIGS method, and the GM fdr). P is the pressure planes—what is needed in the Leggett's inequality—the de-
from the SPIGS equation of state s the standard deviation of the yjiation being below 4%. The resulting bounds given by GM
Gaussians used in the GM. with o fitted on the SPIGS(F) are also shown in Table I.
The boundf] given by SWF is similar to the value computed
previously with the GM fitted on a different variational

p P theory. In Refs. 10 and 11 a lowé} has been obtained by
() (ban fa fe fe o (R) using a better variational ansatz: the phase of the wf is a
0.0290 29.3 0.287 0.384 0.380 0543 function of apd not only of the Ionglitudinal coordinaZeas
0.0310 53.6 0.955 0.299 0.297 0503 N Ref. 7. '_I'hls_bou_nd computed _Wlth the GI\/!‘ for a given

crystal lattice is simply a function of the “localization
0.0330 87.8 0.209 0.230 0.222 0467 parameter®©!! Saslow's computation is for an fcc crystal
00353 1419 0141 0.164 0.166  0.436 put if we neglect the difference between the hcp and the fcc
0.0400 316.9 0.077 0.080 0.079 0.381 |lattice, using ther in Table | and the results in Ref. 11, we
0.0440 553.5 0.042 0.042 0.041 0.345 can estimate anf, which goes from about 0.2 ap
=0.029 A3 to about 0.005 ap=0.044 A3, A SPIGS com-
tation for fcc atp=0.029 A gives ao in the GM which
only 2% lower than in hcp crystal. These values pare

SWF SPIGS GM

L. . . L u
the variational theory by adding successive projection step%

in the imaginary time propagation with the full Hamiltonian compatible with the experiments biftis about one order of

and in this way we are able_ to compute exact expeCtat'orﬁwagnitude larger than the experimental valuggp and, in
values on the ground state without extrapolations. With thes ny case, it is only an upper bound so it is not very conclu-

two quantum MC methods, rpriori equilibrium positions sive. A word of caution on the GM is in order. If this model

for the solid phase are required, the Bose symmetry is manges an excellent representation for the integrated density

feS_}_lK mainta}tined, far:dtato'ms csn Sl)\(;:‘vgglopalizecé. n‘t)(z)’ the accuracy is lost when we consider the local density
_ | N€ equation of state given by SV IS In good agreeme p(): in the region of the minima op(r) deviations greater

with the results of SPIGS; for instance, at meltifg o

=0.029 A®) the energy per particle is-5.12 K, 0.76 K than 100% are found. .

b- the SPIGS U Also f ' tr,1 T The one-body density matriy,(r,r’) is given by the
excellent agreement, the formation energy al melting is 15, /C/12P between the normalized many-body groun state wf
; ' . . "W(R) and¥(R’) where configuratiolR' ={r",r>, ..., ry} dif-

K with SPIGS and 15.6 K with SWERef. § and the jump fers fromR={r,r>,,...,Iy} only by the position of one of the
ing rate is similar in the two computations. In addition to theN atoms in the system: #/(R) is translationally invariant, as
energy one would like to know the accuracy of SWF in de- our case wheyn the’ center of mass is ngt fixed ni
scribing the microscopic local processes and to this end Wg q he diff o Xegonly
have computed the local densjigf) and the static structure d€Pends on the difterenae-r7,

factor S(k). We find again agreement between SWF and . R o ,

SPIGS with SWF giving a slightly more ordered state. For p1(F=T")= NJ dr,...diyW (RW(R'). 1)
instance, at melting, the main Bragg peak of the hcp solid is

about 17% higher than the SPIGS result. A detailed comparilt is possible to interpret the integrand in H@) as a prob-
son will be presented elsewhere and here we focus only obility density}? thenp, can be computed by sampling the
the results for the upper bourfd for the superfluid fraction integrand in Eq(1) and by histogramming the occurrence of
ps/ p obtained by Leggett.This bound depends on the aver- the distanced=r-r". In the following we will call “half’
aged densityp(z)=[dép(r), wherez is a longitudinal coor- particles the particles with coordinatésndr’ because they
dinate and¢ is a suitable set of transversal coordinaté®¥e  have just% the correlation strength with the othlr-1 par-
have chosen asaxis the one which gives the lowest value of ticles (with coordinatedr,, ...,ry}) and no direct correlation

fe; in the hcp crystal this is th€A direction which is per-  between them. The method of computation has been de-
pendicular to the basal plane. It should be noticed that ususcribed in Ref. 12. The absence of ODLRO corresponds to
ally in quantum MC computations the center of mass of thehe two “half’ particles forming a “molecule,” whereas the
system is not fixed and this would alter the local densitypresence of ODLRO corresponds to a finite probability of
especially around the minima. Therefore, when we computéissociation up to infinite distances.

p(f) we have modified the sampling algorithm to keep the We have computeg,(F-f’) along the nearest-neighbors
center of mass of the system fixed. In Table | we show th&nn) direction which isI'K in a hcp and 111] in a bcc crys-
upper boundsfg, for the superfluid fraction obtained for hcp tal. In Fig. 1 we reporp; for a perfect hcp crystal at different
bulk solid*“He with the SPIGS and SWF methods. There is adensities at and above melting, and for a bcc crystah at
substantial agreement, with the variatioriglbeing always =0.02898 A3. It is clear that at melting and ap
lower as a consequence of the larger degree of local order. 20.031 A3, p, reaches a plateau at large distance whereas at
popular representation ofr) is the one in terms of a sum of p=0.033 A3, p, steadily decreases with increasing distance.
Gaussians centered on the lattice sites. We have fitted oBy averaging the tail irp, for distances greater than 14 A,
p(P) with this Gaussian moddiGM) by using the standard we find at the melting density a condensate fractign
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e hiCp p=0.031 A ey ” FIG. 2. Projection of 100 successive configurations of the par-

—— tmeopead’ - ticles (white circleg and the two “half’ particlegblack circles in a
basal plane of an hcp crystal a£0.031 A3, p, is the probability
distribution of the two “half” particles.

FIG. 1. p4(F—r") at different densities for hcp and bcc perfect
‘He crystals, and for the same crystals with a finite concentragion slightly distorted by the presence of one interstitide atom
of vacancies. between them. In Fig. 2 we show 100 successive configura-

=(5.0+1.7 X 10°% in a perfect hcp an@7.6+1.7 X 106 in a tions of the particles which correspond to this event. In the

perfect bec crystal. This is a microscopic indication that BECformahsm of second quantization(r—r') is equal to the

is present in perfect solitHe. (Ref. 19 At p=0.031 A3 we expectation value of the composite event Yvhere dire

find n,=(2.0£0.4 X 10°° and atp=0.033 A3 the tail is so atom is destroyed at’ and one is created at then it is
much depressed that the size of the simulation box is to§0SSible to interpret the event in Fig. 2 as the creation of a
small to conclude if ODLRO is present; in this case we canY!P- The same process is found in a bcc crystal. After this
only say that the condensate fraction, if any, is lower tharfirst step the two “half’ particles have a finite probability of_
10°°. The simulation box which has been used to compyte MOViNg away from one another by exchange processes with
is cubic and containii=432%He atoms for the bcc crystal, it the other atoms, and this gives rise to the other maxima of

is elonged in thel'K direction, and containd=360 *He at larger distance. By analyzing the particle configurations
atoms for the hcp crystal. By changing the size of the boxe§0rresponding to these other maxima we find that a VIP is
at fixed density we have checked that our resultspfonave present in all the configurations. Slmllar_ processes were con-
no finite-size effect within the statistical errors of our com- Sidered in Ref. 21 as a necessary condition for the supersolid
putations. This is shown in the inset of Fig. 1 for the hcpphase, b_Ut there Itis ar_gued that VIP cannot be present. Our
crystal atp=0.029 A3 by averaging the tail i, for dis- results disagree with this hypothesis. In order to characterize
tances greater than 14 A, we fing=(3.9+1.7 X 10°® for ~ the anisotropy ofp, as function ofd we have computeg@,
N=288 andh.=(5.7+2.0 X 10°® for N=432, to be compared When the two “half’ particles are no more constrained to lie
with the value given aboven,=(5.0+1.7x10°® for N  in the nn direction but can freely move in a plane. In Fig. 3
=360. In Ref. 12 we found that a finite concentration of ON€ can see thai in a perfect bee crystal is strongly aniso-
vacanciesx, induces a condensate fraction which dependgropic for distances up to about 6 A, and the maximeppf
linearly onx,. In Fig. 1 we show alsp, when a vacancy is &€ in the direction of nn. However, at greater distaneges
present both in hcgRef. 12 and bee. Taking into account Pecomes nearly isotropic and we conclude that our estima-
the value ofx, of the computation we estimate that at tion of the BEC fraction is not affected by the previous re-
=0.029 A3 the condensate fraction due to a finite concen-striction ond. Similar results are obtained for hcp. It is in-
tration of vacancies is equal to the one in a perfect hcp crysteresting to notice that when a vacancy is present the

Py (Ir-r'D)

0 5 0 15 20
Ir=r'| (A)

tal whenx,=1.5x 1075, anisotropy ofp; persists up to greater distancé&fata not
All the computedp; show oscillations which reflect the

crystalline order in the system. However, these oscillations Py

are not the same in the perfect and in the defected solid. We 1

. ; . : 0.1

find that when a vacancy is present the maxima of the oscil- 0.01

lations inp,; correspond to multiples of the nn distandg, ?;381

This is an indication that in the presence of a vacancy the 1e:0

main mechanism which contributes to the separation of the

two “half” particles is that one of them moves through the -8
crystal following the vacancy which is very mobdgThe
different positions of the maxima ipy for the perfect crystal
suggest a different microscopic process for the ODLRO in
this case. By analyzing the particle configurations sampled in 8- 10 5
our runs we find that the secondary peakpof located at

about 5 A, always corresponds to a configuration in which FIG. 3. (Color onling p;(F~f") at p=0.028 98 A3 for a perfect
the two “half” particles occupy two nn lattice positions bcc crystal withr—r" lying in the plang[-101].

0 O
[101] (A)
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shown. Also in Fig. 1 one can see that the oscillationgppf theory, the accuracy of which has been tested with a projec-
are more persistent with increasing distance in the crystabr method on the exact ground state. The key process giving
with a vacancy; this is another indication that different mi- rise to ODLRO is the formation of a VIP. Such defects have
croscopic processes are at the origin of the ODLRO in the, finite probability to be present in the ground state of the
perfect and in the defected sofile. The exchange of atoms system: they are not permanent excitations but simply rare
and VIPs are present not only jm but also in|W|% At flyctuations of the perfect crystal induced by the large zero-
melting at about every 2 10° MC steps an atom has a dis- point motion. In other words, the number of atoms is equal to
placement larger thad,, and in many cases this is associ- the number of lattice sites and, at the same time, atoms are
ated with the presence of an interstitial. In principle one carye|ocalized. Since the ground state is the vacuum of the el-
devise an algorithm based on SPIGS to compytexactly.  ementary excitations of the system we conjecture that a
However, at present this appears to be a major computationglanch of low-energy excitations different from phonons
problem. In any case we have given solid evidence that SWEp,y|d be present in solftHe. Such excitations should have
overestimates the degree of local order so that we shouldy jmportant role in determining the critical temperature. It is
expect that the SWF results for the BEC fraction are an ung nssibility that this branch is related to some experimental

derestimation of the exact values. f results which have been interpreted in terms of an excitation
In conclusion we have shown that sofide atT=0 K has  yitp energy of about 2 KRef. 22.

BEC at melting density and above, at least up to 54 bars,

whereas we find a vanishing BEC at 90 bars. Thus BEC This work was supported by the INFM Parallel Comput-
should be at the basis of the NCRI observed experimerttallying Initiative and by the Mathematics Department “F. En-
Our result has been obtained from an advanced variationalques” of the Universita degli Studi di Milano.
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