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Formation, ripening, and stability of epitaxially strained island arrays
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We study the formation and evolution of coherent islands on lattice-mismatched epitaxially strained films
using two-dimensional evolution simulations. Faceted islands form in films with anisotropic surface tension.
Under annealing, these islands ripen until a stable array is formed. We show that the presence of a cusp in the
surface tension is essential for reproducing the experimentally observed characteristics of the stable island
array. It is also shown that a single cusp in the surface energy is sufficient in order to explain the island-shape
transition and associated bimodal island-size distribution which occurs in growth experiments. In films with
isotropic surface tension we observe and explain a new mode of growth in which a stable wavy surface is
formed.
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I. INTRODUCTION have a very uniform size distribution. We would have to

Coherent (dislocation-freg islands form to relieve the Carry outour simulations on larger samples to ensure this is
strain associated with lattice-mismatched heteroepitaxial thiftt a finite-size effect. This phenomenon could be very use-
films. The islands can then self-organize to create periodiéul in producing uniform quantum dot arrays.
arrays. When such arrays are embedded in a wider band-gap In films with isotropic surface tension we observe and
material, they can create quantum dot structures of electrong@xplain a new mode of growth in which a stable wavy sur-
significance in semiconductor or optoelectronic devise®, face is formed. Stable, nonflat morphology has previously
e.g., Ref. 1. Indeed there is currently an explosion of interestonly been predicted for faceting filnd§:2
(see, e.g., Ref. 294in exploring the use of self-organized  We study the energetic profile of the entire strained island
guantum dot arrays to create optoelectronic devices, in paarray during film evolution. We consistently see free-energy
ticular quantum dot lasers. plateauing during ripening events and then dropping very

Of particular interest is whether the island arrays thatsharply at the end of the ripening event.
form are energetically stable or metastable configurations
that will ripen. Here we show in annealing simulations that Il. PROBLEM FORMULATION
anisotropy in surface tension is necessary for the formation
of a stable(roughly periodig array. Moreover, we show that ~ The self-assembly of quantum dot arrays is not well un-
the presence of a cusp in the surface energy is essential fderstood even on the qualitative level. Here, we try to ex-
reproducing the experimentally observed characteristics gplain the general qualitative behavior observed in typical ex-
the island array, in particular the increase in island densitperimental systems rather than quantitatively reproduce
with increasing film thickness! The cusped surface ten- system-specific results. We study the evolution of an elasti-
sion produces sharply edged faceted islands, which are staally isotropic system using continuum theory. The surface
bilized by the elastic relaxation the edges contribute. We alsef the solid is aty=h(x,t) and the film is in they>0 region
show that when surface tension is cusped, islands form in gith the film-substrate interface 0. The system is mod-
“chain-reaction ripple” effecti.e., islands tend to develop ejeq to be invariant in thedirection and hence is essentially
near other |slan_dsTh|:514m0de of growth has also been ob- 4 dimensional. This is consistent with plane strain where
served in experimerif he solid extends infinitely in the direction and hence all

Bimodal island-size distributions have been observg trains in this direction vanisi.All quantities are calculated

i —19
experimentally>~*and are related to an observed change or a section of unit width in the direction. The islands we

the shape of growing islands-1° Due to the relationship scribe are equivalent to elongated island ridges or wires
between the shape change and the island-size distribution, gr? 4 . ngat 9 L
All the results mentioned in this paper relate to vicinal

understanding of shape transitions is crucial in order to Ob'urfaces with a verv small miscut anale in thelirection

tain the narrow uniform island size distributions necessar%xperimentally suerces often have su%h a2 small miscut. as it
for ful devi lications. Previ roigee, e.9., . PR '

or successful device applications. Previous grolsge, e.g., is very difficult to grow a perfect facet.

Ref. 20 and 21 have modeled an island shape transition We assume that surface diffusion is the dominant mass
when two cusped minima are present in the surface tension . . . :
ansport mechanism, leading to the following evolution

other than at 0° and hence two distinct faceting angles ar Lation?”
present in the crystal shape. We however show that the shaS@ :
transition and associated bimodal island-size distribution can oh DgnQ) 9 du
occur with only one surface tension minimum—that is, with- T T o
. ; ) at  kgT dxds
out an additional facet orientation at a larger angle.
We see a new phenomenon during long-term annealingvhereDy is the surface diffusion coefficieng is the number
after ripening has stopped, in which islands equilibrate taof atoms per unit area on the solid surfa€ejs the atomic

1)
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volume,T is the temperaturésg is the Boltzmann constarg,
is the arc length, ang is the chemical potential at the sur-
face.
In our previous work®?° we showed thaju can be ex-
y=h(x)

pressed as
d )
(2

wherek is the surface curvaturd,is the angle between the
normal to the surface and the direction, andy(6)=v(6)

+ 3yl 96 is the surface stiffnegsvith y(6) being the surface
tensior. S;q are the compliance coefficients of the material,
ajj is the total stress in the materiaf‘(.o) is the mismatch
stress in the zero-strain reference state, afﬁ)cﬂh) is the
reference-state free energy per unit length inxtwérection.
The reference state is defined as a flat film of thickriess

dfiy
dh

1

o
ESjklo'ijo'kl_

Q

1
0 (0
ESjkIUi(j oy

=0k +

PHYSICAL REVIEW B71, 115423(2005

1.0008 isotropic
— = cusped
rounded cusp, G=500

1.0000
1.05+ 02 4] 0.2
1.00

0 45

6(degrees)

FIG. 1. The figure shows the form of surface tensjponsed in
Eqg. (3) and in particular shows the effect of rounding the surface

confined to have the lateral lattice constants of the substraténSion cusp. In the isotropic case shown hewel.

Linear stability analysis predicts that a flat film thinner
than the linear wetting layer thicknekgis stable at all per-

The critical perturbation amplitude was largely independent

turbation wavelengths and is marginally stable to perturbaof cusp smoothness, unlike the linear wetting layer thick-

tions of wavelength\; for thicknessh.. The expressions for
h. and)\; are given in Ref. 28 and 29. AboVr the flat film
is unstable to a larger and larger range of wavelengths
<\ =<\, until for infinitely thick films the film is unstable to
all perturbations of wavelengths larger than\./2.

We simulated the surface evolution given by E@s.and

ness which depended strongly Gn We carried out most of

our simulations foilG=500 but we also ran selected simula-
tions for G=5000 and perfectly cusped surface tension. The
results were qualitatively identical and quantitatively very
similar. This is important as in experimental systems the ex-
act miscut angle varies and observable phenomena should

(2) and using the numerical scheme described in our earlighot be highly dependent on it. The film first becomes un-
work 22 We used the cusped form of surface tension given bystable at wavelength ~50(0)/Me?, whereM is the plain

Bonzel and Preus¥,which shows faceting in a free crystal:
Y(0)=yo[1+8|sin(76/(26y))|], where B~0.05 and 6, is
the angle of maximumy. We considered a crystal which
facets at 0°+45° and+90° with §,=#/8. This is a generic

strain modulus ang is the lattice mismatch. The islands
which form from this perturbation typically have a width of
about 10% of the unstable wavelength. Both the unstable
wavelength and the faceted island widths scalesds as

model of crystal surface tension and is only meant to showpbserved in experimerits®*in which islands develop from
the general properties of a faceting material and not to corlong-ripple-like structuregcorresponding to our model of
respond exactly to a specific experimental system. The cugplane straii

gives rise toy= at the facet angle. However, a slight mis-
cut of the low-index surface along thredirection leads to a
rounding of the cusp, which can be described by

Y6 = yo[l +/3\/sin2<2—7(;)0> +G‘2]

where G is inversely proportional to the miscut angle and,
for example, G=500 corresponds to a miscut anghy
~0.1" (see Fig. 1 for surface tension plpt&s mentioned

()

All results discussed henceforth refer to Ge/{08l)
though the same trends were seen in, £ 5/ Si(001). Is-
lands form in a “chain-reaction ripple” effect.e., islands
tend to develop near other islandss is illustrated in Fig. 2.
The ripple effect occurs because the growth of the island
destabilizes the flat faceted film at its boundaries. This mode
of growth has also been observed in experiméhis.Egg-
leston and Voorheé% observed a similar chain reaction of
island formation in simulations of a strained film grown on a
substrate with a mesa. After initial island formation we ob-

earlier all the results mentioned in this paper relate to SuUrgapye island ripening occurring over much longer time scales

faces with a very small miscut angle in thelirection.
df%(h)/dh was obtained fromab initio quantum me-
chanical calculations of $i,Ge, grown on S{001) (for de-
tails see Ref. 38 All our simulations start from a randomly
perturbed flat film with an initial thickness denoted Gy

Ill. RESULTS

When perturbations larger than a critical amplit3&é®3!

(about 50 times longer

During annealing the islands are fully faceted. Their tops
are faceted at 0° and their sides at 45°. This shape is pre-
served as the islands grow; i.e., the islands maintain a fixed
height-diameter ratiolas seen in experimefits3237 and
theory?®). During deposition, on the other hand, an interest-
ing transition is observed in the island shape. Initially, the
islands are fully faceted as during annealing. However, when
the islands reach a certain diameter, they stop growing later-

are applied to a flat film, faceted islands develop in the filmally and only vertical growth occursee Fig. 3. This critical

during both annealing and growth, as illustrated in Fig. 2.

diameter is about 40 nm for Ge islands grown on @&
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101 101 101 FIG. 2. Evolution of a random
perturbation on a 25-monolayer-
(ML-) thick Ge film on a Si001)
substrate. In the first graph the
dashed line is the initial perturba-
tion and the solid line is the sur-
face att=0.028 s. The second to
0 100 200 300 0 100 200 300 s 100 200 300 f!fth graphs show the surface at

x(nm) x(nm) x(nm) timest=0.044 s, 0.068 s, 0.123 s

and 2.181 s. The final graph is the

stable steady-state island array.
Note the ripple effect in island
formation and the later island rip-
ening leading to a stable island ar-
54 ray. Periodic boundary conditions
were applied in thex direction.
The same results were observed in
simulations with double the period
length.
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substratgduring annealing we never observed islands whichsland shape transitio(see, e.g., Refs. 20 and )21he tran-
exceeded this diameberThus the islands become tall and sition occurs without an additional facet orientation at a
narrow, and their sides are steeper than 45°. This shape tralarger angle. Altering the exact facet value and/ or having a
sition is observed experimental}*’-1%and is sometimes re- second steeper faceting angle such as in the dome case, only
ferred to as the “pyramid-to-dome transition.” The driving changes specific quantitative properties of this transition,
force behind it is the increased elastic relaxation experiencedtch as the island size and shape at which the transition
by tall narrow islands. Theoretical equilibrium calculations OCCUrs. . , .
with isotropic surface tensidhshow a continuous increase | N€ transition in the island-shape and -growth mode is
in island aspect ratio with increasing island volume, as elasS€rly reflected in the size distribution shown in Fig. 4. Nar-
tic effects dominate surface tension effects. The sharp rath&P" island size and spacing distributions are seen during
than smooth transition in growth mode we observe is due t@arly deposition(see Fig. 4, 20 equivalent monolayers

. . ) . . hese narrow distributions are observed in many
the anisotropic nature of the surface tension and in partlculaerxperimenté:ﬁ-15—17'19’32'40’4After additional depositior(30

the presence of a surface tension cusp at 45°. In smallet uivalent monolayejs bimodaldistribution forms as some
islands where surface effects dominate, islands are locked Y

into the desired facet angle, until a sharp transition poinf);;hz 'i??{gzrﬁ?;zgom ghoeefu:JI?/V;Tgﬁ:ergotﬁofgeet;i:r?rrOW
where the elastic effects dominate and they start growin pe. 9. d y y

vertically. Note that contrary to existing explanations of the I.I |s|gnds have the t"’}" narrow sh'ape. At this stage the.dls-
tribution becomes quite symmetric and evolves at a fixed

distribution width(increasing its mean Similar results were

—1=0.15s observed in experiment8.1’-19
P :’_"_:fg-?gs One of our central observations is that annealing of a
R t;1'59: perturbed flat film with anisotropic surface tension leads to
204 . the formation of a stable array of islands. This result is con-
: : sistent with several experimental systéifs*>43and is in
~ 15 : . contrast with films of isotropic surface tension where the
£ islands ripen indefinitely. Theoretical studies also predict
< 10 stable island array®-25The crucial term in determining the
stability of an island array apart from anisotropic surface
51 tension and a film-substrate interaction is the presence of an
elastic contribution due to island edges. This contribution is
0 ; y T T ] automatically present in our calculations and does not need
160 170 180 190 200 . . .
x(nm) to be introduced separately. Theoretical works that ignore

this ternf!#4 predict continuous ripening.

FIG. 3. Island growth during material deposition. In this particu- ~ Our simulations show that the density of islands in the
lar case the island grew in the fixed height-width ratio mode up toStable array increases with increasing film thicknese Fig.
t=0.7 s and then switched to the vertical growth mode. In this fig-5). An increase in island density with film thickness has also
ure Ge was grown on top of a(8D1) substrate. The initial flat film been seen in many experimeftst Indeed Milleret al.” and
is 10 ML thick and Ge is deposited at a rate of 5.2 nm/s. Kamins et al!! performed annealing experiments and Le-
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A (nmz) FIG. 5. Island densitybottom graphand average island cross-

sectional ared (top graph (recall that islands are infinitely long in
FIG. 4. Distribution of island cross-sectional arkdrecall that  thez direction, in stable arrays of Ge islands on 4(08i1) substrate

islands are infinitely long in the direction, during directed depo- after ripening has ended is the initial flat film thickness, ant,
sition of Ge on a §D01) substrate. The rate of deposition is 5.2 is the thickness of one monolayer. The error bars refer to the fol-
nm/s, and the initial film height is 10 monolayers. The dashed veriowing: Bottom graph: the span of island densities observed with
tical line shows the separation between the early growth mode idifferent initial surface morphologies of the same film thickness.
which the island height-width ratio is preserved and the later verti-Top graph: the standard deviation in island sizes observed through-
cal growth mode. out all samples of the same film thickness.

onardet al® performed experiments with very small deposi- R . .
tion rates. These three experiments clearly show the increas:leI Ar\]st |(;1 i?egzesa?t?w Iinn ci!aga.ls?r; tkl]‘itlan"lnsiﬁinc?(nséi a\‘llvsig] Si:f;\’gzsa
in island density as film thickness increases. This result wag gt increase 9 ’ i
predicted by Daruka and Barab%sh minimal, energy equi- increasing in width from 25 nm to 40 nm and cross-sectional
librium calculations. Here we show that the increase in is-2réa from 100 nrhto 500 nnt (recall that islands are infi-

land density also results from evolution simulations. Thishitely long in thez direction. The island size at 7 ML is
observation is particularly important, since other evolutionlrger than expected due to finite-size effects. Note that even
Studie§2 predicted a decrease in is|and density with increasthe smallest islands have a finite nonzero size. EXperImentS
ing film thickness. We believe this is due to the smooth formindeed see islands forming only above a certain size which
of surface tension used in Ref. 22. Indeed, when we carriethcreases with increasing film thickness164*However,
out simulations with a smooth form of surface tension simi-as the annealing experiments which showed stable island ar-
lar to that used in Ref. 22, we also observed a decrease iays tended not to vary the film thickness, it is difficult to
island density. This clearly demonstrates the importance ofompare our results with experimental observations. Our re-
using a cusped form of surface tension to accurately modeult is in accordance with that predicted in equilibrium cal-
evolution of faceting surfaces. As we stated earlier the elasticulations by Daruka and Barab&3i.
relaxation due to the sharp island edges of faceted islands The islands in the final island array, during long-term an-
appears to be critical in order to correctly predict the prop-nealing after ripening has stopped, tend to equilibrate so that
erties of a faceted island array. most islands have exactly the same size apart from occasion-
The increase in island density which we observe is arally one or two larger or smaller ondsee Figs. 2 and)6
energetic rather than kinetic effect, as the data is obtainedihis is unlike the island distribution during evolution or
from long annealing simulations. Many simulations with dif- deposition where the size distribution is of finite widgee
ferent initial surface morphologies but the same flat filmFigs. 6 and Y. When deposition is halted and the sample
thickness have the same final island density, further indicatannealed, the islands equilibrate so that most have exactly
ing that this is an equilibrium result. the same size. This is a new effect not seen in other studies.
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_FIG. 6. Surface morphology when a 25-ML film of Ge on a 5. 7. surface morphology when Ge is deposited at a rate of
Si(001) substrate is annealed. Periodic boundary conditions Werg 5 nm/s onto a 20-ML Ge film on a ®01) substrate. The dashed
applied in th9< direction. The solid Iinenshows the stead_y-state.film line is the surface morphology after 0.14 s of depositie ML of
after annealing(t=7.2 9 the dashed line shows the film during Ge geposited on top of the 20-ML filmThe solid line is the surface
island evolution and ripeningt=1.59. During evolution the  nqphology after deposition is interrupted and the surface is al-
island-size distribution is narrow but finite. In the equilibrium array |,veq to equilibrate. During deposition the island-size distribution
islands equilibrate so most have exactly the same size. is narrow but finite. In the equilibrium array islands equilibrate, so

most have exactly the same size.

We need to check that this effect also occurs in samples of
larger size before we can claim that it is an experimentallyabove. Perturbations in films thinner thepdecay, and flat
observable effect. There do not appear to be any experimentiéms with thicknessh.<h<h.+A, whereA =1 monolayer,
which compare island-size distributions after ripening haglevelop a stable smooth wavy morphologyAat That is,
stopped during long-time annealing in the absence of disloperturbations of other wavelengths decay and perturbations
cated huge islandéKamins et al!* who see stable island of wavelength\. grow to a finite amplitude. This is a mode
arrays forming during annealing do compare size distribuof growth neither seen nor predicted before. Stable, nonflat
tions but not in the absence of dislocated “superdoies” morphology has previously only been predicted for faceting
This effect could be very useful in producing uniform quan-films.22-25In fact, other groups maintain that isotropic films
tum dot arrays. should be unstable to ripenirg?>3%4Swhile films are lin-

When surface tension is isotropic, corresponding to filmsearly unstable to perturbations of wavelengihssh<\,,
above the roughening transition temperature, flat film evoluour simulations show that the nonlinearity stabilizes the
tion during annealing is very different from that describedgrowth of wavelengths close to- and \,. As a result the

40 40 4
35 1 35 1
30 + 30 1
25 1 _ 251
£ 20 £ 20]
< 15 15 FIG. 8. Evolution of a random
10 101 perturbation on an isotropic film
S B0 fy e VO U e o A 5 of height C=7.2 ML=h,
+1.9 ML. £¢=2%. The dotted line
0-r ) ' T T 0- T T T ' represents the linear wetting layer
0 200 40())</h 600 800 0 200 400x/h 600 500 thickness. In the first graph, the
@) mi (b) ml dashed line represents the initial
40 - randomly perturbed film and the
] solid line the surface dt=4s. The
35
30| second graph shows the surface at
t=40 s, the third at=96s and the
= - 25 last graph the surface &t 255 s.
< £ 20 hm is the thickness of one
< 15 monolayer.
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5 e
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FIG. 10. Free energy over the entire simulation time range. Note
the sharp energy drop during faceting and the ripening energy
oo plateau.
0:31 ) - ) : y ) . decay length ot ¥/ dhwhich governs behavior very near to
4 6 8 10 12 yleng el 9 y

the interface and this is independent of lattice mismatch. A
t(s) depression around the base of the islands is obséexgadri-
mental evidence in Ref. 15 and 32, also seen in
FIG. 9. Top graph: evolution of island peaks when 10 ML of Ge simulationg?).
is annealed on a &l01) surface. Four long-living islands have de-
veloped by 0.1 s. Peak 1 is represented by a thick black line peak 2 IV. ENERGY CALCULATIONS
t?y a thin black line, peak.3 by a dotted line, anq peal§ 4bya dashgd We calculated the total free enerffq. (4)] of the film-
line. As can be seen a ripening event occurs in which peak 3 disg hsirate system for particular surface profiles, in order to
appears. Bottom graph: the free energy as the system evolves. NQig. o, \re how the free energy changes during ripening events.

that the free energy plateaued during the ripening event and only The free energy of the whole substrate-film system is
dropped sharply at the very end of the ripening event. The energy is.

given in relation to the free energy of a flat film of 10 ML. given by

growth of the perturbation saturates and stops at a finite am- F=Fg+ J dxy\1 +(3h/ax)?, (4)
plitude, as seen by Spencer and Meffior infinitely thick

films. When films are sufficiently close to the linear wetting whereF, is the elastic free energy including any elastic con-
layer thickness, the range of nonlinear saturation extendgibutions to the surface tension:

over the entire range of linearly unstable wavelengths and so h(x) 1 1

a stabl_e wavy morphology is observed. For films thicker than Foi= f dx e?) +f dxf dY(—Sjk|(TijUk| _ _Sjklgi(jO)Ul(((I))>
he+A, initially a wavy structure at the most unstable wave- e 2 2

length forms. The hills of these waves then ripen on larger (5)
and larger length scales, until isolated islands are left that
continue ripeningsee Fig. 3. In order to calculate the stresses at the surface we solved

In all our simulations we saw several common aspects t@ boundary integral equation in terms of the complex Gour-
the ripened morphology which we also observed in filmssat functions, the details of which can be found in the paper
with faceted islands, suggesting that these features arise doé Spencer and Meiroff. The stress throughout the solid
to the interplay between relieving the linear elastic strainwas then determined by utilizing the fact that the Goursat
energy and the nonlinear elastic enerdlye wetting layer functions are analytical in the solid region and using the
term) and are independent of the form of the surface tensionCauchy integral formula.

These features were also observed in many experiments. All Consistently for both isotropic and anisotropic surface
of them can be observed in the well separated island motension the free energy plateaued during the ripening event
phologies during the later evolution in Fig. 8. The linearand only dropped sharply at the very end of the ripening
wetting layer disappears once islands begin to form and avent. For example, see Figs. 9—11, which show how the
new thinner flat wetting layer of 2-3 ML remains betweentotal free energy and film morphology change when an island
the islandgobserved in experiments in Refs. 32, 33, 37, anddisappears during a ripening event in a Ge film on @&l

42). Note the inter island wetting layer thickness was thesubstrate. For anisotropic surface tension there was a very
same independent of lattice mismatch unlike other morphosharp drop in energy during initial faceting and island forma-
logical features such as island size. This is because it is thton.
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FIG. 11. Evolution of island peaks when 10 ML of Ge is annealed on(@%i surface.(a) t=0.15 s. Four long-living faceted islands
have now fully developed. The energy has plummeted from the energy of the initial perturbed flat film corresponding to the highly
energetically favorable process of faceted island formation. Energy now plateaus while small changes in relative island height takes place.
(b) t=5.98 s The middle of the energy plateau and the beginning of the ripening process in which peak 3 will disappear. From now on the
other peaks will grow at peak 3's expeng®.t=9.06s. The start of the drop in the energy plateau, corresponding to the first vertical line in
Fig. 9. The morphological ripening is, however, very advanced and peak 3 is much smaller than the othédpea®20 s. The end of
the ripening event, corresponding to the second vertical line in Fig. 9. Note that the big energy drop takes place only at the end of the
ripening event.

V. SUMMARY We show that the island-shape transition can occur with

Like other groups before #&25we show that surface ten- qn]y one surfacg ten_sion minimum—that is, without an ad-
sion anisotropy is crucial to the formation of stable islandditional facet orientation at a larger angle.
arrays and the prevention of continuous ripening. However, In films with isotropic surface tension we observe and
the type of anisotropy used in these previous wé&kswas explaﬁn a new mode of growth in which a stable wavy sur-
smooth and not cusped and hence did not lead to faceting. Agce is formed. Stable, nonflat morphology has previously
we show, having cusped surface tension is crucial in coronly been predicted for faceting filni&:>> Experiments
rectly determining the characteristics of the island array, irRbove the roughening temperature would need to be carried
particular in showing an increasing rather than decreasin§ut to verify our prediction.
island density with increasing film thickness. The cusped sur- We studied the energetic profile of the entire strained is-
face tension is essential in producing sharply edged facetd@nd array during film evolution. We consistently see free-
islands and therefore the stabilizing elastic relaxation thesBnergy plateauing during ripening events and then dropping
island edges contribute. We also show that when surface teNery sharply at the end of the ripening event.
sion is cusped islands form in a “chain-reaction ripple” effect
(i.e., islands tend to develop near other islgndfis mode APPENDIX
of growth has also been observed in experiméritt

We see a new phenomenon during long-term annealing In this appendix we calculate expressions for the strain
after ripening has stopped, in which islands equilibrate teenergy of a perturbed uniaxially and biaxially strained film.
have a very uniform size distribution. We would have toAs these calculations show, the two expressions differ only
carry out our simulations over larger samples to ensure this iy a constant dependent only on the mismatch strain and
a nonlocal effect. There do not appear to be any experimeniadependent of the surface morphology. This leads only to a
which compare island-size distributions after ripening hashange in energy and length scafdse to the differing mis-
stopped during long-time annealing in the absence of dislomatch stregsbut not in the qualitative features of the ob-
cated huge islands. This could be very useful in producingerved phenomena.
uniform quantum dot arrays. We use the following definition of strain:
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e_:l(%+a_ul> Ty = Ty
2 &XJ X '

Inserting this relation into the expression for the elastic free-
whereu are material displacements. The shear modulus i§nergy density, EqA3), gives a much simplified expression
wu=E/2(1+v), whereE is Young’s modulus and is Pois- for the free-energy density at the surface:
son’s ratio. _ £(0) 2 0) 5 (0y2
. . fo="1,"+ + /(2M) — + 1(2M),
The stress-strain relations are then o= T+ (Ot y)T2M) = (03 + 03y (2M)
1 where M =E/(1-1?) is the plane strain modulus. The mis-
e = E[(1+V)(o'ij - 0l)) — vlow- o)l (AD) msltch stress in a uniaxially strained film is given bf{f)
= E.
whereo is the total stress in the material ant? is the stress
in the zero-strain reference state.

. . . Biaxially strained film
From the above expression we obtain the compliance co-

efficients Syu[;=Sj(ow-0)]. The elastic free-energy In the case(ot))f biaXia!O)StfairExz:eyz:O, e,~¢, and o,
density can be written as —0,, =00, to,~o, ) +Ee. Hence,
1 1 f, = f (plane strain+ Ec%2 +[0? - 1(c'? + ¢!9) .
f,= ff)O) + ESjkl 0ij0W ~ ES“" (ri(jo)crf(?), (A2) v 2z xx T Oyy

The mismatch stress in a biaxially strained film is given

wheref'” is the free-energy density in the zero-strain refer-by oy =00 =[E/(1-1)]e=M(1+p)e. Hence the free energy
ence state. under biaxial stress differs from that in plane strain by a
constant which has no effect on the morphological evolution
Uniaxial strained film of the surface.
The plane strain conditions aes,=e,,=e,,=0. The increase in mismatch stress in the biaxial case just

Using the stress-strain relatiofs1) these conditions g:an hasl t?e effect t'Of ;:‘Ea”%ilr;gt enEtELQY aht?] En?g‘] scale;,. The
: : 0 _ © evolution equationgEq. (1) together wi (2)] can be
E‘(a fe_W”(gEj]” n terms Oafnztressef”ﬂo_"zz"”[("XX_"XX) made spati(:llly dimentioniess by scaling al lengths| py
(;Wb‘?/ty i foz— Tz g UVZ._UEZ' A2) and explic. Yo/ So Wherey is the surface tension of the flat film afig
i u .f : utlhng OmZT. Oxz aN 01;%/_21_'” ; g ( )b"f{m_ EXPIIC s the elastic energy density of the flat film, and all times by
Itly writing the compliance Coetlicients, we obtain 7= 7yksT/DspQ%S. The strain energy density is scaled by

1+v S- Note thatdf¥/dh can be written asyf'(h/hy) where
_ £(0) _ 2, 25\ _ 2 (a_ | m
fo=f,+ oE {1 =) (o, + cryy) 2voy,0yy + 20%, 1-v) £ (h/hyy) — 1 aseh—>00. Hence
X[+ (0})?] + 2vod o) = 2A0)%}. (A3) oh_ Do 3 o7+ S+ S (Whw)]
We are interested in the free-energy densjtyt the sur- gt kT ox Js

face and hence can use the zero-force surface boundary cOfecomes
ditions, which yield _ - —
dh_  dFi+S+1 (Why)]

NyTyx + Nyoy, =0, —=—
ot oX Js

(AS5)
Moy * Myoyy =0, where all variables are written in terms of the scaled vari-
wheren is the normal to the surface. The same conditionsables and are represented by a tilda above the original sym-
also apply separately to the reference state stresses. bols.

Combining the two boundary condition equations above Hence having a finite rather than zero strain in zhei-
leads to the following relation between the stress comporection does not change any qualitative features of our re-

nents at the surface: sults.
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