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Microwave-induced fluxon bunching in weakly coupled Josephson junctions

Sgren Madsehand Niels Grgnbech-Jensen
Department of Applied Science, University of California, Davis, California 95616, USA
(Received 2 September 2004; revised manuscript received 4 January 2005; published 22 April 2005

We consider a pair of weakly coupled long Josephson junctions and investigate the conditions under which
an external microwave field may phase-lock a single shuttling fluxon in each junction, and subsequently
collapse the mutually repulsive fluxons into a phase-locked bunched state. Based on the coupled sine-Gordon
model and the collective coordinate perturbation approach, we develop specific conditions for the physical
parameters necessary to ensure the bunching of two fluxons in different junctions. The perturbation results are
verified by direct numerical simulations.
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Coupled Josephson junctions have been extensively irplying a microwave magnetic field, which can phase lock a
vestigated both theoretically and experimentally in part beshuttling fluxont?!4 to two inductively and capacitively
cause of the prospect of phase locking and mutual synchraoupled junctions, we demonstrate how the system can go
nization. One reason for the interest in phase locking is thafrom the antiphase mode, with two mutually repulsive flux-
an array of synchronized oscillators can dramatically enpns, to the in-phase mode, and we develop explicit expres-
hance the emitted power and simultaneously retain a smadjions for experimental parameters such that this may happen
linewidth of the resulting output signaf One synchroniza- i, weakly coupled systems.
tion mechanism is a coupling through the boundaries such The normalized equations of motion for a model system

that phase locking may occur due to, e.g., reflectingy ¢ led J h iunction& 745
fluxons13* Another is a spatially distributed coupling be- WO colipled Josepnison Junction

tween neighboring long junctiof® through which, e.g.,
fluxon dynamics is mutually coordinated between the junc-
tions. The latter case may significantly change the basic
properties of each junction as has been shown theoretically U= Py — SIN Y+ Aho+ Aphy = athy — 7, 2

for short-range inductivie” and long-range magneficou-

pling between long Josephson junctions. These studies hayghere ¢ and ¢ are the gauge-invariant phase differences
identified that a system of two coupled junctions will exhibit petween the quantum-mechanical wave functions of the two
mode-dependent characteristic velocities in the dispersion r&uperconducters defining the two junctions, respectively. See

lation, corresponding to characteristic voltages or frequenrefs. 6 and 15 for details on parameters and normalization.
cies in a physical systef.In a system of two coupled junc- The applied boundary conditions are

tions, these modes, one faster and one slower than the usual

characteristic velocity of a single junction, represent the - — - —T i

asymptotic velocities for the superposition field and the dif- $O =40 = A{L) = g(L) = I sin(@), @

ference field of the two junctions, respectively. Thus, syn-nodeling a system with normalized lengthembedded in a

chronized modes of two coupled junctions have differentyagnetic field with normalized amplitudé and frequency

properties according to whether they are in or out of phase) 13

One particularl example is when two coupled _junctions eaph The corresponding normalized energy of the system is

are operated in the single-fluxon mode. In this case, the injefined by H=H,+H,+H, where

phase mode is energetically unstable, while the out-of-phase

fluxon mode is energetically stable. Nevertheless, the in- L

phase mode, once formed, has been shown to be stable be- H¢=f (¢t2+ d>)2(+ 1 - cosg)dx, (4)

cause of the Cherenkov radiation arising from the incom- 0

mensurate characteristic velocities of the coupled sy$tem.

Despite the existence and stability of the fast-moving L

bunched fluxon mode it is not clear how to experimentally H, :J (Aq iy — Aphyif)dX, (5)

obtain such a state, since fluxons of equal polarity in differ- 0

ent junctions are mutually repulsive and experiments are

usually initiated at low-fluxon velocity. In fact, while several andH,, is defined similar tdH .

other types of excitations have been shown to exhibit both Since we are interested in single fluxon modes and their

branches of in-phase and out-of-phase md@ésthe repul-  interaction with an external magnetic field acting through the

sive fluxon mode is not easily observed. junction boundaries, we will consider the solutions to the
This paper investigates how the in-phase bunched fluxosemi-infinite (L — ) systeni describing two single fluxons

mode, which has an energy formation barrier when the sysmoving with asymptotic speed and distance =u|m,— 7|,

tem is initiated in an energetically favorable state, can bevhere 7, and 7, are the boundary collision times for the

obtained by experimentally controllable parameters. By apfluxons of ¢ and ¢, respectively:

Dxx— D~ SING+ Aqif + Ay = ap— 7 (1)
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. t—7 QN1 +0A, u?
sinh| ———===u u/cg)) cosh ———— cos‘1<2— -1
¢, V1+0A, " 2uy(ulc,) c?

, = . (12
OS)’( QN1 + O'Al)

2uy(ulc,)
For a given asymptotic distancezudr, between the flux-
ons, they can be phase locked if the biasatisfies

¢, = 4o ant (6)  k=4m(1+A))

X
cos =y(u/co))
V1+o0A;

with ¢, being defined similarlyg,=+1, o,=+1, and

1+0A, 1 K ot 1
Co=1/ , Y W=—=—, o=zx1. (7 7= s21”005((2—)5—&7, (13
o 1 _O'Az 7( ) \’/m g ( ) | 0| | 2 2
These functions are exact solutions to the left hand side of _a WN/Q(¢2+ J2)dtdx (14)
Egs.(1) and(2) for L — o, 7;=7,, andl'=0 when¢= 0oy and o= 0 to '

o=040,. Inserting the above ansatz into the expression for _ . _ . _
the total energy clearly reveals that the 040, =1 solution To investigate if the phase-locked state will collapse into a
is energetically unstable and thato,0,=-1 provides a bunchedr=67=0, state, we must evaluate
stable state fotr; = ,. _0 Qr NI

We will adopt the above ansatz for the perturbed problenE = —(QK[‘ Sin(Qro)sin<—> +f —'dt) (15)
such that the solutions far=-1 is used for all cases, where Nar 2u o o
¢ # i, thus, we will generally assume,o,=1, regardless of f
o. Since we investigate if phase locking to an external mags
netic field can forcer;=7,, we will first explore the phase
locking of the system by adapting the wave prof{lEs. (6)]
to the phase-locking analysi$.

To phase lock, a fluxon must travel a half period in the
time it takes the external ac magnetic field to complste 8040, AUlc)r Ay — AW

o _

. | . H = .
quarter periods, leading o [ SINHAU/C,)IVL +0Ay] 1+0A;

C, . [ mNuy(u/c,) \ _ Ly(u/c,) Note that we are using this expression as a repulsive inter-
sin 2001 +00,) cos N1+oh,) (®) action(o40,=1) regardless of the value of. Assuming that
the time the fluxons interact with the boundary is small com-

from which the asymptotic velocity can be determined for pared to "’; half pe”o‘f OT mc_mon, we will proceed using
a given set of parameters. In addition to this condition, thefH'dt%fH' dt. Then,F=0 implies

energy change averaged over one period of steady-state mo-

tion AH must be zero. Following the perturbation analysis«I’ cos(Qro)sin<QZ—)
for phase locking, a single junction to an external fiélgith u

or o=-1. SinceF is an expression of the effective force
etween the two fluxons, steady-state dynamics must imply
that F=0 for a given steady-state distanceA simple trav-
eling wave solution, which is valid when the fluxons are far
from the boundaries, yields the expressfon

(16)

u

the ansatZ6), we obtain _ = 8o 40,muyA(ulc,)
- ulc,)r
to+(7NI2Q) Q sinh<T(—”))
AH= ‘“J f (¢2+ A)didx-AHg,  (9) 1tk
to-(mN/2Q)) v(ulc,)r
nulc,)r cosh ————= )
where the spatial integration is understood to be over the «| 1- Vi+oAy/ |A— A . (17)
system. The first term on the right hand side represents the —— [ ~ulc)r V1+0A,
energy absorption from the dc bias currdnibeing given by V1+oh;sin \,/1 + oA,
r( Iy(ulc,) ) c h(q-rNUy(u/c )> The maximum value of” cog 7)), necessary to ensure
sinf ———|=—"sinh ——=, (10 0, is found forr=0 (for o=-1).
smiron)  u M 20\1ren,) 0 —Qisfou (for o=-1)

Expanding Eq.(17) for small r, we obtain forr=0 the
) _ ~critical valuel' of the ac-amplitude of the ac magnetic field
the second term is the energy loss, and the third term is thgeyond which two phase-locked, mutually repulsive fluxons

energy exchange with the external magnetic field, will collapse into a bunched state
. St _ 16(T¢(T¢,7TU2’)/3(U/CU.) Al - A2U2 (18)
AHg = 2«I" sin(Q 7g)co QE , (11 c 3k02codOry)  1+oA;
This result shows that the ac-magnetic-field-induced bunch-
whereTO:%(rﬁ 7), 0T=7,— 1, and ing of fluxons is most effective at the center of a phase-
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"D ramericaly One assumption is that the ans@Eq. (6)] represent a half
period of motion during a reflection at a boundary. Another is
that the mutual repulsion between the fluxons due to the
inductive coupling can be well described without the bound-
ary effects. Both these assumptions are poor for a very short
system. Nevertheless, the figure shows very convincing
agreement between analytical and numerical results.
The value of magnetic-field amplitudé,, for which the
10 mutual fluxon distance becomes zero, was studied in detail
and the results shown in Fig. 2. Here, the two upper continu-
& - ous curves show the critical-field amplitudie as given by
0 0.2 0.4 0.6 0.8 1 . .
T Eq. (18), for two values of applied frequency, as a function
FIG. 1. Distanceys, between two phase-locked fluxons as a of the inductive-coupling constant,. The two lower con-

function of magnetic-field amplitudE. Continuous curves are ob- tinuous curves represent the critical vallig necessary for
tained from Eq.(17) and markers represent the corresponding re-systaining phase locking of the bunched state1). All
sults of numerical simulations. Parameters am0.1, 7~7; " rasults are obtained far=0.1, and the three plots represent
(=251, A,=0.015, andA,=0. three different system lengths=2.5,5,10. Markers indicate
locked step in the current-voltage characteristigs= 7,) the result; of numerical simulations. As in Fig. 1, we finq
since ,=0. very consistent and good agreement between the analytical

To induce bunching through phase locking, the resultind?su"fs .of the perturpation method and the direct num'erical
bunched state must fulfill the phase-locking conditions forSimulations over a wide range of parameters. And again, we
o=1 with the parameters used to phase lock and collapse tH#d that the shorter systems are generally showing less good
o=-1 fluxons. This can be investigated directly by insertingagreement than the longer systems. These consistent discrep-
o=1 and7=0 into Egs.(13) and(14) and determining the ancies observed in Figs. 2=2.5 andL=5 (slow mode}
threshold valuel', of the magnetic field. Thus, magnetic- are most likely due to a poor determination gff >, result-
field-induced bunching requires thRe=T'; andI'=T),. We  ing in a factor of(cos 7)™t in I, which is consistent with
have found that for most relevant cadésTI'; results inl’ the observed discrepancies in Figga)2and 2b). We note
=T, only for relatively high values of the damping param- that in spite of these discrepancies, the agreement is consis-
eter have we observed this not always to be the case. tently good and the perturbation results have predictive ca-

Direct numerical simulations of Eqgl) and (2) have pabilities.
been conducted, using a second-order central-difference ap- We have determined a method for manipulating a system
proximation to the spatial derivatives with spatial discretiza-of coupled-overlap and open-ended Josephson junctions,
tion dx=0.025 and temporal discretizatiat=dx. The ini-  each with a single shuttling fluxon such that an initial state of
tial condition has in all cases been an antiphase configuratiorepulsive, out-of-phase fluxons will collapse into the ener-
of the two fluxons. Transient evolution of100 periods of getically unfavorable bunched state. The results show that
motion is conducted before the relative position between thepplying an external ac field, to which the fluxon motions
fluxons is determined. Because of the physical relevance ahay phase lock, acts as an effective restoring force between
the inductive coupling\; for Josephson junctions, all simu- the fluxons, thereby countering the mutual repulsion from the
lations are conducted fak,=0, and we will limit the study coupling. The method has been explained analytically
further to =~ 7;0:‘1, since the anticipated effect is most pro- through a standard perturbation method, and the results veri-
found at the center of the phase-locked step. fied through direct numerical simulations. We point out that

Figure 1 shows the steady-state distance between twalthough the results have demonstrated a method to bunch
fluxons of different junctions, both phase locked to a mag<luxons in inductively and capacitively coupled systems, they
netic field with frequencyf2=2.5/L, as a function of the also show that this method is relevant only to weakly
magnetic-field amplitudé™. Solid curves represent the per- coupled systems, since the necessary magnetic-field ampli-
turbation resultEq. (18) (¢=-1)], where ;=0 andu is  tudel, for bunching grows super-linearly with the coupling
given by Eq.(8). Markers are the results of numerical simu- constant. It is clear from the results that shorter systems will
lations, wherer=uér is determined from numerically mea- be more easily manipulated by this method than longer sys-
suring 67 and evaluating the asymptotic velocity from Eq. tems because the relative contact time between the fluxons
(8). The figure clearly shows how the steady-state distancand the microwave field increases with decreaging
between the fluxons decreases monotonically with increasing We will finally comment on the experimental task of ob-
magnetic-field amplitude until a bunched state0) is ob-  taining a bunched state, after the microwave signal has been
tained atI'=T'., whereafter the state remains bunched. It isturned off. Since the repulsive force is increasing wittihe
clear from the figure that the agreement between the simpl#uxon velocity must be kept relatively small to also kdép
perturbation treatment and the simulations results is vergmall. Unfortunately, without microwaves, the bunched state
good for all three system lengths. It is also noticeable that thés only stable aboves_;,° so all the numerical solutions
agreement is best for the longer junction. This is in agreeshown may decay to the nonbunched state when the micro-
ment with the assumptions made in the analytical treatmentvaves are turned off. Thus, to ensure a stable bunched state

H{T) analytically
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FIG. 2. Critical magnetic-field amplitudg, for which phase-locked, mutually repulsive fluxons are forced to bunch. Continuous curves
represent the perturbation resf{Hg. (18)] for two different applied microwave frequenci@gper curves and two lower curves represent
the magnetic-field amplitudEy, necessary for phase locking the resulting bunctied state. Markers represent the results of numerical
simulations. Parameters ate=0, «=0.1, andyp~ 7;0:'1.

after microwaves are turned off one should increase the fre- This work was supported by the STVF framework pro-
quency of the microwaves, while keeping the system in thegram “New Superconducters: Mechanisms, Processes and
locking range given by Eq$13) and (14) with o=1 until u Products,” “Otto Mgnsted Fonden,” “Augustinus Fonden,”
is abovec_;. Then, the bunched mode will be stable withoutand the Computational Nanoscience Group, Motorola, Inc.
microwaves. We are grateful to N. F. Pedersen for helpful discussions.
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