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A theoretical analysis of dispersion for two branches of propagating collective excitations in molten NaCl
and NaI is performed using an approach of generalized collective modes. Two molten salts with different mass
ratios were studied in order to clarify reported “fast sound” in molten NaClfF. Demmel, S. Hosokawa, M.
Lorenzen, and W.-C. Pilgrim, Phys. Rev. B69, 012203s2004dg. Contributions of low- and high-frequency
branches to partial dynamical structure factors in molten salts are discussed.
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The interest to collective dynamics in many-component
liquids has been revived because of recent neutron-scattering
experiments in K-CssRef. 1d and Na-SnsRef. 2d liquid al-
loys as well as inelastic x-ray-scattering experiments in vit-
reous silica3 and a molten salt NaCl.4 Thus far the theory of
collective processes in binary liquids has been far behind the
requirements of real and computer experiments. Analytical
expressions for dynamical structure factors of binary liquids
and molten salts are well known only in hydrodynamic
limit,5,6 when the binary liquid is treated as continuum with-
out atomic structure. However, the real scattering experi-
ments and molecular-dynamicssMDd computer simulations
cover a window of wave numbersk, which is behind the
hydrodynamic region. That is why a generalized model of
collective dynamics in many-component liquids must be
used for analysis of experimental data. The generalized
model should take into account main dynamical processes
that contribute to the shape of dynamical structure factors
beyond the hydrodynamic region. One of the most promising
theoretical approaches is based on a concept of generalized
collective excitationssGCMd,7,8 which treats the collective
dynamics beyond the hydrodynamic region as a variety of
microscopic processes between generalized hydrodynamic
excitations and so-called kinetic ones, which can exist only
beyond hydrodynamic window of wave numbers and fre-
quencies. As an example of kinetic propagating processes
one can mention heat waves9 and optic phononlike excita-
tions in binary liquids,10 whereas the most obvious kinetic
relaxing process not taken into account in hydrodynamics is
structural relaxation.9

This paper was initiated by a recent report4 on experimen-
tal study of propagating particle density fluctuations in mol-
ten NaCl. One of the conclusions was about a “fast sound”
found in this molten salt, which was interpreted as “the Na+

subsystem moving independent on the anionic background at
high frequencies.” Following the conclusions of Ref. 4 it
seems that there does not exist a clear understanding of the
role played by light and heavy subsystems in binary ionic
melts, and the issue of spatial scales on which one can ob-
serve the dynamics of partial densities should be clarified.

The fast sound phenomenon was reported from analysis

of MD-derived partial dynamical structure factors in molten
metallic alloy Li4Pb,11 for which the mass ratio of Pb and Li
atoms is about 30. The fast sound in Ref. 11 was implied by
the behavior of two almost linear dispersion laws with essen-
tially different slopes in the small-wave-number region, ob-
tained for two branches of collective excitations in the small-
wave-number region: the high-frequency branch was named
as a fast sound, whereas the low-frequency branch was sup-
posed to match hydrodynamic dispersion law. It is worth
noting that in Ref. 11 and following MD studies12 of collec-
tive dynamics in molten Li4Pb, the dispersion laws of the
two branches was obtained either from the maxima positions
of current spectral functionsCaask,vd, a=Li,Pb, or Bril-
louin peak location on the shape of partial dynamical struc-
ture factorsSaask,vd. It is necessary to mention that analysis
of the last neutron-scattering experiments13 on Li4Pb implied
a nonacoustic origin of high-frequency excitations reflecting
“localized out-of-phase atomic motions.”

The goal of this study was to perform a theoretical GCM
analysis of dispersion of collective excitations in molten salts
NaCl and NaI. They essentially differ by a mass ratio of
heavy and light componentsR=mh/ml: 1.54 for NaCl and
5.52 for NaI. We will show how the difference in mass ratio
is reflected in the behavior of high- and low-frequency
branches. Mode contributions to partial spectral functions in
the long-wavelength region will be discussed.

MD simulations for NaCl at 1260 K and NaI at 1080 K
were performed in the standard microcanonical ensemble on
a model systems of 1000 particles in a cubic box subject to
periodic boundary conditions. Potentials in the Tosi-Fumi
form for NaCl and NaI were taken from Ref. 14. The long-
range interaction was treated by the Ewald method, and the
short-range parts of two-body potentials were cut off at
12.66 Å for NaCl and at 14.39 Å for NaI. The smallest wave
numberskmin reached in the MD simulations were 0.19 Å−1

for NaCl and 0.17 Å−1 for NaI, respectively. The main aim of
the MD simulations was to obtain the time evolution of all
hydrodynamic and short-time extended dynamical variables,
forming the following eight-variable basis setA s8dsk,td used
for our study of collective dynamics within the GCM ap-
proach:
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A s8dsk,td = hntsk,td,nqsk,td,Jt
Lsk,td,Jq

Lsk,td,

«sk,td,J̇t
Lsk,td,J̇q

Lsk,td,«̇sk,tdj, s1d

where the hydrodynamic variables of total particle density
ntsk,td, charge densitynqsk,td, longitudinal total momentum
densityJt

Lsk,td, and energy density«sk,td are defined in the
standard way,6 and the extended dynamical variables are rep-
resented by the time derivatives of hydrodynamic variables.
The choice of the eight-variable basis sets1d is defined in
several ways:sid it must contain all hydrodynamic variables;
sii d fluctuations of the total mass and charge currents and
their time derivatives must be treated on the same level of
approximation;siii d we may restrict our GCM treatment of
short-time processes with the first time derivatives of the
currents and energy, because our previous GCM studies of
pure and binary liquids15,9 revealed that faster fluctuations
are not so important for treatment of main dynamical pro-
cesses.

We estimated directly from MD the time correlation func-
tions and relevant static averages needed for the estimation
of matrix elements of the 838 matrices of time correlation

functionsFsk,td and their Laplace transformsF̃sk,zd and cal-
culation of GCM replicas of relevant time correlation func-
tions. Eigenvalues and eigenvectors of a generalized hydro-
dynamic matrix8

Tskd = Fsk,t = 0dF̃−1sk,z= 0d

were calculated for eachk point sampled in MD. Thus, in our
approach there were no fitting or free parameters. The set of
eigenvalueszjskd fpurely real eigenvaluesdjskd and complex-
conjugated pairss jskd± iv jskdg of generalized hydrodynamic
matrix Tskd formed the spectrum of collective excitations.
Any MD-derived time correlation function of interest within
the GCM approach has its GCM replica represented as the
sum over the mode contributions,

Fab
sGCMdsk,td = o

j=1

8

Gab
j skde−zjskdt, s2d

where in general complex amplitudesGab
j skd were estimated

from the eigenvectors ofTskd associated with the relevant
eigenvaluezjskd.8,16 Note, that Eq.s2d permits estimation of
mode contributions from propagating and relaxation pro-
cesses to the shape of time correlation functions of interest
and relevant dynamical structure factorsSabsk,vd.

Dispersion of two branches of propagating excitations ob-
tained from the eight-variable GCM treatment of collective
dynamics in molten NaCl and NaI is shown in Fig. 1. In
order to estimate the main dynamical processes responsible
for the dispersion law in different regions of wave numbers,
we have performed additional GCM studies on the projected-
out subsets of dynamical variables, namely, for four different
three-variable subsetsA s3adsk,td,

A s3adsk,td = hnask,td,Ja
Lsk,td,J̇a

Lsk,tdj, a = t,q,Na,Cl,I,

s3d

connected solely with totalstd and chargesqd densities, par-
tial density of light sNad, and heavysCl or Id components.
The results are presented in Fig. 1 by corresponding sym-
bols. A clear picture of the origin of two branches of propa-
gating excitations immediately follows from such a projected
approach. In the small-wave-number region the low-
frequency branch has almost linear dispersion and corre-
sponds to propagating sound modes, whereas the high-
frequency branch is completely determined by charge current
fluctuations and is an analogy of longitudinal optic phonons
in ionic crystals. Unlike in crystals, where the periodicity of
dispersion curves is defined by the Brillouin zone, in molten
salts the branches have dispersion in the large-wave-number
region, which is completely defined by dynamics of partial
quantities: the low- or high-frequency branch reflects solely
the heavy or light subsystem, respectively. The role of the
mass ratio of components in molten salts is twofold: it de-
fines the gap between low- and high-frequency branches in
the large-wave-number region and changes the width of the

FIG. 1. Dispersion of two branches of propagating collective excitations in molten NaCl at 1260 Ksleftd and NaI at 1080 Ksrightd.
Imaginary parts of complex eigenmodes obtained in eight-variable treatments1d of collective dynamics are shown by the spline-interpolated
solid line. Results of projected on “partial” and “intrinsic collective” basis sets are plotted as follows: open circles correspond to the
projectionA s3td; filled circles,A s3qd; open boxes, projection on partial dynamics of lightsNa+d subsystem; filled boxes, projection on partial
dynamics of heavysCl− or I−d subsystem.
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region where dynamics corresponds to eithert -q simplicit
collectived or A-B spartiald type. In the studied case of mol-
ten NaCl and NaI we observe the reduction of thet -q region
from about 1.7 Å−1 in NaCl to about 0.7 Å−1 in NaI, while
the region of “partial” dynamics becomes more wide. This
conclusion is in agreement with our recent study on mass
ratio dependence of spectra in Lennard-Jones liquid
mixtures.19 Thus, we do not observe fast-sound-like behavior
in the high-frequency branch in molten NaCl in the long-
wavelength region, and fork,1.7 Å−1 the two branches cor-
respond to acoustic and optic phononlike collective excita-
tions. An interesting issue is the propagation speed of
acoustic excitations at the smallest wave numbers sampled in
the MD simulations. Estimated values for molten NaCl and
NaI are 3294 m/s and 1930 m/s, respectively. The propaga-
tion speed of low-frequency excitations in NaCl is in agree-
ment within 7–8% with numerical MD results by Ciccottiet
al.,14 whereas the frequency of opticlike excitations is in
much better agreement. The difference perhaps is the conse-
quence of different sizes and cutoff radii of the short-range
part of the two-body potentials. GCM results on dispersion
of acoustic excitations in NaCl are in better agreement with
results by Demmelet al.,4 estimated from the peak positions
of fitted current spectral functionsjsk,vd=v2Isk,vd, where

Isk,vd is the spectral function of the damped harmonic-
oscillator model. Note that more correct numerical proce-
dures of dispersion estimation should take into account con-
tributions from both branches with amplitudes taken as
parameters. We would also like to stress that the dispersion
sshown in Fig. 1 by open circlesd reflects projected-out
propagating total density fluctuations, for which an analytical
three-variable treatmentA s3tdsk,td in k→0 limit results in
propagation speedc`, known as the high-frequency speed of
sound. Thus, our eight-variable GCM results in the long-
wavelength region show, in Fig. 1, that the propagation speed
of acoustic excitationsssolid linesd is close to the high-
frequency speed of sound with a tendency of decreasing to-
ward the hydrodynamic window of wavenumbers.

The opticlike branch in molten salts belongs to kinetic
propagating excitations, which one cannot observe in a hy-
drodynamic window of frequencies and wave numbers.
However, the kinetic excitations contribute significantly to
the shape of time correlation functions and dynamical struc-
ture factors beyond the hydrodynamic region. Since in the
original paper on fast sound in two-component liquids11 the
dispersion curve for high-frequency excitations was obtained
from the positions of Brillouin peak on the partial dynamical
structure factor of light component, we show in Fig. 2 the
contributions from different propagating and relaxing pro-
cesses to the shape of partial dynamical structure factor
SNaNask,vd in molten NaI because NaI has larger mass ratio.
In general, any dynamical structure factor defined on dy-
namical variables from the chosen sets1d can be represented
within the GCM approach as follows:

Sabsk,vd
Sabskd

= o
j

Nr

Aab
j djskd

v2 + dj
2skd

+ o
j ,±

Np Bab
j s jskd + Dab

j fv ± v jskdg
fv ± v jskdg2 + s j

2skd
,

a,b = hAisk,tdj, s4d

which generalizes the four-term hydrodynamic expressions
onto a more general case ofNr relaxing andNp pairs of
propagating generalized hydrodynamic and kinetic collective
excitations,Nr +2Np=Nv. The amplitudes of mode contribu-
tions Ajskd, Bjskd, Djskd sfrequently called mode strengthsd
from collective modes can be estimated numerically from
Gab

j skd in s2d for any k point sampled in real or computer
experiments, that permit representation of measured dynami-
cal structure factorsSabsk,vd in terms of separated mode
contributions being extremely important for experimental-
ists.

From Fig. 2 one can conclude that in the region of inter-
mediate and large wave numbers, the central peak of
SNaNask,vd is formed by two main relaxing contributions
coming from conductivitydqskd and the kinetic process of
structural relaxationdkskd, whereas the side peak is com-
pletely due to propagating high-frequency excitationszhskd.
However, for small wave numberssupper frame in Fig. 2d
only the hydrodynamic processes form the shape of
SNaNask,vd: the central peak because of thermal diffusivity

FIG. 2. Contributions from propagating collective excitations
and relaxing modes to the shape of partial dynamical structure fac-
tor SNaNask,vd of the light componentssolid lined in molten NaI at
1080 K for three wave numbers. Thezhskd andzlskd denote contri-
butions from high- and low-frequency propagating excitations, re-
spectively. The contributions from relaxing processes of thermal
diffusivity, conductivity, and the kinetic process of structural relax-
ation were marked asdth, dq, anddk, respectively.
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dthskd and electric conductivitydqskd, and a shoulder because
of acoustic low-frequency propagating excitations. An im-
portant point is that the high-frequency branch does not con-
tribute to the partial dynamical structure factor in long-
wavelength region. A more general picture of contributions
from propagating excitations to the shape ofSNaNask,vd one
can be obtained from Fig. 3, where mode strengthsBNaNa

j skd
of high- and low-frequency branches are shown as functions
of k. An obvious crossover in contributions coming from
high- and low-frequency branches exists at about 0.5 Å−1,
which means that in the long-wavelength limit even the par-
tial dynamical structure factor of the light component does
not contain the contribution from the kinetic high-frequency

branch and only generalized sound excitations form the side
shoulder. It is interesting that the vanishing in long-
wavelength contributions from opticlike excitations to partial
spectral functions seem to be a specific feature of the liquid
state because recent analysis of MD-derived current spectral
functions in crystals composed of disparate-mass particles17

revealed well-defined peaks from high-frequency excitations,
even in long-wavelength regions.

In summary, we have performed a theoretical GCM study
of collective propagating excitations in molten salts NaCl
and NaI and shown that the high-frequency branch of collec-
tive excitations corresponds in small-wave-number region to
optic phononlike excitations and cannot be interpreted as a
“fast sound.” We observed in NaCl a clear separation of col-
lective dynamics into partial ones only for large wave num-
bers, namely, fork.1.7 Å−1. For smaller wave numbers
there are no reasons to talk about a light subsystem moving
independent of a heavy one. The contributions of propagat-
ing modes to the shape of partial dynamical structure factors
of the light component make evident that in the small-wave-
number region the inelastic peak on its shape is due to low-
frequency sound excitations, but not to partial dynamics of
the light component. We would like to stress that these GCM
results were obtained using two-body interactions within the
simple Tosi-Fumi model of rigid ions. More precise disper-
sion curves can be obtained by inclusion into treatment po-
larization effects18 or performing GCM analysis ofab initio
MD-derived time correlation functions, which would reflect
polarization effects.
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FIG. 3. Amplitudes of contributionssmode strengthsd of high-
frequencyzhskd and low-frequencyzlskd propagating collective ex-
citations to the shape of partial dynamical structure factor
SNaNask,vd in molten NaI at 1080 K.
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