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Mermin-Wagner theorem analogous treatment of the long-range order in LaCuQO,-type
compound spin models
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The analysis of the highiz superconductor parent compound,CaO, phase diagram shows that in the
tetragonal phase of this system spontaneous magnetization at any finite temperature equals zero, whereas in the
orthorhombic phase long-range order exists up to a certain temperature greater than zero. In this paper, such
behavior is demonstrated exactly for the spin model which describes this compound, by making use of the
Bogoliubov’s inequality. We may therefore conclude that the results of Mermin and Wagner can also be
extended to some ddisotropic magnetic lattices. The situation for the Y¥%BazOg-type model is also

discussed.
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I. INTRODUCTION o) ) &P
tI 2 B pii 458
The exact relations, either equalities or inequalities are P57
rather rare, yet invaluable tools in theoretical physics, since ap=ab; ap

they represent an important test of correctness of any ap-
proximate approach. Among them, Mermin-Wagner theorem s @) . L
(MWT)? with its broad applicability has been used in statis- +32 Sfp“r), S(:ﬁ Jejea— > s;fg)e"Q@v”w). (1)
tical physics for almost 40 years to test the results concern- Py, 57 G P :
ing the phase transitions in various magnetic systems. Based a=ab a=ab
on the so-called Bogoliubov’s inequality, it relates the pos- H q he ol —a b ref h b
sible existence of the spontaneous magnetization to the d‘- 1ere,p erJotest ep aﬁﬂ’ﬁ—_?* ref err] to the tW‘?].S“h'
mensionality of the system. It is still the subject of detailed AttiCES:Na/s, Mayp SPECify the position of the spin within the
analysiss™ plane, 6*/*# connects the two ferro/antiferromagnetically
During our study of the magnetism in the spin model coupled spins in the neighboring planés;gugH, whereH
describing _ hightc Sup_erconductor parent compound signifies the external magnetic field,is taken in such a way
La,CuQ, (Figs. 3 and 6 in Ref. b we had come to some hat Q=1 whenri connects sites in the same sublattice,
interesting results concerning the existence of the spontangs,q —1 when it connects sites in different sublattices.
ous magnetization in that system. Namely, though in general |, order to be more specific, we emphasize that in the
the three-dimensional systems have finite Néel temperatur ; (1) qab_, 12—
[due to the convergen Yy t the intogral In 42 in R fpl] Srthorhombic phase'” = J% +#J7'=J%, whereas the sym-
ue bo he goh erge ﬁy(.) € integra \Cao eN' | metry of the tetragonal phase imposg% J%3=] . It should
we obtained that ;]n t ilﬁotroplc_teftraggr_]az ; 4 e?'k | be stressed that our model takes into account the experimen-
temperature vanishes. Atfirst, we interre Itto emost_ ! e,ytal fact that the interactions between the nearest neighbors in
the consequence of the application of Tyabllkovsthe adjacent planes are antiferromagn@ﬂ@>0 i=1.2].

g?riﬁgflég%grut:iir?ﬁ;esrgﬁs i)eg?a?/er?nbs fORr;“;erlllse\fllé?f;gg:éHowever, the ordering of spins is dictated predominantly by
y C the much stronger nearest neighbor interaction in the plane.
we found out later that these conclusions can be proven d

rectly (using Bogoliubov’s inequalityfor this type of struc- §inceJL<J we take into account only the interaction be-
y g bog q yp tween the two neighboring planes. On the other hand, we

ture and we intend to present our results here, since SOMZclude all the interactions among the spins within the same

previous attempts to exteqd MWT results to more .Complexplane. Some examples of those interactions are given in
three-dimensional magnetic lattices seem to be mconclul-:

ives - Fig. 1.
sive” For that reason, we offer a somewhat extended deriva- "y jpytig) point of our calculation is the Bogoliubov’s
tion of our results. ; ;
inequality?
Il. BOGOLIUBOV'S INEQUALITY AND SPONTANEOUS LI22{A,ATN[[C,H],C) = ks T|([C, AD2. )

MAGNETIZATION IN La ,CuO
2 N Here,[- - -] denotes the commutatdf, -} anticommutator,

The Hamiltonian describing the spin interactions in theH is the Hamiltonian of the systerqi, -) signifies the average

La,CuQy-type structures is over the canonical ensemble with the Hamiltonknand A
and C are two arbitrary operators chosen such that given
H :% > J(ﬁa—rﬁﬁ)%""% ﬁr)n ensemble averages exist. It is the careful choice of these
A « T operators that yields MWT.
P.NgMpg . .
a,f=ab Our choice will be
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FIG. 1. Unit cell of the LaCuQy in (a) tetragonal andb) ortho-
rhombic phase with exchange interactions labdRdf. 1. Only

CW?* ions are shown. Two different orientations of spins are de- L

noted byO and ®@.

CR=§+§"; AW=52-5.
L _ee@)y g calb) -
Introdumngo—(S;ﬁa)—( S’Z)’ﬁb>, we arrive at

([C,A]) = 2Na, (4)

whereN denotes the total number of magnetic ioffSince
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tator and its majorization. A rather lengthy algebraic proce-
dure leads to

MCHICD= X Apup(e™ s - 1)
Pap
a,B=a,b

X AT i S S0
p.n
+JP X
S’jﬁ
a,B=a,b, a#B

) B =(&tB
X2 <(2‘°Z‘p,ﬁa5fp,ﬁu>+aﬁﬁ * S8, i)
PNy

(ot~ )

K52 z(a) Za)
S TS @RS
6&(1

Py
a=a,b
SHax (@ (@) _ z(b)
S+ (T E- T D)
a )

8

wherep,z=n,—Ng.

We must perform the majorization of this expression very
carefully for the following reason: the partial sums of spin
correlation functions have to be majorized in different man-

relation (4) is valid at anyk, the K dependance in notation is N€r depending on whether the spins belong to the same or

henceforth neglectel.

different sublattices. This is the essential difference compar-

The above expressions lead to the following form of thelNd to the original MW approach. Let us look at the general

Bogoliubov’s inequality:

- 8Ks TN?0?
(AATY = ——2———. (5)
([[C.H].CH(®)
A rather simple calculation gives the following expression
for {A,A'}:
AAY =z D g m) &l SHay

Plig M ¢ “

a=a,b

- > e—ik’(ﬁa—ﬁw{‘;(m,“t<a>}_ 6)

p’ﬁa'ﬁﬁ 31/3 Sja

a,Bf=ab, a#p

Summing overk, averaging and taking into account thit
# Ny, yields the expression

SaAAD =Y 3 (§0E
k P:Ng»
a:a,b

= 2N (S(S+1) - (§1)) < 2N*S(S+1).

Pfg

(7)

expression for this partial sum

) sHB) ~(a)tB)
2 <(28;'ﬁas(p]ﬁa)+étiﬂ + Spﬁﬁas(p,ﬁa)+6!iﬁ)>
PNy

8 )& 1at(a) &
%3 3 ((§5 150 5)

Py Izl,lzz

% ei(lZ1+|22)(p,ﬁa)+n<”25ﬁ5
4 Z(a) & otHa) & _ikseB
:NE <<3i( SO 4 g ),S_Eﬁ)}»e k7P 9)
k

If =g, following the reasoning of MW, we obtain

%zk: <(éé(a)éf(€> + %{s(t(a)”\s:(lza)})>e_”2;1m

= %ER (S5 + 38.5))
-2 (050 - 1S S e
=23 ((§059 + 150 59)).

P.Ny

(10

The above equality is standard property of angular moment
operator Eq. (3.15.H in Ref. 10. However, for a# B, assuming that the last term ®) is

We confront the greatest complexity of the calculationPositive, we proceed in similar manner, yet in this case the
during the evaluation of the average of the double commusum overk vanishes, leading to the essential conclusion
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@b | a@arb) 1/ ek & (@
F% <(2%’ﬁas(zpyﬁa)+é‘ib+ %’ﬁas(piﬁa)+éib)> <0. (11) + 4<{Sp,ﬁavs(p]ﬁa)+évia}>) + 2Nho. (14)
In order to demonstrate the plausibility of these results, let In.ordtehr to perfprm the majorlzatlon o the Slt“'r:ns aplpiar—
us first consider the case of the simple three-dimensiondl'd " M€ zprevpus expression, we use fhe refation
(3D) two-sublattice antiferromagnetic, in the nearest neigh((sp,ﬁai Sp,rﬁb) »=0, i=x,y,z and the fact that the two sub-

bor approximation. In that case, lattices are equivaler{(%ﬁa)%:((AS'p’rﬁb)2>, which yields
A 01 6 = kN ap @z aa N
(EALE =3 e - )T FREY G o, )l = (§0)2- (15
Nab a
N AS;@ASJr(bj . (12) Taking into account Eq(15) and the fact tha’((S'p’ﬁa)2>
M (Pa) Ay <S(S+1), we conclude that all the partial sums of the cor-

It is known that this expression should be positive due to théelatIon functions in Eq(14) are equal or less thaNS(S
properties of Bogoliubov's inner product, yet for-0 thisis ~ +1)» Whereby Eq(14) becomes
fulfilled only if the sum of correlation functions is negative. ~ ~ -~ ~. . i

Let us now analyze the expressi@®). The first term con-  ([[C,H],C'D(K) < 2NSS+1) X {E 19(Pap)|(1 — &7 Pas)
tains the interactions between the spins within the same Pap
plane. The leading interaction will be the one between the

(1) _ ke L 12 iK% _
nearest neighbors, with negative partial sum of correlation *J1 _Eﬁ(l eor) + ] 2 (e 1)] + 2Nho
56( 5(111

functions[according to(11)]. Since the whole sum has to be v n
ositive, it can be majorized as the sum of absolute values - -
in MW manmahe = NS+ 1)[2 9346 (1 ~ coskipog) + IV (1
However, for the second term, we shall not perform any Pap 51
majorization, but just regroup the terms: _ coslzgj’ﬂ) + J&Z)E (coslzgj’“— 1)} + 2Nho. (16)
iK5F cdla) 2B e
W E @ -DRGIS e o |
Py, 078 The next important question we confront is how to apply
Py the majorization to this expression. According to Mermin
(et (B and Wagnet,one should take 1-cos< %xz, which is proper
+ Sp,ﬁus(p,ﬁwgaiﬁ) since it is essential to look for the terms that make the inte-

gral in Eq.(12) in Ref. 1 diverge in the vicinity ofk| =0.
In our case, we have

— 51D _ ko® ( I FB R - R
23} gﬁ (1-e") pZﬁa <S;,nas(zp,ﬁa)+5‘jﬁ> 1-coskip.p < 3k'pog  1-cosks? < 3KA(51%2  (17)
€
a#p within the CuQ plane and between the two planes, respec-
1yt | &l tively.
- 4<{S<p,ﬁa>+é‘jﬁ’spyna}>)‘ ’ (13) After this majorization, Eq(16) takes the form

where we have made use (@fl). Also for the third term, we  ([[C,H],C"])(K) < 2NSS+ 1) X [E |J(5a3)|pi3] k212
use the fact that these neighbors belong to the same sublat- Pap

tice, so the sum of correlation functions is positive. All these

considerations can be summarized in + {

IV (697 -3P 2 (61““)2} k2/2}

P o
([[C,H1,CD(K) +2Nho, (18)
<2 2 I(pap)(1 —e“kﬁﬂﬁ)z, |(<ASE(%1A éé%ﬂ)+5aﬁ> which is valid for the orthorhombic phase of JGUO,.
a;iib Pl In the tetragonalphase of the systend®=J? and |5*"|
o o =|5%%, so Eq.(15) is reduced to
USR5 D)2 S - o
big (I[C.H1.CD(K) < 2NSS+ 1)[2 |J<5aﬁ>|piﬁ] k{2 + 2Nho
(CH&B) Pap
2(a) AP oHa) & (B — 21,2
X E (<S;Z)(,ﬁls(zp,ﬁa)+é‘iﬁ> + %K{ +,(ﬁa),5(p,ﬁu)+5«iﬁ}>)’ =NgS+ D[% NI ]k +2Nho
P.fy
+2003 (e~ q) ) (<ASE(,§1 S?;)ar:)ﬁi> =NSS+ 1)AK + 2Nho, (19
o pn where the quantity\ is obviously given byA=3;J(p)|p2

132510-3



BRIEF REPORTS PHYSICAL REVIEW F1, 132510(2009

Summing Eq.(5) overk and making use of the Eqé?) 1. CONCLUSION
and(19), and, we arrive at the following expression: In this paper we present results which show that the con-
. L clusions of Mermin and Wagnerconcerning the nonexist-
2 2L ence of the spontaneous magnetization in isotropic one-
AN'S(S+1) = 26T4N NER ASS+ 1)k”2+2Nhg' (20 dimensional (1D) and 2D systems with finite range

interactions can be also extended to some 3D isotropic sys-
ms.

Namely, we analyze the two phadgstragonal and ortho-
rhombig of the spin model describing high- supercon-
ductor parent compound LEuO, and, taking into account
only the interaction between the two neighboring planes, we

) 1 infer that in the tetragonal phase the spontaneous magnetiza-
2< SS+1)| a f o 1 (21) tion at any finite temperature equals zero, contrary to the
AkgT | 2m)2), 55 akf+ 2Nho | orthorhombic phase in which long-range order exists up to a
certain temperaturéNéel temperatune which agrees with
wherea denotes the lattice constant within the plane and the experiment. These results are obtained exactly, by mak-
=ASS+1). ing use of Bogoliubov's inequality. _
If we (similar to MW procedurg integrate only over a It is important to emphasize that these results are strictly
sphere of radiuk, contained in the first Brillouin zone, then Valid only in the case of this specific spin model where only

an elementary integration shows that the value of the brac he interaction of neare.st'nglgh'b'ors in the adjacgnt planes is
eted factor is aken into account. This is justified by the experimental re-

sults according to which the interaction of those first neigh-

We now transform the sum into the integral and observe thal
the function under the integral does not dependpithere-
fore, after the integration ovdy,, the integration ovek re-
duces to two dimensions, where we obtain

2 1 2 akg bors is several orders of magnitud ) times smaller than
2] 2K = In<1+ ) (22) the in-plane interaction of the nearest neighbors. Formally,
2m?)igz okl +2Nho  4ma 2Nho the interaction of the next neighbors would definitely change
the result.
and we obtain the following expression for the spontaneous In the case of YB#Cu;Og,'! there appears a bilayer mo-
magnetization in the tetragonal phase of the system: tive, so that in the direction orthogonal to the bilayer there
occur two types of interaction: intrabilayer and interbilayer.
S(S+1) akd \ 7 However, the nearest neighbor interaction occurs always be-
o< T a2 | 1+2Nh0' (23)  tween antiferromagnetically ordered spins, contrary to the

lanthanide case, where the competition between ferro- and
In the limit h— 0, ¢2<0, hence, we infer tha#=0, i.e., antiferromagnetically ordered spins leads to the two dimen-
the long-range order does not exist at any finite temperaturgionality of the integra(21). Consequently, in the case of the
T#0. YBa,Cu;Og-type compound spin model, the integration
Quite contrary, in theorthorhombic phase the second which would follow from the equation analogous (b6),
bracketed factor in Eq(18) differs from zero, so Eq(19)  would possess the three-dimensional character, yielding the
becomes long-range order up to the Néel temperature.
AA e The analysis presented in this paper suggests that the do-
([[C.H]L.CD(K) < NSS+ D[AK +BI’] + 2Nho, (24) i’ e applicability of Bogoliubov’s inequality in study-

) 2 142 a2 - ing the presence of the long-range order in various groups of
whereB=J, Eéib(éib) T2 #2(57)°. The main difference systems seems to be very wide. All the possibilities of usage

with respect to the procedure performed for the tetragonalt ihis rigorous relation have not yet been exhausted and are
phase is that the integration cannot be reduced here to thg, i to be examined.
two-dimensional2D) case, which leads to the convergency

of the integral analogous to the one in E21) and, hence, to This work was supported by the Serbian Ministry of Sci-
the finite spontaneous magnetization, up to a certain temence, Technology and Environmental Protection, Project No.
perature(Néel temperatune Ol 1895.
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