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We investigate the influence of a perpendicular magnetic field on the spectral and spin properties of a
ballistic quasi-one-dimensional electron system with Rashba effect. The magnetic field strongly alters the
spin-orbit induced modification to the subband structure when the magnetic length becomes comparable to the
lateral confinement. A subband-dependent energy splitting atk=0 is found which can be much larger than the
Zeeman splitting. This is due to the breaking of a combined spin orbital-parity symmetry.
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I. INTRODUCTION

The quest for a better understanding of the influence of
the electron spin on the charge transport in nonmagnetic
semiconductor nanostructures has considerably attracted in-
terest during recent years.1 Spin-orbit interactionsSOId is
considered as a possibility to control and manipulate electron
states via gate voltages.2,3 This has generated considerable
research activity, both in theory and experiment, motivated
by fundamental physics as well as applicational aspects. Es-
pecially, SOI induced by the Rashba effect4,5 in semiconduc-
tor heterostructures as a consequence of the lack of structure
inversion symmetry6 is important. In these two-dimensional
s2Dd systems the Rashba effect leads to spin precession of
the propagating electrons. The possibility to manipulate the
strength of the Rashba effect by an external gate voltage has
been demonstrated experimentally.7–10This is the basis of the
spin dependent field-effect-transistorsspinFETd earlier dis-
cussed theoretically by Datta and Das.11 Numerous theoreti-
cal spintronic devices have been proposed using
interference,12–16 resonant tunneling,17–20 ferromagnet-
semiconductor hybrid structures,21–24 multiterminal
geometries,25–29 and adiabatic pumping.30 Magnetic field ef-
fects on the transport properties in 2D systems with SOI
have been investigated theoretically31–33 as well as
experimentally.7–10,34,35

In order to improve the efficiency of the spinFET the
angular distribution of spin precessing electrons must be
restricted.11 Thus, the interplay of SOI and quantum confine-
ment in quasi-one-dimensionals1Dd systems36–38 and quan-
tum Hall edge channels39 has been studied. First experimen-
tal results on SOI in quantum wires have been obtained.40

The presence of a perpendicular magnetic field has been sug-
gested to relax the conditions for the external confining po-
tential for quantum point contacts. In these systems a
Zeeman-type spin splitting atk=0 has been predicted from
the results of numerical calculations when simultaneously
SOI and a magnetic field are present.41 The effect of an in-
plane magnetic field on the electron transport in quasi-1D
systems has also been calculated.42–44

In this work, we investigate the effect of a perpendicular
magnetic field on the spectral and spin properties of a ballis-
tic quantum wire with Rashba spin-orbit interaction. The
results are twofold. First, we show that transforming the
one-electron model to a bosonic representation yields a

systematic insight into the effect of the SOI in quantum
wires, by using similarities to atom-light interaction
in quantum optics for high magnetic fields. Second, we dem-
onstrate that spectral and spin properties can be systemati-
cally understood from the symmetry properties. Without
magnetic field the system has a characteristic symmetry
property—the invariance against a combined spin orbital-
parity transformation—which is related to the presence of
the SOI. This leads to the well-known degeneracy of ener-
gies atk=0. The eigenvalue of this symmetry transformation
replaces the spin quantum number. A nonzero magnetic field
breaks this symmetry and lifts the degeneracy. This magnetic
field-induced energy splitting atk=0 can become much
larger than the Zeeman splitting. In addition, we show that
modifications of the one-electron spectrum due to the pres-
ence of the SOI are very sensitive to weak magnetic fields.
Furthermore, we find characteristic hybridization effects in
the spin density. Both results are completely general as they
are related to the breaking of the combined spin-parity sym-
metry.

This general argument explains the Zeeman-type splitting
observed in recent numerical results.41

II. THE MODEL

We study a ballistic quasi-1D quantum wire with SOI in a
perpendicular magnetic field. The system is assumed to be
generated in a 2D electron gass2DEGd by means of a gate-
voltage induced parabolic lateral confining potential. We as-
sume that the SOI is dominated by structural inversion asym-
metry. This is a reasonable approximation for InAs based
2DEGs.10 Therefore, the SOI is modelled by the Rashba
effect,4,5 leading to the Hamiltonian
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wherem andg are the effective mass and Landé factor of the
electron, ands, is the vector of the Pauli matrices. The mag-
netic field is parallel to thez-directionsFig. 1d, and the vector
potentialA is in the Landau gauge. Three length scales char-
acterize the relative strengths in the interplay of confinement,
magnetic fieldB, and SOI,
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The length scalel0 corresponds to the confinement potential
Vsxd=sm/2dv0

2x2, lB is the magnetic length withvc=eB/mc
the cyclotron frequency andlSO is the length scale associated
with the SOI. In a 2DEG the latter is connected to a spin
precession phaseDu=L / lSO if the electron propagates a dis-
tanceL.

Because of the translational invariance in they-direction
the eigenfunctions can be decomposed into a plane wave in
the longitudinal direction and a spinor which depends only
on the transversal coordinatex,

Cksx,yd = eikySfk
↑sxd

fk
↓sxd

D = :eikyfksxd. s3d

With this and by defining creation and annihilation operators
of a shifted harmonic oscillator,ak

† and ak, which describe
the quasi-1D subbands in the case without SOI, the transver-
sal wave function component satisfies

Hskdfksxd = Ek fksxd, s4d

for k fixed with the Hamiltonian,
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the abbreviations
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and the dimensionless Zeeman splitting

d =
1

2
S l0

lB
D2 m

m0
g s10d

sm0 is the bare mass of the electrond.
This representation of the Hamiltonian corresponds to ex-

pressing the transverse wave function in terms of oscillator
eigenstates such thatak

†ak gives the subband index of the
electron which propagates with longitudinal momentum"k.
The magnetic field leads to the lateral shift of the wave func-
tion and the renormalization of the oscillator frequencyV.
Moreover, the effective mass in the kinetic energy of the
longitudinal propagation is changed. The last term in Eq.s5d
describes how the SOI couples the electron’s orbital degree
of freedom to its spin. Due to the operatorsak

† and ak the
subbands corresponding to one spin branch are coupled to
the same and nearest neighboring subbands of opposite spin,
see Fig. 2sad.

Formally, fork fixed Eq.s5d can be regarded as a simple
spin-boson system where the spin of the electron is coupled
to a monoenergetic boson field which represents the trans-
verse orbital subbands. This interpretation leads to an anal-
ogy to the atom-light interaction in quantum optics. There,
the quantized bosonic radiation field is coupled to a pseu-
dospin that approximates the two atomic levels between
which electric dipole transitions occur. In our model, the
roles of atomic pseudospin and light field are played by the
spin and the orbital transverse modes of the electron, respec-
tively.

Indeed, in the limit of a strong magnetic field,lB! l0, and
kl0!1 Eq. s5d converges against the exactly integrable
Jaynes-Cummings modelsJCMd,45

FIG. 1. sColor onlined Model of the quantum wire.

FIG. 2. sColor onlined sad Spin-orbit induced coupling of
subbands with opposite spins in a quantum wire.sbd–sdd Spectra
of a quantum wire with SOI for different strengths of perpendicular
magnetic field for lSO= l0 and typical InAs parameters,
a=1.0310−11 eV m, g=−8, m=0.04m0. For strong magnetic field
sdd the convergence towards the Jaynes-Cummings modelsJCMd
can be seensdashed, eigenenergies of JCMd.
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This system is well known in quantum optics. It is one of the
most simple models to couple a boson mode and a two-level
system.46 In the case of the quantum wire with SOI one can
show that in the strong magnetic field limit the rotating-wave
approximation,46 which leads to the JCM, becomes exact.
This is because forlB! l0 and kl0!1 the electrons are
strongly localized near the center of the quantum wire and
thus insensitive to the confining potential. In this limit, there
is a crossover to the 2D electron system with SOI in perpen-
dicular magnetic field for which the formal identity to the
JCM has been asserted previously.47

In this context, it is important to note that the JCM is
known to exhibit Rabi oscillations in optical systems with
atomic pseudospin and light field periodically exchanging
excitations. Recently, an experimentally feasible scheme for
the production of coherent oscillations in a single few-
electron quantum dot with SOI has been proposed48 with the
electron’s spin and orbital angular momentum exchanging
excitation energy. This highlights the general usefulness of
mapping parabolically confined systems with SOI onto a
bosonic representation as shown in Eq.s5d. Related results
have been found in a three-dimensional model in nuclear
physics where the SOI leads to aspin-orbit pendulum
effect.49

III. SYMMETRY PROPERTIES

Without magnetic field it has been pointed out previously
that one effect of SOI in 2D is that no common axis of spin
quantisation can be found, see, e.g., Ref. 38. Since the SOI is
proportional to the momentum it lifts spin degeneracy only
for kÞ0. From the degeneracy atk=0 a binary quantum
number can be expected atB=0. It can easily be shown that
for any symmetric confinement potentialVsxd=Vs−xd in Eq.
s1d—which includes the 2D case forV;0 or symmetric
multiterminal junctions25–27—the Hamiltonian is invariant
under the unitary transformation

Ux = ei2pP̂xŜx/" = iP̂xsx, s12d

where P̂x is the inversion operator for thex-component,

P̂xfsx,yd= fs−x,yd. Thus, the observablesH, py, and P̂xsx

commute pairwise. Without SOI,P̂x and sx are conserved
separately. With SOI, both operators are combined to form

the new constant of motionP̂xsx which is calledspin parity.
When introducing a magnetic field with a nonzero perpen-
dicular component the spin parity symmetry is broken and
we expect the degeneracy atk=0 to be lifted. As a side
remark, by using oscillator eigenstates and the representation
of eigenstates ofsz for the spinor, the HamiltonianHskd in
Eq. s5d becomes real and symmetric. We point out that in this

choice of basis the transformationUy= iP̂ysy is a representa-
tion of the time-reversal operation which forB=0 also com-
mutes withH. However, it does not commute withpy and no
further quantum number can be derived fromUy.

50 The ef-

fect of the symmetryP̂xsx on the transmission through sym-
metric four25 and three-terminal26 devices has been studied
previously.

We recall that the orbital effect of the magnetic field leads
to a twofold symmetry breaking: the breaking of the spin

parity P̂xsx lifts the k=0 degeneracyseven without the Zee-
man effectd and the breaking of time-reversal symmetry lifts
the Kramers degeneracy. ForB=0 we can attribute the quan-
tum numberssk,n,sd to an eigenstate wheren is the subband
index corresponding to the quantization of motion in
x-direction ands= ±1 is the quantum number of spin parity.
For BÞ0, due to the breaking of spin parity,n ands merge
into a new quantum number leading to the nonconstant en-
ergy splitting atk=0 which will be addressed in the next
section when treating the spectral properties.

For weak SOIslSO@ l0d one finds in second order that the
spin splitting atk=0 for thenth subband is

Dn

"v0
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1

2
S l0

lSO
D2sV − ddx1

2 − sV + ddx2
2

V2 − d2 Sn +
1

2
D ,

s13d

wherex1,2=2−1/2fsl0/ lBd2V−1/27V1/2g. The first term is the
bare Zeeman splitting and the SOI-induced second contribu-
tion has the peculiar property of being proportional to the
subband index. In addition, for weak magnetic field
sl0! lBd the splitting is proportionalB,

Dn

"v0
< d − S l0

lSO
D2S l0

lB
D2S1 +

1

4

m

m0
gDSn +

1

2
D . s14d

This is expected because by breaking the spin parity symme-
try at nonzeroB the formerly degenerate levels can be re-
garded as a coupled two-level system for which it is known
that the splitting into hybridized energies is proportional to
the coupling, i.e., the magnetic fieldB.

IV. SPECTRAL PROPERTIES

Due to the complexity of the coupling between spin and
subbands in Eq.s5d, apart from some trivial limits, no ana-
lytic solution of the Schrödinger equation can be expected.
We find the eigenfunctions and energies of the Hamiltonian
by exact numerical diagonalization. Figures 2sbd–2sdd show
the spectra for different strengths of magnetic field and pa-
rameters typical for InAs:a=1.0310−11 eV m,
g=−8, m=0.04m0. We set lSO= l0 which corresponds to a
wire width l0<100 nm.

For the case without magnetic field it has been asserted
previously that the interplay of SOI and confinement leads to
strong spectral changes like nonparabolicities and anticross-
ings whenlSO becomes comparable tol0.

36,38 In Fig. 2sbd we
find similar results in the limit of a weak magnetic field.
However, as an effect of nonvanishing magnetic field we
observe a splitting of the formerly spin degenerate energies
at k=0. For the Zeeman effect it is expected that the corre-
sponding spin splitting is constant. In contrast, in Figs.
2sbd–2sdd the splitting atk=0 depends on the subband. This
additional splitting has been predicted in Sec. III in terms of
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a symmetry breaking effect when SOI and perpendicular
magnetic field are simultaneously present.

Figure 3sad shows the eigenenergiesEnsk=0d for lSO= l0
as a function of magnetic field in units of hybridized energies
sv0

2+vc
2d1/2. Three different regimes can be distinguished.sid

For small magnetic fieldsl0/ lB!1d the energy splitting
evolves from the spin degenerate casestrianglesd due to the
breaking of spin parity. Although the perturbative results Eq.
s13d cannot be applied to the caselSO= l0 in Fig. 3sad, the
energy splitting at small magnetic field and the overall in-
creasing separation for higher subbands are reminiscent of
the linear dependences onn and B found in Eqs.s13d and
s14d. sii d For l0/ lB<1, the energy splitting is comparable to
the subband separation which indicates the merging of the
quantum numbers of the subband and the spin parity into a
new major quantum number. For higher subbands, the SOI-
induced splitting even leads to anticrossings with neighbor-
ing subbands.siii d Finally, the convergence to the JCM im-
plies that the splittings should saturate for largeB fFig. 2sddg.
The dashed lines in Fig. 3sad show the energies of the spin-
split Landau levels, En/"v0=sl0/ lBd2sn+1/2d±d /2 for
l0=4lB, indicating that the SOI-induced energy splitting is
always larger than the bulk Zeeman splitting. Atl0< lB the
SOI-induced splitting exceeds the Zeeman effect by a factor
of 5. This is remarkable because of the large value of the
g-factor in InAs.

For our wire parameters the sweep in Fig. 3sad corre-
sponds to a magnetic fieldB<0–1 T. Considering the sig-
nificant spectral changes due to breaking of spin parity at
lB< l0sB<70 mTd we conclude that the SOI-induced modi-
fications in the wire subband structure are very sensitive to
weak magnetic fieldsfFigs. 2sbd and 2scdg. This may have
consequences for spinFET designs that rely on spin polarized
injection from ferromagnetic leads because stray fields can
be expected to alter the transmission probabilities of the in-
terface region.

The SOI-induced enhancement of the spin splitting should
be accessable via optical resonance or ballistic transport ex-
periments. The magnitude of the splitting suggests that this
effect is robust against possible experimental imperfections

like a small residual disorder. In a quasi-1D constriction the
conductance is quantized in units ofne2/h where n is the
number of transmitting channels.51 In the following, we ne-
glect the influence of the geometrical shape of the constric-
tion and that for small magnetic fieldssl0/ lB,0.5d the
minima of the lowest subbands are not located atk=0 fFig.
2sbdg. In this simplified model we expect the conductanceG
to jump up one conductance quantum every time the Fermi
energy passes through the minimum of a subband. Thus, in
the case of spin degenerate subbands,G increases in steps
with heights 2e2/h ftriangles in Fig. 3sbdg.

In principle, by sweeping the magnetic field the different
regimes discussed in Fig. 3sad can be distinguished in the
ballistic conductance. For high magnetic field, the spin de-
generacy is broken due to the Zeeman effect. This leads to a
sequence of large stepssLandau level separationd interrupted
by small stepssspin splittingd fcircles in Fig. 3sbdg. As a
signature of the SOI we expect increasing spin splitting for
higher Landau levels due to converging towards the JCM
fFig. 2sddg. Decreasing the magnetic field enhances the ef-
fects of SOI until atlB< l0 subband and spin splitting are
comparable whereas the Zeeman effect becomes negligible
fcrosses in Fig. 3sbdg.

V. SPIN PROPERTIES

Not only the energy spectra of the quantum wire are

strongly affected by breaking the spin parityP̂xsx. The latter
symmetry has also profound consequences for the spin den-
sity,

Sn,ksxd ª cn,k
† s cn,k. s15d

To elucidate this in some detail we start with considering the
caseB=0.

A. Vanishing magnetic field

Without magnetic field, the spin parity is a constant of
motion. The corresponding symmetry operation Eq.s12d
leads to the symmetry property for the wave function,

cn,k,s
↑ sxd = s cn,k,s

↓ s− xd, s= ± 1, s16d

where s denotes the quantum number of the spin parity.
This symmetry requires the spin density components
perpendicular to the confinement to be antisymmetric,
Sn,k,s

y,z sxd=−Sn,k,s
y,z s−xd, leading to vanishing spin expectation

values, ksy,zln,k,s=edxSn,k,s
y,z sxd=0. We note that using the

sz-representation for spinors even leads to zero longitudinal
spin density Sn,k,s

y sxd;0 because the real and symmetric
HamiltonianHskd implies real transverse wave functions in-
dependent of the spin parity. Therefore, it is sufficient to
consider thex- andz-components of the spin, only.

For zero magnetic field, it has been pointed out that for
large k the spin is approximately quantized in the confine-
ment direction.38 This is due to the so-calledlongitudinal-
SOI approximation37 which becomes valid when the term
linear in k in the SOIfEq. s5dg exceeds the coupling to the
neighboring subbands.

FIG. 3. sColor onlined sad Magnetic field evolution ofEnsk=0d
for lSO= l0 in units of Îv0

2+vc
2. Three different regimes of spin

splitting can be distinguishedssee textd. Dashed lines correspond to
Zeeman split Landau levels.sbd Simplified sketch of the ballistic
conductance as a function of Fermi energy forsl0/ lBd2=0 stri-
anglesd, sl0/ lBd2=2 scrossesd, and Zeeman-split Landau levels
scirclesd. sCurves vertically shifted for clarity.d
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B. Nonvanishing magnetic field

The perpendicular magnetic field breaks spin parity and
thereby leads to a hybridization of formerly degenerate states
for smallk. In addition, the breaking of the symmetry of the
wave function Eq.s16d leads to modifications of the spin
density.

In Fig. 4 the expectation value of spin is shown as a
function of the longitudinal momentum for the two lowest
subbands. For weak magnetic fieldfFig. 4sadg results similar
to the zero magnetic field case38 are found. For largek the
spinor is effectively described by eigenstates ofsx which
concurs with the longitudinal-SOI approximation. However,
for k<0 the hybridization of the wave function leads to a
finite value ofkszl. This corresponds to the emergence of the
energy splitting atk=0 in Fig. 2sbd which can be regarded as
an additional effective Zeeman splitting that tilts the spin
into the sz-direction—even without a real Zeeman effect.
This effect becomes even more pronounced for large mag-
netic fieldfFig. 4sbdg. Here, for smallk, the spin of the low-
est subband is approximately quantized in thesz direction.
The spin expectation values in Fig. 4 depend only marginally
on the strength of the Zeeman effect. No qualitative differ-
ence is found forg=0.

VI. CONCLUSION

In summary, the effect of a perpendicular magnetic field
on a ballistic quasi-1D electron system with Rashba effect is
investigated. It is shown that the spectral and spin features of
the system for smallk are governed by a compound spin
orbital-parity symmetry of the wire. Without magnetic field
this spin parity is a characteristic property of symmetrically
confined systems with Rashba effect and leads to a binary
quantum number which replaces the quantum number of
spin. This symmetry is also responsible for the well-known
degeneracy fork=0 in systems with Rashba effect. A non-
zero magnetic field breaks the spin-parity symmetry and lifts
the corresponding degeneracy, thus leading to a magnetic
field induced energy splitting atk=0 which can become
much larger than the Zeeman splitting. Moreover, we find
that the breaking of the symmetry leads to hybridization ef-
fects in the spin density.

The one-electron spectrum is shown to be very sensitive
to weak magnetic fields. Spin-orbit interaction induced
modifications of the subband structure are strongly changed
when the magnetic length becomes comparable to the lateral
confinement of the wire. This might lead to consequences for
spinFET designs which depend on spin injection from ferro-
magnetic leads because of magnetic stray fields.

For the example of a quantum wire, we demonstrate that
in the case of a parabolical confinement it is useful to map
the underlying one-electron model onto a bosonic represen-
tation which shows for large magnetic field many similarities
to the atom-light interaction in quantum optics. In Ref. 48
this mapping is utilized to predict spin-orbit driven coherent
oscillations in single quantum dots.
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