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Carbon substitutions in MgB, within the two-band Eliashberg theory

G. A. Ummarino* D. Daghero, and R. S. Gonnelli
Dipartimento di Fisica, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy
and INFM-LAMIA, Corso Perrone 24, 16152 Genova, ltaly

A. H. Moudden
Laboratoire Léon Brillouin, CEA-CNRS, CE Saclay, 91191 Gif-sur-Yvette, France
(Received 7 September 2004; revised manuscript received 9 December 2004; published 18 April 2005

We study the effects of C substitutions in Mg®ithin the two-band model in the Eliashberg formulation.
We use as input th8-B stretching-mode frequency and the partial densities of stdfgEr) and NJ(Er),
recently calculated for Md;_,C,), at variousx values from first-principles density functional methods. We
then take the prefactor in the Coulomb pseudopotential matriand the interband scattering paramekér;,
as the only adjustable parameters. The dependence on the C confgandfof the gap$A,, andA ) recently
measured in M@B;-,Cy), single crystals indicate an almost linear decreasg. @ increasingx, with an
increase innterbandscattering that makes the gaps merge=a0.132. In polycrystals, instead, where the gap
merging is not observed, the fit of the experimental data is obtained without the presence of interband
scattering.
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In spite of its simple structure, the intermetallic com- dered superceflsinstead of the virtual-crystal approxima-
pound MgB—discovered to be superconducting at about 4Qtion. Then, we will show that the experimentatiependence
K in 2001 (Ref. J—soon revealed a number of surprising of T_ and of the gap4, andA . can be very well reproduced
features that could not be explained within a picture of con,y agmitting a reasonable dependence of the prefactor in

ventional superconductivity. Band structure calculatfons the Coulomb pseudopotential maf# and, in the case of
showed Fhat the energy bands of Mgéan be grouped Into single crystals, an increase in timerband scatterind ™ on
two sets: the quasi-2[o- bands, and the 3DBr bands, origi- :

increasing the C content.

nating from the superposition of in-plane and out-of-plane ; h lizati ¢ th liashb
boron orbitals, respectively. As a matter of fact, most of the L€t us start from the generalization of the Eliashberg

physical properties of this superconductor have found a cledh€ory*? for systems with two band? that has already
and relatively simple explanation within asffectivetwo-  been used with success to study the MgBstent}>10.14-16
band modet®in which the two bands interact via a phonon- To obtain the gaps and the critical temperature within the
mediatednterband couplingThe result is that superconduc- s-wave, two-band Eliashberg model one has to solve four
tivity develops in both bands at the saffig but with energy  coupled integral equations for the gapéiw,) and the renor-
gaps of different amplitude),, and A, and thus different  majization functionZ;(iw,), wherei is a band index ane,
values_of the gap ratio®/kgTc. The sucess of the two-band 56 the Matsubara frequencies. We included in the equations
mode_I In descrlblng the featurgs of Mgaturally'opens the (explicitly reported elsewhet® the nonmagnetic impurity
question whether it can preditr at least explain a poste- : ) A

scattering rates in the Born approximatidi,

riori) the effects of induced disorder, irradiation and, over all, . ) . . .
chemical substitutions on the physical properties of the com-_ 1ne solution of the Eliashberg equations requires as input

pound. As far as substitutions are concerned, the experimefi) the four (but only three independefit electron-phonon

tal test of theoretical predictions has been delayed or evedpectral functionse;(w)F(w); (i) the four (but only three
prevented by the technical difficulties in obtaining good-independerf) elements of the Coulomb pseudopotential
quality samples of partially substituted MgB Recently, matrix " (w); (iii) the two (but only one independe'i
point-contact measurements of the gap amplitudes as a funeffective impurity scattering ratds!. None of these param-
tion of the C content have been reported in state-of-the-aréters or functions has been calculated for C-substituted
Mg(B;_,Cy), polycrystalé and single crystal®.The avail- MgB,, and in many cases their determination is a very diffi-
ability of these resultgthat for some aspects contrast with cult task, at least at the present moment. Hence, we are left
each other gives a good opportunity to test the two-band with a problem with too many degrees of freedom. However,
model. In this paper we will show that both the experimentaiwe will now show how some reasonable approximations al-
data concernind, and the gaps as a function gfcan be low reducing the number of adjustable parameters to 2, with
well explained within the two-band model in the Eliashbergno significant loss of generality.

formulation. We will use as input the frequencies of the Let us start with the four spectral functiorﬁ(w)F(w),

B-B stretching modéwhich is strongly coupled to the holes that were calculated for pure MgBn Ref. 10. For simplic-

in the o band and the partial densities of states at the Fermiity, we will assume that the shape of tb%F(w,x) functions
level, N}(Ep) and Ny(Eg), calculated from first-principle does not change witk, and we will only rescale them with
density functional methods adopting the viewpoint of or-the electron-phonon coupling constants
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FIG. 2. Electron-phonon coupling constangs calculated as a
function of x according to Eqs(3) and(4).
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FIG. 1. (a) Calculated density of states at the Fermi energy, Noo(X) = - > Noo(X=0). 3)
N{(Ep) (solid line) and N(Er) (dashed ling as a function ofx NN(EFaX:O)szg(X)
(from Ref. 9. (b) Calculated frequency of thB-B bond stretching
mode(the E;y mode in pure MgB) as a function ok (from Ref. 9. In this way, we assume that the change in the frequency of

the E,y phonon affects the coupling constant, while we ne-
A (%) glect its influence on the shape of the electron-phonon spec-
@F(w,X) = —"—a?F(w,x=0). 1) tral function. For the other coupling constants, we will in-
: Aij(x=0) : stead assume for simplicity

. T i
Neglecting the eff(_ect of C substltunon_ on thg _sha_pe of_ the 0 () # (0,0) A0 = NN(EFy)_() x;j(x=0) 4)
e-ph spectral functions is not a dramatic simplification, since Ny (Eg,x=0)
we showed in a previous papéthat the details 0fv’F(w)
do not significantly affect the resultinf.. To determine the ~With \,,(x=0)=1.017,\ . .(x=0)=0.448,\,,.(x=0)=0.213,
scaling factor in Eq(1), let us remind that, from the defini- and \,,(x=0)=0.155%1° Figure 2 shows the calculated
tion of electron-phonon coupling constdrit: electron-phonon coupling constants as a function ok.

As far as the Coulomb pseudopotential is concerned, let

us start from its expression in pure Mgf310.19
< M(ED(?) P pre V8

L (2) * *
Mg . Hoo Mo
pX)=10
Iu“iTU' Iu/’iT’iT
whereM is the ion mass(), is a frequency representative of 293 1
the phonon spectruny(Eg) is the density of states at the - . -
Fermi level, and(1?) is the average matrix element of the _ ot N(ERX) NR(ERX)
. . . 7 . - qu(w(ﬁx)NN (EF’X) ) (5)
electron-ion interactiof’ In our caseM is the boron mass 1 2.48
and does not depend on As a first approximation, and as NZ(ErX)  NI(EgX)

we did in the case of Al substitutiori,we will assume that

also the average matrix element of the electron-ion interacwhereu(w,x) is a free parameter and('(Eg, x) is the total

tion (1%) is constant, because it is basically determined by th@ormal density of states at the Fermi level. The numbers 2.23
deformation potential which is almost independentxdf  and 2.48 in the Coulomb matrix have been calculated for
The partial densities of states at the Fermi led§|(Er) and  pure MgB, but, as a first approximation, we will suppose
NN(Ep), have been recently calculated from first principlesthem not to depend or. In this way, the elements of the
by using a supercell approgcfor different values of the C Coulomb pseudopotential matrimfj, depend onx only
contentx, and are reported in Fig.(d). The frequency), through the densities of states at the Fermi level and through
can be identified with the frequency of thB-B bond- the common prefactoun(wc,X), that could also take into ac-
stretching phonon modéhe E,q; mode, that has been re- count the effects of disorder.

cently calculated as a function gffrom first principles’ and As far as the scattering rates are concerned, let us recall
is reported in Fig. (b). Since this mode couples strongly that, due to Anderson’s theorenmtraband scattering does
with the holes on top of ther band, from Eq.(2) we will not affect eithefT, or the gapg® so we will disregard both
have for\,,, (which gives the most important contribution to I'?> andI"™™. The remaining interband scattering parameters
superconductivity in our system are related to each other sifée
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FIG. 3. The experimental, measured in M@B,-,C,), single
crystals (Ref. 21 (solid circles and polycrystals(Ref. 7) (open
circles as a function of. The line is only a guide to the eye.

() _ (0 T _ NG(ERX) ®)

N () T0 Ny(Eg,x)
and thus we will always refer only #1677, Finally, we can fix
the cutoff energy(e.g., ».=700 meV} so as to reduce the
number of adjustable parameters to two: the prefactor in th
Coulomb pseudopotentigh(w,) (that we will call simplyu
from now or and the interband scattering paramdiér.
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FIG. 4. Symbols: experimental values &f, (open circleg and
A, (solid circle3 measured aT=4.2 K by PCS in single crystals
(from Ref. 8. Lines: A;(iw,-o) calculated for ther and 7 bands at
T=T./4 by solving the imaginary-axis Eliashberg equations in the
following cases(i) Thin solid line:I'?"=0, andu varies withx as
shown in Fig. %a), open circlesii) dashed lineyu(x)=w(0) and
I'’7 varies withx as shown in Fig. &), open squaregjii) thick
solid line: bothw and '™ vary with x as shown in Figs. ®) and
5(b), respectively(solid symbols.

Rlotice that with this approach one cannot obtain critical tem-
peratures lower thai,=25.8 K that correspond to the iso-
tropic “dirty” limit in which the two gaps merge into one

As already pointed out, the aim of the present work is thmplitudeA:4_]_ meV?3 This is clearly seen in the depen-

show that the experimental dependencé adind of the gaps,
A, and A, on the C content in Md,-,C,), can be ex-

dence of the gaps calculated with these valuel’af which
is reported in Fig. 4 as a dashed line. In spite of a rather good

plained within the two-band Eliashberg theory. The experi-

mental T,(x) curves measured in single crystalsand ' ' ' @)

polycrystald are reported in Fig. 3. The correspondinge- Br —o—p=p0) 7

pendencies of the gaps measured by point-contact spectros- S z0f THHRHW .

copy (PCS are reported in Fig. 4 and Fig. 8, respectively g 15l ]

(symbols. In single crystalgFig. 4), the two gaps approach -

each other on increasing until at x=0.132 they become oo 1

experimentally indistinguishable. This means that, at this 5 ]

doping content, their amplitudes are equal to each other 0 '

within the experimental uncertainty. In polycrystals, instead, (b)

the two gaps remain clearly distinct upxe0.10, whereA 0.03 1

is much smaller than in single crystals with the same C con-

tent(see Fig. 3 5 002 1
Let us focus for the time being on single crystals. The

T.(x) curve(solid circles in Fig. 3can be exactly reproduced 001} —o—r"=0 1

by adjusting only one of the two free parameters of the ——I"=T"(x)

model, or both of them at the same tirflmut, in this case, the 000 e o ou2 o6

choice of their values is not univocal unless one adds another
constraint.

For example, one can kegp equal 1o its value in pure FIG. 5. (a) Open squares: thedependence df ™ necessary to
Mng“ [!.e., () _“'“(0)]’_ and view the.substltuted compound reproduce thé of single crystals, ifu(x)=u(0). Solid squares: the
asa _dls_ordered ve_r5|on of MgE_BaS if the only ef_fect of C . I'"(x) curve that allows fitting botf. and the gaps when algois
substitution was an increase in interband scattering. This iMgaried withx. Lines are only guides to the ey@) Open circles: the
plies neglecting also the phonon hardening and the electroR-gependence of the prefactor in the Coulomb pseudopoteptal,
doping effectdthat actually play a leading role in determin- hat gives ther,(x) curve measured in single crystémlid symbols
ing the observedry(x) curvé?] so that theT.(x) curve is  in Fig. 3, whenT“"=0. Solid circles: theu(x) curve that allows
reproduced by only varying’?”. The resulting trend of the fitting both T, and the gap$A, and A,) in single crystals, when
interband scattering rate is shown in Figa)5(open squargs  alsol'*~ is varied.

xinMg(B, C),
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agreement between experimental and theoretical values of ' ' ' ' ' :
A,, the model predicts an increase &y, which is not ob- 0.16
served, and the merging of the two gaps at a much lower C
content with respect to the actual one.

The opposite case consists in taking into account all the
effects of substitutionsi.e., phonon hardening and electron  _
doping, with no increase of interband scattering. In this = gl
case, one can kedpf™=0, and varyu with x so as to repro- TR
duce the experimentdl(x) curve. With the resulting values
of u(x), shown in Fig. Bb) as open circles, one obtains tke 0.04
dependence of the gaps indicated in Fig. 4 as thin solid lines.

It is clear that theu(x) curve that reproduces the experimen-

0.12

tal T, for any C content gives values of the large ggpthat '08.00 0.02 004 0.06 008 010 0.12

agree rather well with the experimental orfepen circles in xinMg(B, C),

Fig. 4) but gives rise to a decrease in the small gap which is

not observed experimentally. FIG. 6. The elements of the Coulomb pseudopotential matrix,

The analysis of the previous two cases suggests that th@qJ calculated from Eq(5) by using the densities of states from
experimentalA ,(x) and A (x) curves could be explained as first-principles calculations and the prefacioix) that best fits the
due to the interplay between a decreasgifthat makes\,  experimental dat&T. and gapsin Mg(B;_,Cy), single crystals.
decreaspand an increase i7" (that instead makea ,
increasg This result has been recently anticipated by amparable to&, that may well give rise also to-7 scattering.
analysis of the effects of band filing and interband The values of the Coulomb pseudopotential prefagior,
scattering? Hence, we will now try to fit the experimental  that allow reproducing both th&, and the gap amplitudes,
dependence of. and of the gapa ; andA,, by varyingboth  are reported in Fig.®) (solid circles as a function ok. The
w andT?™. The best-fitting curves for the gapactually, the  resulting u(x) curve is almost linear up t8&=0.10, where a
values of A(iwn-o) at T=Tc/4, for the two bandsare re-  change in slope reflects the analogous feature of the experi-
ported as thick solid lines in Fig. 4. The choice of the parammental T, (see Fig. 3. Figure 6 reports the values of the
eters is univocal, and the resultingependencies df’™ and components of the Coulomb pseudopotentia] maﬂi}gycaL
w are reported as solid symbols in Figga5and §b), re-  culated from Eq.(5) by using the densities of states
spectively. o . . ~ [N{(Eg,x) and NJ(Eg,x)] from density-functional methods,

As shown in Fig. &), the interband scattering remains and the values of.(x) that allow best-fitting the experimen-
smaller than 2 meMwhich is a valug reasonable even for iy gaps[solid symbols in Fig. 8)]. It is clear that all the
pure MgB,) up to x=0.10 and then increases to make thecomponents of the,” matrix monotonically decrease on in-
gaps approach each other until they become '”d'St'ngu'Srb'reasing the C content. The large decredsea factor of
able. The point a1<=0.13_2 in Fig. %a) represents the mini- two) of w or, similarly, of ,U«fm betweenx=0 andx=0.1,
mum value ofl""" that gives gap values differing less than g qqests large changes in the electronic screening, that seem
0.3 meV(which is approximately the best experimental reso-ig e incompatible with the much smaller changes in the
lution of PCS at 4.2 K Greater values df’" are allowed as  aria| densities of stateig. 1). Giving an explanation of
well, since they would give rise to gaps even closer to eachyis nyzzle within the two-band model is a very difficult task.
other. Although the point ax=0.132 might depend on the oyever, a tentative and qualitative explanation can be
approximations we are using in the present paper, there is Nyen in the much simpler single-band case. Let us therefore
doubt thatl °™ has to increase to reproduce the experimental,nsider thes-band quantities alone. Lei =y be the
gsp ;)/alude§é|_'l'hiﬁbincretz;se is ﬂ;)“? igen_er_al _pregictigntgf :hgrenormalized Coulomb pseudopotential, given A= u[1

o-band Eliashberg theory, but its origin in C-substitute -1 : * e ()
MgB, is still debated at the moment. According to Ref. 23'+sléeln(lfig/wé0€£1d. uSSti?]glgg:f;%g r;hee\/\g:;?z(g gr)1d 2'17

: F : log

carbon substitutions should npt change the Iogal lattice poi L e .. the value of the bare Coulomb pseudopotenial
symmetry and therefore the interband scattering should re- . 722 . . .

. . 0 . =0.26 is obtained. From the Morel-Anderson definitfoaf
main very small as in pure MgB° However, ao-m hybrid- :

ization might also arise, abowe=0.10, from the presence of Mo 1€,

superstructures or even short-range order in the substituted 1 o\ 2

compound® It must be said, however, that high-resolution w= 2In[1 <_F> } (7)
TEM has shown no superstructures in these single cry3tals, 2<2_kF) Ks

even if the possibility of short-range order is not ruled out. ks

An alternative explanation is based on the observed increase

in flux pinning and in the normalized resistance on increaswhereks is the screening wave vector, and using as a first
ing x.2! These effects suggest the existence of microscopi@pproximation the free-electron relationship betw&emnd
defects in the single crystals, acting as scattering centers. A&, one getkg(x=0)=0.47 A1 The same calculation gives,
indicated by magnetization data, these defects might be locddr x=0.1, kgx=0.1)=0.16 A, so that [(kg(x=0)/Kg(X
inhomogeneities in the C distribution on a length scale com=0.1)]=8.56. Since in the Morel-Anderson modeo k.
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FIG. 7. The temperature dependence Af(iw,—o) and
A (iwy=o) calculated by solving the Eliashberg equations in four
different casesx=0 (solid lineg, x=0.055 (dashed lines x=0.1
(dotted line$, andx=0.132(dashed-dotted lings

FIG. 8. Experimental values df, (open circlesandA . (solid
circles measured by PCS dt=4.2 K (from Ref. 7 compared to
the values ofA;(iwp=q) Of the o and 7 bands(lines) calculated by
solving the imaginary-axis Eliashberg equationsTatT./4, when

all the physical parameters vary withapart from the interband
(wherekqg is the Thomas-Fermi screening wave vepemd  scattering which is kept equal to zero.

k2. is proportional taN(Eg), this value has to be compared to . )

the ratioN(Eg, x=0)/NG(Eg,x=0.1=1.11. The comparison 92PS at different C contents, that can be easily tested by
confirms that the change in the DOS alone cannot explain th _erform|7ng PCSt mte;]asurelmeln'is(;is alfunct};)n_of tempe(rjature.
observed reduction in’. However, a large increase in the A'g‘_”e reporfs € caf?rua_e \:)a uis t’(llw.“z()) ?nh
residual resistivity is observed on increasing the C corftent, 2o(i®n=0) @s @ function ofT given by the solution of the

s0 thatpo(x=0.1) ~5py(x=0). This suggests that, for some I_Ellashberg equations in four different cases:0 (solid
x>0.1, a metal-to-insulatofMIT) transition might be ex- N9, x=0.055(dashed lines x=0.1 (dotted line$, and x
pected. In the hypothesis that @t 0.1 the system already =0.132 (dgsh-dotted lings It is worthwhile to notice the.lt’
lies somewhere between the Fermi liquid and the criticafVeN at high C contents, the,(T) curve shows a negative
regime where the MIT occurs, a generalization of the Morel-Curvature in the whole temperature range as in pure MgB
Anderson modéf has to be used to describe te0.1 case. ' his is due to the fact that, as shown in Fig. 2, the interband
Within this scenario,kg(x:O.l)ock$F[l+(a/ar)2]‘l, where coupling .does noF. decrease sensibly on increasing
r=[po(x=0.1-p.]/ pes py is the critical value of the residual x—otherwise a positive curvature would be observed in

) - 27
resistivity anda, a are constants defined in Ref. 26. HenceA"(T) in the proximity ofT.. . .
one gets Let us now turn our attention to the experimental results

obtained in M@gB,_,C,), polycrystals’ As we did in the case
[ kg(x=0) ]2 _ N{(x=0) [ +< a )2] 8 of single crystals, we start by trying to reproduce the experi-
ke(x=0.1) (x=0.1) (8) mentaITC.(x) curve (open qrcles in Fig. BkeeplngF"”:Q
and varying the prefactor in the Coulomb pseudopoteniial,
from which (a/ar)=2.78. The parametesr expresses the Once determined the values pfthat give exactly the ex-
distance from criticality(i.e., from the MIT) and can be ob- perimental T,, we can calculate the gap&(iw,-o) at T
tained fromNg(Eg,x=0.1) =Ny (Er,x=0)[1-exg-ar)], that  =T_/4 for the o and 7 bands. The results are reported as a
gives ar =2.3. According to Ref. 26, this value is perfectly function of x in Fig. 8 (solid lineg. Surprisingly, the calcu-
compatible with a strongly disordered Fermi liquid. Finally, lated gaps agree very well with those measured by PCS
the value of the consta@tturns out to bea=6.4 that falls in ~ (symbols, with no need of interband scattering. This result
the range of values allowed in Ref. 26 and is correctly of thendicates that the strong difference between the trend of the
order of the cell parameter. In conclusion, the observed drogaps measured in single crystand polycrystalSis very
of ,ufm is due to a change in the screening length that, in turnlikely to be due to the different nature of the samples. Un-
can be justified by the transition to a disordered Fermi liquidfortunately, a more detailed discussion would require a
on increasing the C content. Incidentally, this result mightdeeper knowledge of the mechanisms that give rise to inter-
further justify the observed increase in interband scatteringpand scattering in C-substituted samples, which is lacking at
I'“™ at high doping levels. the present moment—even though some hypotheses for the
At this point, all the parameters entering the two-bandincrease il'?7 in single crystals have been presented above.
model in Eliashberg formulation have been determined as a In conclusion, we have studied the KBy_C,), Ssystem
function of the C content, so that in principle any relevantwithin the effective two-band Eliashberg model, that was al-
physical property of the superconducting state ofready shown to be well suited for the description of unsub-
Mg(B;-Cy), single crystals can be calculated. For the timestituted MgB. In the analysis of the C-substituted system,
being, we can calculate the temperature dependence of thiee have used as input parameters the frequency oBiBe

ar
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stretching mode and the partial densities of state at the Fernpierimentally in single crystalavhere the gaps become indis-
level, calculated as a function gy first-principles density- tinguishable ak=0.132 and polycrystal§where there is no
functional methods. Adopting some reasonable approximatendency to gap mergingonly arises from the different
tions, we have come to a simplified model with only two amount of interband scattering in the two cases. The increase
adjustable paramete(the prefactor in the Coulomb pseudo- in T'“™ abovex=0.10 might arise from short-range order in
potential and the interband scattering jatwhose depen- the single crystal structurdspr from local inhomogeneities
dence onx has been determined so as to reproduce the eXp the C content on a microscopic scale.
perimental values of; and of the gaps\, andA .. Finally, these results give an indication of what an ideal
The success of the model in describing the experimentadypstitution, capable of increasing tfig of the MgB, sys-
findings shows that C-substituted Mg a weak-coupling  tem, should do, i.e., increase,, decrease.,, and keep the
two-band system as the parent compound. In details, the rgyterhand scattering as small as in pure MgBccording to

_sults in.dicat_e that(i) the experimental beh_avior o"fc on  Egs. (3) and (5), this is possible ifNS(Eg) increases and
increasingx is the results of the decrease in thes intra- NZ(Ep) decreases.

band coupling(due to the filling of theoc band$ and of a
decrease in all the elements of the Coulomb pseudopotential Many thanks are due to S. Massidda and A. Bianconi for
matrix, in particularx, . Without the contribution fromx”,  useful discussions. This work was done within the Project
the T.(x) curve would be steeper than experimentallyPRA UMBRA of INFM, the FIRB Project RBAUO1FZ2P,
observed? (ii) the different trend of the gaps observed ex-and the INTAS Project No. 01-0617.
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