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We have used density-functional theory to study the nonlinear screening properties of a two-dimensional
s2Dd electron gas. In particular, we consider the screening of an external static point charge of magnitudeZ as
a function of the distance of the charge from the plane of the gas. The self-consistent screening potentials are
then used to determine the 2D stopping power in the low-velocity limit based on the momentum transfer cross
section. Calculations as a function ofZ establish the limits of validity of linear and quadratic response theory
calculations, and show that nonlinear screening theory already provides significant corrections in the case of
protons. In contrast to the 3D situation, we find that the nonlinearly screened potential supports a bound state
even in the high-density limit. This behavior is elucidated with the derivation of a high-density screening
theorem which proves that the screening charge can be calculated perturbatively in the high-density limit for
arbitrary dimensions. However, the theorem has particularly interesting implications in 2D where, contrary to
expectations, we find that perturbation theory remains valid even when the perturbing potential supports bound
states.
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I. INTRODUCTION

The screening response is a fundamental property of an
electron gas in arbitrary dimensions. The situation in two
dimensions is of particular interest because of the possible
realization of quasi-two-dimensional systems in semiconduc-
tor heterostructures,1 image and band-gap surface states at
metal surfaces,2 electrons at the surface of liquid helium,3

metallic overlayers on insulating substrates, and layered
materials.4 Examples of problems in which an understanding
of the screening of an external charge is important include
impurity-limited electron transport in two-dimensional elec-
tron gases,1 the electronic structure of intrinsic or photoin-
duced defects in semiconductor heterostructures5 and dy-
namic interactions with moving charges.6,7 In each of these
cases, the strong interaction of mobile electrons with the
charged impurity leads to significant modifications of the lo-
cal electronic structure.

One of the first attempts to deal with two-dimensional
s2Dd screening was the work of Stern and Howard8 which
was motivated by measurements of electron mobilities in Si
inversion layers. To perform explicit calculations they con-
sidered a model in which the two-dimensional electron gas
s2DEGd is represented as a sheet of zero thickness, the ideal
2D limit, with a charged impurity situated a distanced from
the sheet. The screened impurity potential was then obtained
within a Thomas-Fermi approximation and was used to in-
vestigate the possibility of impurity bound states. However
no attempt was made to perform fully self-consistent calcu-

lations of the screening charge density and the screened po-
tential. This was taken up later in a series of papers by
Vinter9 for a Si inversion layer. This work is especially no-
table for its attempt to realistically account for the underlying
bandstructure of the semiconductor and the finite thickness
of the 2DEG. A detailed discussion of screening and bound
state formation was presented for this particular heterostruc-
ture and the results were shown to be consistent with ob-
served impurity-limited mobilities.

Also of interest is the dependence of screening on the
dimensionality of the system. That important differences
might arise is indicated by the well known fact that any
purely attractive potential in 2D always has at least one
bound state,10 in sharp contrast with the situation in 3D. Ex-
tending previous nonlinear screening calculations11 from 3D
to 2D and exploring these possible differences is part of the
motivation for the work described in this paper. To do this
we perform self-consistent nonlinear screening calculations
for an ideal 2DEG within the context of density-functional
theory. Our studies as a function of density reveal some in-
teresting properties of the screening in 2D that had not been
appreciated before. The interpretation of these numerical re-
sults is facilitated by the proof of a general theorem regard-
ing the nature of screening in the high-density limit. A pre-
liminary account of some of this work was presented
earlier.12

As a specific application of the results we consider the
low-velocity stopping power for a heavy projectile moving
parallel to the plane of the 2DEG. This problem has been
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treated previously in both linear and nonlinear response ap-
proximations. Of the linear theories, we mention the early
work of Fetter13 using a hydrodynamic model which was
followed by a calculation based on the random phase ap-
proximation sRPAd by Horing et al.14 In this latter work a
finite distanced between the projectile and the plane of the
gas was considered. The case of a projectile moving in the
plane of the gas has also been studied, not only within the
RPA,15 but also with the inclusion of local field corrections16

and for a gas at finite temperatures.17 Of course the interac-
tion cannot always be considered as weak and a fully non-
linear theory of the screening is in general necessary. One
step in this direction is the RPA quadratic response
formulation18 which was used by Bergaraet al.19 in 2D to
provide the lowest-order nonlinear correction to the stopping
power. Although this theory is perturbative and therefore
limited in its range of validity, it has the merit that the non-
linear correction is determined for arbitrary projectile veloci-
ties.

The stopping power at low projectile velocities can also
be formulated in terms of the scattering of electrons from the
screened potential. For qualitative purposes it is sometimes
useful to consider model potentials20 whose arbitrariness can
be limited by imposing physical constraints such as the Frie-
del sum rule. This was the approach taken by Wang and Ma21

to determine proton and antiproton stopping powers in a
2DEG. A somewhat more fundamental approach based on
the nonlinear screening theory of Sjölander and Stott22 was
used by Krakovsky and Percus23 for negatively charged pro-
jectiles. Their results for this case are consistent with the
model potential results of Wang and Ma.21 None of these
calculations, however, are truly self-consistent. Our results
based on self-consistent density-functional theory calcula-
tions eliminate this source of uncertainty in the determina-
tion of 2D stopping powers.

II. SELF-CONSISTENT SCREENING

The electrons of our ideal 2DEG are assumed to have an
isotropic effective massm* and move in the presence of a
uniform neutralizing positive background. We also imagine
the entire 2D system to be immersed in an extended dielec-
tric with permittivity « as might occur in a semiconductor
heterostructure. Other dielectric arrangements can also be en-
visaged, for example the surface of liquid helium, but these
will not be considered here. All lengths will be expressed in
units of the effective Bohr radiusa0=«"2/m*e2, and all en-
ergies in units of the effective HartreeH=e2/«a0. The mean
density of the gas,n0, is characterized by the density param-
eter rs=1/Îpn0.

Our objective is to determine the nonlinear screening of a
stationary point chargeZ located a distanced from the plane
of the 2D gas. The methodology follows that used in earlier
calculations for a three-dimensional gas11,24 and is suitable
for both positive and negative charges. This screening re-
sponse is determined by solving self-consistently the two-
dimensional Kohn-Sham equations

−
1

2
¹2cisr d + Dveffsr dcisr d = Eicisr d s1d

where the effective potential is given by

Dveffsr d = vextsr d + DvHsr d + Dvxcsr d. s2d

The external potentialvextsr d in the plane of the gas is
−Z/Îd2+r2, andDvHsr d is the Hartree potential

DvHsr d =E d2r8
Dnsr 8d
ur − r 8u

s3d

due to the electronic screening densityDnsr d=nsr d−n0. The
change in the exchange-correlation potentialDvxcsr d
=vxcfnsr dg−vxcfn0g, is defined in the local-density approxi-
mationsLDA d using the parametrization of the 2D exchange-
correlation energy given by Tanatar and Ceperley.25

The total screening density is given by

Dnsr d = o
b

ucbsr du2 + o
i

fucisr du2 − uci
0sr du2g s4d

where the first sum extends over all bound states of the ef-
fective potential, and the second extends over all occupied
continuum states up to the Fermi levelEF. We assume that
each spatial orbital is doubly occupied for spin. The free-
particle solutionsci

0sr d are obtained in the absence of the
external potential. Due to the cylindrical symmetry of the
problem, the solutions of Eq.s1d have the form cisr d
;eimfRnmsrd where the angular momentum quantum number
m takes on integral values andn distinguishes the different
radial solutions.8,26 The continuum states behave asymptoti-
cally as Rkmsrd, r−1/2 cosskr− 1

2umup− 1
4p+hmd where k

=Î2E is the wave vector andhmskd is the 2D scattering
phase shift. For the free-particle solutions,hm=0. These scat-
tering phase shifts are related to the total screening density
according to the 2D Friedel sum rule8 sFSRd

ZFSR=
2

p
o

m=−`

`

hmsEFd. s5d

At self-consistency, this quantity must equal the chargeZ of
the external impurity.

The solutions of Eq.s1d are obtained using standard nu-
merical techniques. The calculation ofDvHsr d, the only non-
trivial step in determining the effective potential, is per-
formed by making use of a fast Fourier transform technique
to go successively between real and wave vector space. De-
tails of the method are given in the Appendix.

III. NUMERICAL RESULTS

Self-consistent calculations were performed for a range of
densities and impurity chargesZ, including negative values.
In addition, calculations were done with and without
exchange-correlation effects included in order to compare
with earlier linear calculations which were performed within
the random phase approximation.

A. Z=1, d=0

To begin we show results for a chargeZ=1 in the plane of
the 2DEGsd=0d. Figure 1 presents the self-consistent effec-
tive potentialDveff for rs values ranging between 1 and 10 in
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steps of 1. This range spans low to high densities and in
particular includes densities of experimental interest. Also
shown for comparison is the Thomas-FermisTFd screened
potential which, as will be explained shortly, is thers→0
limit of the DFT calculations. As such, we see that the po-
tential for rs=1 is already quite close to the TF limit.

The variation withrs is systematic, evolving with increas-
ing rs into a potential with a strongly repulsive region be-
yond r .0.5 a.u. This behavior can be explained in terms of
the underlying electronic structure of the screened impurity.
For all the densities shown, the screened potential supports
one bound state which is occupied by two electrons. Since
the total screening density must integrate to unity according
to the FSR in Eq.s5d, the continuum states must themselves
contribute a total charge of11 in order to compensate for
the overscreening provided by the two bound electrons. This
is illustrated in Fig. 2 which shows the bound and continuum
densities for two representativers values,rs=2 and 10. It can
be seen that the bound state distribution is very similar de-
spite the very different background densities. This is consis-
tent with the similarity of the inner region of the potentials in
Fig. 1 which is primarily responsible for the shape of the
bound state. At large distances from the impurity the densi-
ties in Fig. 2 exhibit characteristic Friedel oscillations with
wavelengthp /kF.

The negative portion of the screening densities in Fig. 2
corresponds to a local charge density which is positive and
provides the necessary compensation of the negative bound
state electronic charge. However, the distribution in space of
this compensating charge is quite different in the two cases
and leads to the different behavior of thers=2 and rs=10
potentials forr .0.5 a.u. The form of thers=10 continuum
density is particularly interesting. In the range 0ø r
.10 a.u.,Dncontsrd has approximately a constant value of
−n0 fhencerDncontsrd behaves linearly as seen in Fig. 2g. In

other words, theZ=1 impurity with two bound electrons can
be viewed as an H− ion which sits at the center of a posi-
tively charged disk of radiusR. rs. Returning to Fig. 1, we
can now understand the repulsive part of the potentials seen
for large rs. The LDA potential of a 2D H− ion itself has a
+1/r Coulomb tail arising from the Hartree potential. In the
2DEG environment, this H− potential is screened by the posi-
tive background and as a result, the potential goes to zero at
approximatelyR. rs.

Another interesting quantity is the bound state energy
shown in Fig. 3 as a function ofrs. The solid curve is the
result of the full DFT calculation including exchange corre-
lation sxcd, while the dashed curve is the corresponding re-
sult obtained whenDvxc is set to zero. We refer to the latter
as the Hartree approximation. The Hartree result is mono-
tonically decreasing with decreasingrs and goes to a limiting
value ofE0=−0.2862H at rs=0 which, as we shall see, is the
binding energy for the TF screened potential. The xc result
likewise decreases with decreasingrs, but reaches a mininum

FIG. 1. Self-consistent effective potentialsDveffsrd in Hartree
units as a function of position. Each solid curve corresponds to a
different rs value, ranging from 1 for the lowest curve to 10 for the
highest curve, in steps of 1. The dashed curve is the Thomas-Fermi
screened potential.

FIG. 2. Screening density as a function of position for twors

values. The dashed curve is the bound state contribution, the chain
curve is the continuum state contribution, and the solid curve is the
total.

FIG. 3. Bound state eigenvalue in Hartree units vsrs. The solid
curve is for the full nonlinear DFT calculation including exchange
correlation, while the dashed curve is the corresponding result in
the Hartree approximation.
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nearrs.0.5 and then increases to the same limiting value at
rs=0 as in the Hartree approximation. The more negative xc
eigenvalue reflects the stronger binding due to the xc poten-
tial which is attractive in the vicinity of the positive impurity
as a result of the pileup of the electron screening density. To
illustrate this we compare the self-consistent potentials with
and without xc forrs=2 in Fig. 4. It can be seen from this
figure thatDveff with xc is more attractive in the core region
which is important for the determination of the bound state.
Associated with this is a relative phase shift of the long range
Friedel oscillations between the two cases.

The decreasing trend in the xc eigenvalue is consistent
with the behavior of the potentials in Fig. 1 but is opposite to
what is found in the analogous 3D calculations.11 There the
bound state energyincreaseswith decreasingrs, that is, the
bound state becomes shallower with increasing density. The
explanation for the 3D behavior is that the screening of the
impurity potential is more effective with increasing density,
and as a result, the bound state eventually ceases to exist
beyond a certain critical density. This behavior is consistent
with the expected applicability of perturbation theory in the
high-density limit when the Fermi energyEF is much larger
than the magnitude of the screened potentialuDveffsrdu.27 If
one were to use the same reasoning in 2D, the screening
density in wave vector space would be given by the linear
response resultsSec. IV provides further detailsd

Dnsqd = x0sqdDveffsqd, s6d

wherex0sqd is the Fourier transform of the static noninter-
acting density response function of the 2D gas. Within linear
response theory, the screening density arises from the pertur-
bation of the plane wave states of the uniform gas and there
cannot be a bound state contribution. However, as we have
just seen, bound states do persist in 2D even in the high-
density limit. This is a peculiarity of 2D and is associated
with the fact that a purelyattractivepotential always has at
least one bound state regardless of the strength of the
interaction.10 This effect is obviously missed by linear re-
sponse theory and would seem to invalidate a perturbative
approach. Nevertheless, it turns out that the results of linear
response theory are indeed correct even though the theory

neglects bound states entirely. We defer discussion of this
point to the following section.

The opposite limitrs→` is also of interest. In the Hartree
approximation, the bound state eigenvalue approaches zero
nearrs=8. Whether a very shallow bound state persists be-
yond this value could not be confirmed due to difficulties in
obtaining converged self-consistent solutions. This was less
of a problem with the inclusion of exchange and correlation
since these additional interactions stabilize the bound state
relative to the Hartree calculation. In the range 8ø rsø12
the bound state eigenvalue could be fitted approximately to
the expressionE0.s0.023−0.7/rsdH. Extrapolation of the
numerical data beyondrs=12 suggests that the bound state
eigenvalue goes to zero at some large, but finite,rs value.
However, it was not possible to confirm this since it was
difficult to obtain converged solutions for large values ofrs.
Thus we cannot state unequivocally what the largers behav-
ior is, and in particular, whether or not a free H− ion is stable
in 2D within the LDA. In 3D it is known28 that the H− ion is
not stable within the LDA and our data suggest that this
might also be the case in 2D. This remains an interesting
question to explore in the future.

As a final comment about the eigenvalue obtained with
xc, we note that the H− ion is stabilized in the range studied
by the fact that it sits at the center of a positively charged
disk of radiusR. rs. The electrostatic potential due to this
charge has the value −s2/rsdH at the center of the disk rela-
tive to infinity. The depletion of charge also gives rise to a
shift in the xc potential of −vxcsn0d which is positive and
therefore a destabilizing effect. For largers, −vxcsn0d.
+s1.6/rsdH which, when combined with the electrostatic
shift, gives a potential shift of about −s0.4/rsdH. It is clear
that this represents a significant contribution to the xc eigen-
value at the largerrs values we have considered. However
the existence of a bound state cannot be determined without
a detailed knowledge of the self-consistent potential near the
impurity. In the case of the Hartree approximation, the sta-
bilizing effect of the electrostatic potential of the positively
charged diskf−s2/rsdHg is clearly insufficient to compensate
for the destabilizing effect of the Hartree interaction between
the two bound electrons in the largers limit.

FIG. 5. Normalized density as a function of position. The dif-
ferent curves are labeled by thers value.FIG. 4. Self-consistent effective potentials withssolid curved

and withoutsdashed curved exchange correlation.
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B. Z=−1, d=0

We consider next the situation of a negatively charged
impurity such as an antiproton or acceptor state in a
semiconductor.29 Figure 5 illustrates the variation of the
screening density withrs. The results found here in 2D are
similar to those found previously in 3D.24 The negative im-
purity repels electrons from its vicinity and roughly speaking
exposes a positively charged disk of radiusR. rs which neu-
tralizes the impurity. In other words, the impurity sits at the
center of a hole in the electron gas. The similarity to the
situation for a positive impurity is emphasized in Fig. 6
where we superpose the screening densities forZ=1 andZ
=−1 at rs=10. TheZ=−1 screening density is in fact very
similar to the continuum part of theZ=1 screening cloud.
Thus, at sufficiently largers, the H− ion for Z=1 effectively
acts as an externalZ=−1 impurity as far as the rest of the
electron gas is concerned. This emphasizes that the H− con-
figuration exists as a well-defined entity in this range ofrs
values.

In all cases we find that the screenedZ=−1 potential does
not support any bound states. We mention this since it has
previously been claimed30 that the introduction of a negative
test charge into a 2D gas could give rise to potentials which
would bind an electronsor rather, a second negative test
charged. To make contact with this earlier work we compare
in Fig. 7 the nonlinearly screened potentials with those ob-
tained on the basis of linear response theory. One curve
shows the screened potential as obtained in the RPA. This
potential is defined in Fourier space as

vsc
RPAsqd =

vsqd
eRPAsqd

=
2p/q

eRPAsqd
, s7d

where the RPA dielectric function is given by31

eRPAsqd = 1 +vsqdx0sqd. s8d

At this level of approximation, only Hartree interactions are
relevant and the screened potential defined above is the po-
tential experienced by aZ=−1 test charge moving in the
vicinity of the impurity. A second curve shows the linearly
screened potential,vsc

LFC=vsqd /eLFC, obtained when local

field correctionssLFCsd are included in the definition of the
dielectric function. Within the LDA, this is given by

1

eLFCsqd
= 1 −

vsqdx0sqd
1 + fvsqd + vxc8 gx0sqd

, s9d

where vxc8 sn0d=dvxcsn0d /dn0 is the LDA local field correc-
tion, i.e., in standard notation,vsqdGsqd=−vxc8 sn0d. The po-
tential vsc

LFC is simply the Hartree potential obtained with a
screening charge density that includes the effects of LFCs.
As can be seen in Fig. 7 forrs=4, this potential has a large
negative region in real space and supports a bound state for a
unit negative test charge of one electron mass. The authors of
Ref. 30 then argue that the potential also binds anelectronin
the 2DEG and that this binding may be a relevant pairing
mechanism. However this conclusion is invalid for several
reasons. First, the Hartree potential for thenonlinearly
screened impuritysthe short-dashed curve in Fig. 7d has a
much shallower attractive portion as compared to the corre-
sponding result of the linear calculationslong-dashed curved.
A similar result was found analytically for a point charged
screened by a uniformly charged disk.32 But more impor-
tantly, an electron, as opposed to a negative test charge, also
feels the effect of the induced xc potential. With this contri-
bution included, the full self-consistent nonlinear potential
Dveff defined in Eq.s2d has a very shallow attractive part,
and there is no tendency for bound state formation, as con-
firmed numerically. At a more fundamental level, the ques-
tion of pairing involves the effective interaction between
pairs of electrons at the Fermi level which typically have a
high relative velocity. From this point of view it is unclear to
what extent astatically screened potential for a test charge
can be used as an estimate of the pairing interaction.

FIG. 6. Normalized density as a function of position forrs=10.
The solid curve is forZ=1 while the dashed curve is forZ=−1.

FIG. 7. Comparison of nonlinearly screened and linearly
screened potentials forrs=4 andZ=−1. The solid curve is the non-
linearly screened potential including exchange correlation,vext

+DvH+Dvxc; the short-dashed curve is the Hartree potentialvext

+DvH, calculated with the same screening density as used for the
solid curve ; the chain curve is the linearly screened potential within
the RPA si.e., the Hartree approximationd; and the long-dashed
curve is the Hartree potentialvext+DvH, obtained with a linear
screening density that includes local-field effectssi.e., exchange
correlationd.
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C. Z=1, dÅ0

We next consider the effect of moving the impurity charge
out of the plane of the 2DEG. This is the situation corre-
sponding to an external charge incident on the 2DEG from
the outside, or a remote ionized impurity in a semiconductor
heterostructure.1,5

Figure 8 shows the screening density for a few values of
d. It can be seen that the amplitude of the induced density
decreases rapidly with increasingd and the density becomes
more spread out along the plane. The reason for this behavior
is that the potential loses its Coulomb singularity as soon as
the impurity is out of the plane, and therefore becomes
smoother and weaker. In Fig. 9 we show the nonlinear
screening density for the casers=2 andd=2 a.u. together
with the bound state and continuum contributions. The
bound state in this case is very shallow and extended, in fact
more extended than the total density itself. This is possible
since the continuum contribution to the density has a similar
extent but is of opposite sign, so that there is a cancellation
of the densities in the asymptotic region.

Also shown in Fig. 9 is the screening density as deter-
mined by linear response theory. Despite the fact that the
nonlinear screening response has a bound state contribution,
the linear response result is seen to agree very well. The
reason for this agreement is not obvious and will be ex-
plained in detail in Sec. IV. In addition, the density is already
fairly close to the classical image theory resultsd/2pdsr2

+d2d−3/2. This expression ford=2a0 gives a density at the
origin of 0.04 a.u. as compared to the nonlinear result of
0.035 a.u. With further increases ind the nonlinear density
rapidly approaches the classical screening charge density.

D. Stopping power

As discussed in the Introduction, there have been a num-
ber of calculations of 2D stopping powers. Our purpose here
is to present results which are based on the full nonlinear
screening charge densities and potentials. Within the so-
called kinetic theory framework, the stopping power at low
velocities for a projectile moving with velocityv in the plane
of the 2DEG is given by the expression33

S= n0vvFstrsEFd, s10d

where strsEFd is the momentum-transfer cross section de-
fined in terms of the scattering phase shifts by8

strsEFd =
4

vF
o
m=0

`

sin2fhmsEFd − hm+1sEFdg. s11d

To leading order in the velocity, it is sufficient to determine
the scattering phase shifts using the static nonlinearly
screened potentials calculated in the present paper.

In Fig. 10 we show the stopping power as a function of
the projectile chargeZ for d=0 andrs=2. For smallZ, S has
the expansionS=S1Z

2+S2Z
3+¯ where the first two terms

are the linear and quadratic response results, respectively. To
emphasize the deviations from linear response, we present
the results in the formS/ svZ2d. In this representation, the
stopping power including the quadratic response correction

FIG. 8. Screening charge density as a function of position for
Z=1 andrs=2 for different distancesd of the charge from the plane
of the electrons:d=0.5a0 ssolid curved, 1.0a0 schain curved, 2.0a0

sdashed curved.

FIG. 9. Screening charge density as a function of position for
Z=1, rs=2, andd=2.0a0. The chain curve is the bound state con-
tribution, the long-dashed curve is the continuum contribution, and
the solid curve is the total. The short-dashed curve almost coinci-
dent with the solid curve is the linear response result including
exchange correlation.

FIG. 10. Normalized stopping power as a function of the pro-
jectile chargeZ, for rs=2 andd=0. The solid curve is obtained from
the nonlinear screening result including exchange correlation; the
dashed curve shows the corresponding result in the Hartree approxi-
mation sno exchange correlationd; the straight lineschain curved is
the quadratic response resultsS1+S2Zd /v sRef. 19d.
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appears as a straight line with slopeS2/v. This correction
was previously calculated within quadratic RPA,19 and is
shown in Fig. 10 as the straight line. The fact that the line is
tangent to the nonlinear Hartree curve atZ=0 shows that the
dynamic quadratic response formulation is consistent with
the kinetic theory approach for small values ofZ and for low
velocities. However, the validity of the quadratic response
result is mainly limited to negative charges down toZ.−1
and breaks down completely forZ.1. It is thus apparent
that nonlinearities are generally very important. Furthermore,
it can be seen that the inclusion of xc leads to a large en-
hancement of the stopping power in the range −1øZø1,
even to a greater extent than found in 3D.34 This emphasizes
that properties associated with the scattering of continuum
states will be strongly affected by the xc part of the self-
consistent potential.

The behavior of the stopping power as a function of den-
sity is also of interest and in Fig. 11 we showrsS/v vs rs for
Z=1. The quantityS/v has the physical interpretation of a
friction coefficient33 and is actually a monotonically decreas-
ing function of rs with a finite limiting value ofpZ2 for rs
→0. This result follows20 from the 2D momentum-transfer
cross sectionstrsEFd=Zs2p /vF

2dtanhspZ/vFd which is ob-
tained when scattering from a bare Coulomb potential −Z/ r
is considered. This is the exact result in the high-density
limit and simply reflects the fact that screening is not impor-
tant for high-energy scattering. As a result of this finite lim-
iting value, the quantityrsS plotted in Fig. 11 shows a maxi-
mum atrs.1 before going to zero forrs→0.

The results obtained previously by Wang and Ma21 for
Z=1 are qualitatively similar to our results although there are
some quantitative differences. We recall that they approxi-
mated the screened potential by the linearized TF potential
and adjusted a screening parameter in order to satisfy the
FSR. This potential is everywhere attractive and misses the
repulsive region shown in Fig. 1 which is associated with H−

formation at low densities. These differences become more
apparent when the stopping powers forZ=1 and 21 are
compared. This is shown in the inset to Fig. 11 where the
ratio of these stopping powers is given. The ratio tends to
unity for rs→0 since linear response is valid in this limit.

However, the ratio also tends to unity forlarge rs since as we
have seen, the H− configuration is effectively the same as an
external negative charge insofar as the scattering of con-
tinuum states is concernedssee Fig. 6d. In contrast, for an
assumed model potential, Wang and Ma find the ratio of
stopping powers to be close to 2 for allrs. This points to the
danger of using model potentials which do not properly ac-
count for the true nature of the electronic screening. Another
difficulty of the model potential approach is that differences
associated with different screening approximations are no
longer apparent. This is emphasized in Fig. 11 by the plot of
the stopping power in the Hartree approximation. The results
are qualitatively similar to those with xc, but there are im-
portant differences. Clearly additional input is needed in a
model potential approach to capture these differences.

Finally, we compare with the results of Krakovsky and
Percus23 for Z=−1. As mentioned in the Introduction, they
obtain the screening charge density using the Sjölander-Stott
integral equation22 which is a different way of introducing
exchange and correlation. This induced density is shown in a
second paper35 and is qualitatively similar to our results in
Fig. 5. They then use this density to construct an effective
scattering potential for which the scattering phase shifts are
determined. However, they give no details about how their
potential is constructed nor what interaction effects, such as
exchange and correlation, are included. Nevertheless, the
stopping powers they obtain forZ=−1 in 2D are similar to
our results. We find in fact that our Hartree and xc stopping
powers bracket their results with deviations which are typi-
cally less than 20%.

IV. HIGH-DENSITY LIMIT

We briefly commented earlier on the behavior of the
screening cloud in the high-density limitsEF→` ,rs→0d. In
this section we investigate this question in more detail and in
particular, establish the connection between linear and non-
linear screening for a 2DEG. This problem in 3D was
touched on in an early paper by Butler36 which dealt with the
possibility of positronium formation in metals. Using a
square well model potential, it was shown that the total elec-
tron density at the origin is an analytic function of the
strength of the potential. This in fact is a special case of a
more general result obtained by Kohn and Majumdar37 con-
cerning the analyticity of physical properties of the entire
electron gas. Butler then used his result regarding the analy-
ticity of the density to argue that the total density at the
position of a positron in a metal could be obtained by per-
turbation theorysto all ordersd even if the screened positron
potential had a bound state. This assertion was confirmed for
the specific example of the square well model where lowest
order perturbation theory already provided a good estimate
of the exact total density in the limit of high electron gas
densities.

We shall now prove a theorem which demonstrates that
some of Butler’s conclusions have a much broader range of
validity. It is unnecessary to specify either the form of the
externally imposed potential or the dimensionality of the sys-
tem. The physical situation we consider is anoninteracting

FIG. 11. Stopping power as a function of density parameterrs

for Z=−1. The solid curve shows the full nonlinear screening result,
including exchange correlation, while the dashed curve gives the
corresponding result in the Hartree approximation. The inset shows
the stopping power ratioSsZ=1d /SsZ=−1d as a function ofrs.
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Fermi gas in the presence of an external potentiallVsr d. The
effect of electron-electron interactions will be dealt with
later. The potential is assumed to be smooth and to approach
zero sufficiently rapidly asur u→`. The parameterl is an
arbitrary coupling constant whose physical value is unity.

The problem is to determine the induced densityDnsr d
which is due to the introduction oflVsr d. This quantity is
conveniently defined in terms of the Green’s operator

Ĝszd =
1

z− H
=

1

z− H0 − lV
s12d

whereH0 is the unperturbed Hamiltonian. In a spatial repre-
sentation, the Green’s function is given by

Gsr ,r 8,zd = kr uĜszdur 8l = o
i

cisr dci
*sr 8d

z− Ei
s13d

wherecisr d is an energy eigenstate ofH. From this we see
that

o
i

ucisr du2dsE − Eid = −
1

p
Im Gsr ,r ,E + ied. s14d

Thus the total density is given by

nsr d = o
isoccd

ucisr du2 = −
1

p
E

−`

EF

dE Im Gsr ,r ,E + ied,

s15d

where the upper limit of the energy integration is the Fermi
energyEF below which all states are occupied.

The change in density from the unperturbed situation is
clearly

Dnsr d = nsr d − n0sr d = −
1

p
E

−`

EF

dE ImfGsr ,r ,E + ied

− G0sr ,r ,E + iedg, s16d

whereG0sr ,r ,zd is the Green’s function forl=0. It is the
screening densityDnsr d that we wish to investigate in the
high-density limit. Since the potential is multiplied by the
coupling constantl, the density as given by Eq.s16d de-
pends implicitly on this parameter. The variation of the in-
duced density withl, holdingEF fixed, is simply

]Dnsr ;ld
]l

= −
1

p
E

−`

EF

Imkr u
]ĜsE + ied

]l
ur l . s17d

By making use of the Dyson equation

Ĝsz,l + dld = Ĝsz,ld + Ĝsz,lddlVĜsz,l + dld, s18d

we find

]Ĝsz,ld
]l

= Ĝsz,ldVĜsz,ld. s19d

Thus, the variation of the induced density can be expressed
in the form

]Dnsr ;ld
]l

= −
1

p
E dr 8Vsr 8dE

−`

EF

dE ImfGsr ,r 8,E + ied

3Gsr 8,r ,E + iedg. s20d

We note at this point that this quantity still depends implic-
itly on l through the full Green’s functionGsr ,r 8 ,zd.

We now make use of the spectral representation of the
Green’s function in Eq.s13d. The productcisr dci

*sr 8d can be
treated as real since a complex wave function at the energy
Ei must have a time-reversed pair which is its complex con-
jugate. Thus, we have

]Dnsr ;ld
]l

=E dr 8Vsr 8do
ij

cisr dci
*sr 8dc jsr 8dc j

*sr d

3 P
1

Ei − Ej
E

−`

EF

dEfdsE − Eid − dsE − Ejdg.

s21d

This expression is formally exact and is the crucial step in
the argument needed to arrive at the final conclusion. It is
clear that the only terms which give a nonvanishing contri-
bution are those withEi ,EF andEj .EF, or vice versa. It is
these terms which give a finite result in theEF→` limit. If
this limit is taken first for a givensi , jd, the result iszero. In
other words, it is important to sum over all states before the
EF→` limit is taken. We also note that thei = j terms in Eq.
s21d do not present any difficulty despite the appearance of
the energy denominator. From Eq.s20d, these terms contrib-
ute:

o
i

ucisr du2ucisr 8du2 Im lim
e→0
E

−`

EF

dE
1

sE + ie − Eid2

= − o
i

ucisr du2ucisr 8du2 Im lim
e→0
E

−`

EF

dE

3
]

]E

1

E + ie − Ei
= po

i

ucisr du2ucisr 8du2dsEF − Eid,

s22d

which is well defined.
The energy integral in Eq.s21d can be written alterna-

tively as

E
−`

EF

dEfdsE − Eid − dsE − Ejdg

= −E
EF

`

dEfdsE − Eid − dsE − Ejdg. s23d

Using this in Eq.s21d, we find that Eq.s20d is equivalent to

]Dnsr ;ld
]l

=
1

p
E dr 8Vsr 8dE

EF

`

dE ImfGsr ,r 8,E + ied

3Gsr 8,r ,E + iedg. s24d

This is a more useful form for taking theEF→` limit since
now the energy argument of the Green’s function is large. If
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EF@ uVsr du everywhere swe assume here a bounded
potential27d, the effect of the potential on the propagation of
the electron can be neglected and the Green’s functionG can
be replaced by the free-particle propagatorG0. We then have

]Dnsr ;ld
]l

=
1

p
E dr 8Vsr 8d lim

EF→`
E

EF

`

dE ImfGsr ,r 8,E + ied

3Gsr 8,r ,E + iedg

.
1

p
E dr 8Vsr 8d lim

EF→`
E

EF

`

dE ImfG0sr ,r 8,E + ied

3G0sr 8,r ,E + iedg

= −
1

p
E dr 8Vsr 8d lim

EF→`
E

−`

EF

dE ImfG0sr ,r 8,E + ied

3G0sr 8,r ,E + iedg, s25d

where we have simply reversed the earlier argument to
change the limits of integration in the last line. Several com-
ments are in order.

s1d The replacement ofG by G0 is only valid if the energy
argument is large; these Green’s functions are certainly dif-
ferent at low energies. In fact, the perturbed and unperturbed
systems have completely different state spectra andH may
contain bound states which do not appear inH0. Neverthe-
less, since Eq.s20d can be written in the equivalent form
s24d, the replacement ofG by G0 in Eq. s25d is justified in
the EF→` limit.

s2d The final line in Eq.s25d is identical to the result
obtained by linear response theory. Since it isindependentof
l, it can be integrated froml=0 to l=1 to give

Dnsr d = −
1

p
E dr 8Vsr 8d lim

EF→`
E

−`

EF

dE ImfG0sr ,r 8,E + ied

3G0sr 8,r ,E + iedg. s26d

s3d The final result in Eq.s26d does not depend on the
assumed dimensionality and is valid even when the potential
Vsr d supports bound states. These bound states of course do
not appear in the spectrum ofG0 but are nevertheless in-
cluded inDnsr d. The result given in Eq.s26d will be referred
to as thehigh-density screening theorem.

As an application of Eq.s26d we consider an ideal uni-
form gas inD dimensions. The use of the spectral represen-
tation for the Green’s function gives in this case

−
1

p
E

−`

EF

dE ImfG0sr ,r 8,E + iedG0sr 8,r ,E + iedg

=
2

L2Do
kk8

eisk8−kd·sr−r8dP
1

Ek8 − Ek
ffsEk8d − fsEkdg

= −
1

LDo
q

eiq·sr−r8dx0sqd s27d

where the factor of 2 is for spin,L is the size of the sample
in a given direction,fsEd is the zero-temperature Fermi func-

tion, and x0sqd is the static free-particle density response
function,

x0sqd =
2

LD Po
k

fsEk+qd − fsEkd
Ek − Ek+q

. s28d

Substitution of Eq.s27d into Eq. s26d gives

Dnsr d = − lim
EF→`

1

LDo
q

x0sqdVsqdeiq·r . s29d

This is a rigorous statement that linear response gives the
correct induced density in the high-density limit in any di-
mension.

The static response functions in the various dimensions
are given by the expressions

x0
1Dsqd =

2

pq
lnU2kF + q

2kF − q
U ,

x0
2Dsqd =

1

p
us2kF − qd +

1

p
f1 −Î1 − s2kF/qd2gusq − 2kFd,

x0
3Dsqd =

kF

2p2F1 −
kF

q
S1 −

q2

4kF
2DlnU2kF − q

2kF + q
UG . s30d

In each case, theq→0 limit of x0sqd is the density of states
gsEFd at the Fermi level

x0
1Ds0d =

2

pkF
,

x0
2Ds0d =

1

p
,

x0
3Dsqd =

kF

p2 . s31d

If the potential is smooth we can suppose thatVsqd is effec-
tively zero forq.qmax with qmax!kF. In this case, Eq.s29d
reduces to

Dnsr d = − lim
EF→`

x0s0dVsr d, s32d

which is recognized as the linearized TF approximation for
the density.

It should be noted that 2D is special for a number of
reasons. First, sinceEF is proportional to the densityn, the
full TF approximation is itself linear. Second, the free-
particle response function has the constant valuex0sqd
=1/p for all wave vectors up to 2kF. Thus, the replacement
of x0sqd by x0s0d is in some sense a less restrictive approxi-
mation than it is in other dimensions. In particular, if the only
finite Fourier components ofVsr d occur forq,2kF swhich is
always the case whenkF→`d, we have
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Dnsr d = −
1

p
Vsr d. s33d

The analogous result in 3D isDnsr d=0 while the 1D result
does not have a finite limit. Thus the induced density only
has a nontrivial limiting value in 2D.

The result for the 2D screening charge in Eq.s33d is all
the more remarkable if we note that the potentialVsr d can in
fact support bound states, as it must in 2D if the potential is
purely attractive. It is worth verifying this explicitly by
means of a numerical example. We consider the following
model potential

Vsrd = 5V0 sin2S2pr

r0
D , r ø r0,

0, r . r0,

s34d

which has no physical basis but is chosen simply to illustrate
the point. It is a repulsive double-barrier potential forV0
.0 and an attractive double-well potential forV0,0. With
this potential we calculate the induced density by solving the
Schrödinger equation for all states belowEF. In Fig. 12 we
show results for a repulsive potential withV0=0.125H and
r0=5 a.u. as a function of gas density. The screening charge
is due to continuum states in this case and it can be seen that
by rs=0.5, the induced density is very close to the prediction
of Eq. s33d. Similarly, if an attractive potential is placed in a
gas withrs=0.5 sEF=4.0Hd, we obtain the bound and con-
tinuum charge densities shown in Fig. 13. Here, the magni-
tude ofuV0u was adjusted to vary the number of bound states.
Two cases were considered:sad V0=−0.125H for which a
single m=0 bound state is found andsbd V0=−0.25H, for
which two m=0 bound states exist. The bound and con-
tinuum densities are quite different for these two cases, but

the total density agrees very well with the result in Eq.s33d,
even though the high density limit has only marginally been
reached. These examples confirm very nicely the behavior
stipulated by the high-density screening theorem.

We can now apply the theorem to explain some of the
results found in theZ=1 calculations of Sec. III. Of course
interactions were included there, but the Kohn-Sham system
of equations correspond to a system ofnoninteractingelec-
trons moving in the total effective potential in Eq.s2d. In
Fourier space, we have

Dveffsqd = vextsqd + vsqdDnsqd + vxc8 sn0dDnsqd. s35d

We have here linearized the xc potential since, in the high-
density limit of interest, the induced density is small com-
pared to the background density. IdentifyingDveffsqd as
given by Eq.s35d with Vsqd in Eq. s29d, we have

Dnsqd = − x0sqdDveffsqd s36d

which implies

Dnsqd = −
x0sqdvextsqd

1 + fvsqd + vxc8 sn0dgx0sqd
. s37d

This is simply the induced density obtained within linear
response theory, treating Hartree and xc interactions at the
mean-field level. An example of the linear response result
was already given in Fig. 9 for the case of aZ=1 charge
outside the plane of the 2DEG. The close agreement of this
density with the nonlinear screening density is confirmation
of the high-density screening theorem.

For high densities,vxc is in fact dominated by the ex-
change potential vx=−Cx/ rs and we have vxc8 sn0d.
−spCx/2drs. Thus in the limit rs→0, the xc term can be
dropped and the induced density is simply given by the result

FIG. 12. Screening charge density as a function of position for
the model potential in Eq.s34d. The potential parameters areV0

=0.125H and r0=5a0.

FIG. 13. Screening charge density forrs=0.5 for the model
potenial in Eq.s34d: sad V0=−0.125H, r0=5a0; sbd V0=−0.25H,
r0=5a0. The dashed curve is the bound state contribution, the chain
curve is the continuum state contribution, and the solid curve is the
total.
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Dnsqd = −
x0s0dvextsqd

1 + vsqdx0s0d
. s38d

The corresponding effective potential is

Dveffsqd =
vextsqd

1 + vsqdx0s0d
. s39d

The real-space quantities are obtained from these expressions
by an inverse Fourier transform.

We now consider the particular example of a point charge
Z in the plane of the gas. Withvsqd=2p /q in 2D, Eq. s39d
becomes

Dveffsqd = −
2pZ

q + 2
, s40d

and in real space we obtain the TF potential8

vTFsrd ; − ZE
0

`

dq
q

q + 2
J0sqrd = − ZE

0

`

dx
xe−2x

sx2 + r2d3/2.

s41d

It is a monotonic potential which behaves as −Z/ r for r
→0 and falls off as −Z/4r3 for r →`. Being negative defi-
nite, it will support at least one bound state for any value of
Z. For Z=1 the bound state energy is found to beE0=
−0.2862H which agrees with the value found by Stern and
Howard.8 This is the limiting value of the bound state eigen-
value shown in Fig. 3.

We thus come to the conclusion that thers→0 limit of the
Kohn-Sham effective potential is the TF potential in Eq.
s41d. To illustrate this we show in Fig. 14 the induced density
for Z=1 and a very high density corresponding tors=0.2.
Also shown are the bound and continuum components which
add to the total. The latter is also displayed asrDnsrd in Fig.
15 together with the TF density as obtained from Eq.s38d. It
can be seen that the DFT density simply oscillates about this
limiting value. With decreasingrs, the amplitude of these
oscillations decrease and the DFT density uniformly ap-
proaches the TF density.

For completeness, we note that the result corresponding to
Eq. s40d in 3D is

Dveffsqd = −
4pZ

q2 + qTF
2 , s42d

with qTF=Î4kF /p the Thomas-Fermi wave vector. The real-
space potential in this case is

veffsrd = −
Ze−qTFr

r
. s43d

With increasingkF, the range of the potential decreases. Thus
at some point the potential will no longer support a bound
state, and all states in the presence of the external charge will
be continuum scattering states. As alluded to earlier, the
screening of the external potential becomes more effective
with increasing density. This is in marked contrast to the
situation in 2D where the screened potential has a density-
independent limit which continues to support bound states in
the high-density limit.

In summary, if a potentialVsr d is introduced into a 2D gas
and the induced density is constructed by summing up over
all eigenstates of the HamiltonianH sincluding all possible
bound statesd, the induced density will be given exactly by
Eq. s33d in the high-density limit. Remarkably, this density is
the same as what one would obtain by treating the potential
as a weak perturbation and applying perturbation theory.

V. CONCLUSIONS

In this paper we have provided a detailed discussion of
the nonlinear screening of an external point charge by a two-
dimensional electron gas. Nonlinear effects are most evident
when the charge lies in the plane of the 2DEG but rapidly
decrease in importance as the charge is moved out of the
plane. As an application of the theory we have considered the
problem of 2D stopping power and have compared our re-
sults with earlier work. Quantitative differences point to the
importance of performing self-consistent nonlinear screening
calculations.

We also derive what we refer to as the high-density
screening theorem. In 2D, the theorem has the interesting

FIG. 14. Screening charge density as a function of position for
Z=1 andrs=0.2. The dashed curve is the bound state contribution,
the chain curve is the continuum state contribution, and the solid
curve is the total.

FIG. 15. As in Fig. 14, but plotting the screening charge density
as rDnsrd vs r. The dashed curve is the limitingsrs→0d Thomas-
Fermi density.

NONLINEAR SCREENING AND STOPPING POWER IN… PHYSICAL REVIEW B 71, 125323s2005d

125323-11



consequence that the screened potential has a density-
independent limiting form in the high-density limit and that
the screening density is directly proportional to this potential.
Explicit calculations for model potentials confirm these con-
clusions and demonstrate the surprising fact that linear re-
sponse theory is valid even when the potential acting on the
gas supports bound states. These nonintuitive results high-
light some of the peculiarities of electronic screening in two
dimensions.
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APPENDIX: EVALUATION OF HARTREE POTENTIAL

In this appendix we summarize the methods we have used
to determine the electrostatic potential of the screened impu-
rity charge. Due to the long-range nature of the Coulomb
interaction, this is the one nontrivial part of the calculation of
the total self-consistent potential.

A chargeZ at the positionR=dẑ above the plane of the
2DEG sz=0d is represented by the external charge density

nextsr d = Zdsr − Rd sA1d

which gives rise to the electrostatic potential

fextsrd =
Z

sr2 + d2d1/2 sA2d

in the plane of the gas. Here,r is the radial distance from the
origin. This potential induces the electronic screening density
Dnsr d=Dnsrddszd which in turn gives rise to an electrostatic
potential that is determined by Poisson’s equation

¹2Dfsr d = 4pDnsr d. sA3d

Although this equation determinesDf in three-dimensional
space, only the behavior within the plane of the gas is re-
quired in Eq.s1d.

To solve Poisson’s equation, we make use of the 2D Fou-
rier transform pair

Df̃sq,zd =E d2r e−iq·rDfsr,zd,

Dfsr,zd =E d2q

s2pd2eiq·rDf̃sq,zd. sA4d

Taking the Fourier transform of Eq.sA3d, we obtain

d2Df̃

dz2 − q2Df̃ = 4pDñdszd, sA5d

which has the solution

Df̃sq,zd = Df̃sq,z= 0de−quzu sA6d

with

Df̃sq,z= 0d = −
2p

q
Dñ. sA7d

The screening potential in the plane of the gas is then ob-
tained by taking the inverse 2D Fourier transform of this
equation.

Two problems arise in the numerical implementation of
this procedure. First, Eq.sA7d has aq=0 singularity associ-
ated with the long-range nature of the Coulomb potential,
and second, a straightforward iteration of the Kohn-Sham
equations does not converge. To deal with the first problem,
we introduce an auxiliary charge densitynauxsrd which gives
rise to the auxiliary electrostatic potential

fauxsrd =
Z

sr2 + d0
2d1/2, sA8d

whered0 is some fixed, nonzero parameter. Evidently, this
potential can be considered as being due to a point charge at
R0=d0ẑ. Alternatively, its 2D Fourier transform

f̃auxsqd =
2p

q
Ze−qd0 sA9d

implies that the auxiliary charge density in thez=0 plane has
the 2D Fourier transform

ñauxsqd = Ze−qd0. sA10d

The corresponding real-space density is therefore

nauxsrd =
Z

2p

d0

sr2 + d0
2d3/2. sA11d

This density has a total charge ofZ and falls off asr−3 as
r→`.

We now write the external potential as

fextsrd = fauxsrd + Dfextsrd sA12d

where

Dfextsrd = ZF 1

sr2 + d2d1/2 −
1

sr2 + d0
2d1/2G . sA13d

The latter is treated explicitly in real space, while the effect
of faux is accounted for by means of the following Poisson
equation:

d2Df̃

dz2 − q2Df̃ = − 4psñaux− Dñddszd. sA14d

This equation gives

Df̃sq,z= 0d =
2p

q
sñaux− Dñd sA15d

which no longer has aq=0 singularity since the combination
ñaux−Dñ is charge neutral. Thus, its inverse Fourier trans-
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form can be calculated readily using a fast Fourier transform
technique, and the addition of the result to Eq.sA13d yields
the total electrostatic potential.

The second problem concerns the convergence of the self-
consistent iterative procedure. This is dealt with by rewriting
Eq. sA14d in the form

d2Df̃

dz2 − sq2 + k2dDf̃ = − 4psñaux− Dñddszd − k2Df̃.

sA16d

This trivial change obviously does not change the solution of
the equation but we see that the left hand side corresponds to
a screenedCoulomb interaction with screening parameterk.
With this equation in mind, we adopt the following iterative
procedure:38

Df̃si+1dsq,z= 0d =
2p

Q
sñaux− Dñsidd + S1 −

q

Q
DDf̃sidsq,z= 0d,

sA17d

whereQ2=q2+k2. It is evident that whenDf̃si+1d=Df̃sid at
convergence, this procedure yields

Df̃sq,z= 0d =
2p

q
sñaux− Dñd, sA18d

which is the correct potential for the charge densityñaux
−Dñ. The use of a screened Coulomb interaction has the
important effect of stabilizing the iterative procedure re-
quired to achieve self-consistency.
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