PHYSICAL REVIEW B 71, 115301(2005

Effects of polariton-energy renormalization in the microcavity optical parametric oscillator
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The cw microcavity optical parametric oscillat®®PO state is investigated using a theoretical treatment
that includes the contributions of the pump, signal, and idler populations to the renormaliation of the polariton
energies(the “blueshift). The theory predicts the pumping conditions under which the OPO switches on,
showing that a pump angke10° is required, but there is no particular significance to the “magic angle” where
pump, signal, and idler are all on resonance. The signal and idler renormalization contributions also cause the
signal emission to be driven towards the normal direction as the pump power increases above threshold.
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The behavior of a resonantly pumped semiconductor mienergies from the polariton dispersion is minimized, a wider
crocavity can be best described using the terminology of theange of angles would be obtained, depending on the pump
optical parametric oscillatofOPO: with pumping above energy and angle. The present theory predicts that this will in
threshold at a finite angle, a coherent signal appears, close fact happen, but only very close to the threshold: at higher
the normal direction, accompanied by an idler on the othepump powers the renormalization contributions from the sig-
side of the pump:? However, this is an unusual OPO, as thenal and idler switch off the high angle OPO and pull the
nonlinearity isy®, rather than the typicg}?, so the phenom- small angle states into resonance. In a theory without these
enon is a form of nondegenerate four-wave mixing, with twocontributions, the pump population is pinned to its threshold
pump polaritons scattering into the signal and idler states.value, so nothing can change at higher pump powers.

One consequence is that there is a process by which two The first theoretical model§ of the microcavity OPO
polaritons can scatter off each other but end up in the samghowed that the polariton energy renormalization arises natu-
state, which produces a “blueshift” or renormalization of therally from a description in terms of exciton-exciton
polariton energies. This renormalization obviously dependscattering or a x* nonlinearity? Although the renormaliza-
on the pump, signal, and idler populations. However, altion was derived, its effects were not included in the solution
though the term has been discussed in previous theoretictdr the OPO states. The renormalization of the pump polar-
work, its effect on the OPO state has been ignored, or onljton state was shown by Baas al® to explain the observed
the pump contribution has been considered. The purpose diistability, but this treatment was not extended to consider
the present paper is to show that, when the renormalization ihe OPO state. Gippiust all® discuss the bistability and
properly treated, a number of puzzling aspects of the exper©PO instability, making comparisons with a numerical
mental results can be explained. model, including a continuum of modes, from which

Recent experimerfthave shown that the cw OPO can be emerges the property of emission close to the normal. The
switched on for a range of pump angles and energies, frompresent work is an analytic treatment that provides a physical
10° to at least 24°, with relatively small changes in thresholdexplanation for the numerical and experimental results, by
This cw situation contrasts with the ultrafast behavior, wherancluding the contributions to the renormalization from the
the response is strongly peaked about a “magic angle,” afignal and idler populations in the description of the OPO.
~16°, when the pump, signal, and idler all lie on the polar- The treatment assumes that the pump beam is spatially
iton dispersion curv&® By investigating the stability of a uniform, and the pump, signal, and idler fields are simple
state in which only the pump polariton is occupied, the theplane waves. Although this is not fully realistic, as all experi-
oretical treatment with the self-interaction provides a prediciments use a finite spot, it should give reasonable results for
tion of values of the pump angle, power, and energy at whichillumination with gradual spatial intensity variations. As will
the OPO can occur. In fact, the OPO is not the only instabilbe discussed below, some differences between the theoretical
ity of the system: a simple bistable behavior can also begredictions and experiment are probably due to the effects of
obtained, as observed experimentally by Begal?® for nor-  spatially inhomogeneous pumping. It should also be noted
mal incidence pumping. The theory predicts that for smallthat even for uniform pumping, it is possible that there are
pump angles, only bistability occurs, while for angles greatessolutions with spatial structure in the internal fields.
than ~10° the OPO switches on. Furthermore, the OPO The theoretical expressions derived in this paper are fully
threshold is found to vary smoothly with pump angle andtwo-dimensional, valid for any in-plane wave vectors consis-
energy, giving no special significance to the magic angle. tent with momentum conservation. However, for simplicity,

The other aspect of the experimental behavior that is adthe results presented in the figures assume the pump, signal,
dressed here concerns the direction of the emerging signand idler lie on a line passing throudt=0 in wave-vector
which is always found to be within a few degrees of thespace, and the excitations considered in the stability treat-
surface normal, whatever the angle of the pump. This is suments are similarly confined. Calculations have also been
prising because if the signal angle were simply determinednade without this restriction, and stable OPO states that do
by the requirement that the mismatch of the signal and idlenot quite fall on such a radial line can be found. Similarly,
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extending the stability treatment to consider all excitations 8 2@ 0,516, o =2y
tends to reduce slightly the stability ranges of the solutions g2
described. g
The remainder of the paper is developed in the following A 2 — .
way: In Sec. |, the state with only the pump polariton mode 2 ’
occupied is described and its stability is investigated, leading =Y '
to a criteron for determining the conditions under which the "E '
OPO switches on. In Sec. Il, the model of the OPO state with £, t--e 4--1 4
finite amplitude is derived, showing how the emission is % ;
pulled towards the normal direction. Finally, in Secs. Ill and é“ T v
IV the OPO state stability is investigated, and the various ol L . .
o L s0 100 L, 0 25 50

predictions of the model are discusssed. PumpPowa,Ip('f/K) Signal Angle, 0,

FIG. 1. The pump-only state faf,=16°, w,=—-2y. (a) Detuning
of the pump relative to the polariton energy, including the renor-

This section describes a state in which onlv a sin Iemalization contribution(b) S curve showing the relationship be-
y 9 tween the pump polariton populatidp|? and the external pump

pumped .polariton mode is populated. The gonditions unde owerl, (c) Values of |p|? (shaded regionfor which the pump-
which this state becomes unstable are derived, and criter ly stapte is unstable, as a function of the signal angel,; and|,
are obtained for determining whether a simple bistability re- .o e pump powers corresponding to the lowest and highest un-

sults or the OPO switches on. stable values ofp|? for any 6 the OPO switches on wheg>|;.
The pump mode is assumed to be a plane waye

=(p/|Xp|2exdi(kx— wpt)], where the amplitude, satisfie

I. THE PUMP STATE

d’p - ei(kpx—wpt)[p + Se—i(qx—wt) + iei(qx—w*t)], (2)
1 . X |£p_| which describes signal and idler modes with amplituslds
W[wo(kp) —iy,— wplp+ klplp= X |fp- (1) and wave vector/energiggs=k, -0, ws=w,~ ) and (ki=k,
P P +0, ;= wp+w). Expanding to first order is andi, this gives
Here, wo(kp) is the lower branch dispersion at the pump 1 . —ive— o+ ols+ 2o+ i =0. (3
wave vector,y, is its width, |C,| and|X,| are the cavity and |Xs|2[ olkd) =175 =y wls+ 2lpfs+p . (33
exciton amplitude¢Hopfield factorg, andf, is the external
pump amplitude. The nonlinear term|p|?p represents the 1 ) . o o
self-interaction of the pump polaritons. By appropriate scal- W[“’O(ki) —iyi—wpy- o Ji+2p[i+ps=0. (3b)

ing of the fields the coefficientx can be made equal to
unity, which forthwith is taken to be the case. The use of thisConsidering these equations as an eigenproblem for the am-
single-branch form assumes that the polariton coupling iglitudess andi’, the complex eigenvalues), are given by
sufficiently large that the two branches are not mixed bythe condition that the determinant of the coefficients is zero,
nonlinear terms. . that is,

The solution of the cubic Eq1) is well known®!! when o 22 NPT
the detuningw,— wo(kp) > \Eyp, the cubic equation has two [o(ka) =iys= @p + 0+ 2AXJP[TLoplk) +in —wp - o
turning points, resulting in a characteris8acurve, as shown + 2Xi[?[pI?] = [Xo2[X; [ p|*. (4)
in Fig. 1(b).}® For pump powers falling between the two
turning points, the system is bistakbe branch with nega-
tive slope is unstab)eFigure 1a) shows how this bistability
is intimately linked with the zero crossing of the pump de-
tuning, as it changes due to the blueshift contributions. For
negative detunings, the shift pulls the polariton feature to-
wards resonance with the pump, causing the population t¢herel’=ys+y; and
grow superlinearly. However, when the detuning becomes A = wglky) + wolk) = 20, + 2(XJ2+ X PP (6)
positive, the polariton is pushed away from resonance. The
pump polariton population must lie on this curve if only the is the mismatch from the resonance conditian,2 wy(ky)
pump mode is significantly occupied. However, if other+wq(k;), modified by the blueshift. Equation®) and (6)
modes have finite occupation, as in the OPO state, this reprovide a quadratic condition fdp|? at the boundary of the
striction no longer applies. Hence the conditions under whiclinstability region.
the OPO switches on can be found by determining which Figure Xc) shows the instability region, plotted as a func-
parts of the pump-only curve are unstable. tion of the signal angleds. For 65=6,, the extrema of the

The stability of the pump-only state is determined by con-instability region correspond to the two turning points of the
sidering the spectrum of small excitations with frequeacy S curve, so this analysis correctly predicts that the negative-
and wave vectoq, of the form slope portion of the curve is unstable. However, for the

The threshold for instability corresponds to{kmy=0, which
occurs when
1‘*2
A?+T2= —7|><s|2|><i|2|p|4, (5)
I

S
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FIG. 2. Divison of the(6,,w,) plane into sectors of different Si?gnal Ar{gle, GS 2
behavior. In the stable region, as the pump polyeises, the pump
population,|p/?, increases smoothly. In the bistable region, there is  FIG. 3. The bare mismatclag(ks) + wo(k;), plotted as a function
a discontinuous jump ifp|?, but no other state becomes occupied. of signal anglep, for different values of pump anglé,. The filled
The contours in the OPO region show the variation in the thresholdcircles indicate the points where whidh=6,. For 6,<12°, the
increasing in steps of 16°/ x) from the bottom left to the top right. dashed curves, these points are minima and there is no OPO. For
The bare polariton dispersion is shown as a dashed line. 6,=12°, they are maxima, and the OPO switches on. In this re-

gime, the minimum mismatch always occurs clos@$e0°.

pumping conditions shown, the total extent of the instability Il. THE OPO STATES
region for all 65 is significantly greater: converting the ex-

tremal|p|? values to pump powers gives a range betwhen The preceding section described the OPO states at thresh-

R . . old, when the signal and idler populations are still zero. In
andl, in Fig. 1(b), for which the pump-only state is unstable. this section, the treatment is extended to include contribu-

hThhe dlicusos;og above prowdesf a crltgrlon for deterrr:lmngdons of finite signal and idler populations to the dispersion
whether the state turns on for a given pump angle an%normalization. This model is solved to obtain the variation

energy: if there is a range of pump powegsfor which the ot the pump, signal, and idler populations above threshold
pump-only state is unstable, something more complicatedq, 5 range of signal angles.

presumably_ the OPO, must turn on in between. In terms of Equations(2), (3a), and (3b), are only accurate to first
Fig. 1(b), this means thal,>1,. If, on the other hand, for orqer ins andi. For finite signal and idler populations, they
I<Iy, the system can jump straight from the lower branchare modified to include the renormalization effects of the

of the S curve to a stable state on the upper branch, and gjgna| and idler populations and the depletion of the pump:
simple bistability occurs. Of course, this does not rule out the

possibility of the OPO switching on, but numerical experi- 1
ments similar to those described in Ref. 10 only produce |xp|2
bistability? A further possibility is that there is no unstable

[wo(Kp) =17, = wplp+ (|p+ 2s” + 2i[)p + 2p’si

region, andp|? simply rises smoothly with increasing pump = @f (78
power. Note that the OPO state does not require a bisgble |Xp| P

curve, as the unstable region of Figclldoes not have to

include 6= 6.

1 H 2 2 HPA 2:% _
In Fig. 2, the sectors o6, w,) corresponding to these |XS|2[“’0(k5) 17~ ogls+ (2p*+ [sf+ 2li[)s+pi" = 0,

three types of behavior are delineated. The figure shows that
there is a minimum pump angle;10°, below which it is not
possible to turn the OPO on. In the OPO sector, the threshold
rises monotonically with increasing, and w,, and there is

(7b)

[wo(k) =% = wili + (2|p|* + 2|s]* +i[?)i + p?s' = 0.

no special significance to the magic anglg;- 16°, at which X2

the pump, signal, and idler can all be made resonant with the (70)
lower branch dispersion. These conclusions are broadly con- _ o

sistent with the experimental results of Buéal Note the different form for the renormalization of each state:

The key property that determines whether the opghe self-interaction term has only half the sprer!gth of each
switches on appears to be the presence of a minimum in tfgf0ss term. In the OPO state the renormalization dusts
higher threshold fos,=6,, as in Fig. 10). If this is the case, Produce a uniform blueshift of the polariton dispersion.
the upper threshold,, is shifted above the higher knee in _ With the condition thats and w; =2w,~ ws must be real,
the S curve, providing a gap in the stability of the pump-only Eds.(7b) and (7¢) require
curve. In Fig. 3, it is shown that this correlates with the

. . Yi .
presence of a maximum in the dependence of the bare ws= Fl[wo(ks) +[Xd2(2|pl* + |s? + 21i[%)] (8)
mismatch whergs=6,: for 6,<10°, instead there is a mini-
mum for this value of¢,. and for this value ofwg
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E - |xs|27i
[i12 1Xi2ys
Then |pf?, |s?, and |i|? satisfy Eq.(5) with the mismatch

modified to include the signal and idler contributions to the
renormalization,

A = wg(ks) + wo(k) = 20+ [XJ%(2lp|? + |57 + 21i[*)
+[Xi[2(2lp[* + 2sf* + [i[?),

(9)

(10)

which, using Eq(9), represents a biquadratic equation con-
necting|p|? and|s2. A further relationship between the two
variables can be obtained by solving Egc) for i in terms of

s', and substituting in the pump equatiéfe) to get

1 .
|X |2[w0(kp) =1 yp_ wp]p+ (|p|2 + 2|S|2
p
: L [sflpl® _ [Cyl
+2li[)p - 2X[P— " = B ). 11
||| )p | I| ’}/|A+|F |Xp| P ( )
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The origin of this behavior can be understood by consid-
ering the mismatch, from Eq.(10), which is zero when the
pump and the renormalized signal and idler satisfy the triple
resonance condition. As is shown in Figb% A is negative
in the flat region, where the increasing blueshift is thus pull-
ing the OPO towards resonance and helping the signal to
increase. The turnover occurs around the pump power where
A becomes positive, so increases in the blueshift drive the
system away from resonance, and the OPO rapidly turns off.
The dependence on signal angle is therefore a consequence
of the different values of the bare mismataly(ks) + wq(k;)

- 2wy, Which, because of the dispersion shape, always has its
minimum close tof;=0. Indeed, it can be seen from Fig. 3
that this occurs at approximately +1° faf,=16°, and
changes very little over the range of pump angles for which
the OPO switches on. Thus, though the signal angle with the
smallest bare mismatch has a lower threshold, when the
pump power is increased the growing blueshift quickly
switches that state off and the signal moves towakg<0.

These two relationships can readily be solved to obtain the

values of|p|? and|s|? in the OPO states, including the con-
tributions of the signal and idler populations to the blue-
shifts.

Such solutions for the OPO state are shown in Fig. 4

lll. OPO STABILITY

. The solutions for the OPO states described in the preced-

Above threshold, there is generally a region where the pumjng section are only of physical relevance if they are stable.
population, |p|?, remains nearly flat, while the signdkl?>,  This section describes a linear stability analysis of the OPO,
increases with pump power. In a treatment with just theand shows that there are stable solutions, but they become
pump contribution to the renormalizatiofp|> would be unstable when the pump population curves in Fig. 4 turn
completeley flat for all powers above threshold. However, inover.

the present model, a power is reached where the flat behavior The stability analysis for the OPO proceeds in a similar
ceases, andp|? increases rapidly towards the pump-only manner to that for the pump-only state. The spectrum of
line, at which point the OPO switches off, wilgf? falling to ~ small excitations about the OPO state is calculated using a
zero. Examining the curves for different pump anglgse-  linearized expansion of fluctuations in the pump, signal, and
veals that the maximurh, at the turnover occurs whe#y,  idler modes. For an excitation wave vectpand frequency
~1°, and it decreases rapidly on either side, so at —=7° and, these fluctuations satisfy a set of coupled equations, from
+9° there is only a small range &f in which the OPO state which the dispersion is obtained using the condition that the
exists. determinant of the coefficients is zero. Thus

d, p’+2si  2(ps +pi) 2ps 2(p's+pi’) 2pi
p*Z + zs*i* ap 2p*s* 2(p*s+ p|*) Zp*i* 2(ps* + p*l)
2(p's+pi’) 2ps ds & 2si’ p? + 2si
* * * *. *D — ) * .k Kok = 0, (12)
2p's 2(ps +pi) S ds pc+2si 2si
2(ps +p'i) 2pi 25’ p?+ 2si d; i2
2p'i" 2(p's+pi) pl+2si 2si’ i o
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FIG. 4. The OPO states including signal and idler renormaliza- T | | |

tion contributions.(a) Relationship between the pump population, _4(')" - 20 0 20 40
|pl2, and pump powel,, for signal angleds=0, and the correspond- Angle
ing signal populations?. (b) The mismatchA from Eq.(10) as a
function of I, for 6;=0. (c) The pump population variation, as in  F|G. 5. Real part of dispersion curves for excitations from the
(a), for a number of values ofs. The curves for negative values of opQ state withd,=16°, w,=-2y, and 6,=0°. (a) shows all the
65 are shown dashed for clarity. branches for the unstable state witf¥60.8y°/ x, (b) the branches
that are actually unstabléc) shows the unstable branches for the
nominally “stable” state withp:67.2y3/;<, as discussed in the text.
where The solid line is the bare polariton dispersion and the large points
1 are the(#, ) locations of the pump, signal, and idler.
dp:W[‘Uo(kp_q)_lyp_wp+w]+2(|p|2+|S|2+|||2) . .
P through the pump, signal, and idler, and much larger wave-
- |pl?, vector modes, which give rise to the longer arcs. For ex-
ample, the long arc close to the idler is actually an excitation

_ 1 from the signal with wave vectay~k;—ks, and it is paired
dp= F[wo(kp +0) +iyp— wp = ] + 2(|p|* + [ + i) with the arc at~-30°.
| P| Figure Jc) corresponds to a slightly higher pump power
- |pl?, (13 than (b), where the small wave-vector instability has disap-

_ peared. However the large wave-vector modes remain, and
with equivalent expressions fak, ds, etc. The terms in the indeed are always found in the present calculations, suggest-
determinant are, in order of the columns, the coefficientsng that the simple OPO state is never really stable. In fact,
multiplying the amplitudes of the fluctuations [ p*, s, s',  this is known to be true: in the experiments of Tartakovskii
i, andi”. al.,'*the OPO state is found to be accompanied by additional

In Fig. 5 the eigenvalues calculated from H42) are weak satellitess’ andi’, at ky=2ks—k, and ki, =2k —kp,
plotted. Figure &) shows the real parts of the roots for all corresponding to the scattering procesgep—s' +i’, s+i
the calculated eigenmodes. The calculated energiesire  —s'+i’, p+s—s'+i, and p+i—s+i’. Such satellites can
the excitations from the OPO state, which has three energietso be seen in the numerical simulations of Ref. 10. These
and wave vectorgwp,kp), (w;,k) and(w;,kj). Thus, in a simi-  particular states are selected because the correspogding
lar manner to the discussion concerning E2), each exci- equal tok,—ks, a resonance condition that is not accounted
tation corresponds to six absolute energies and wave vectorf®r in the derivation of Eq(12). However, the comparison
(kp£Q, wptw), (kstq, wst w), and(kjxq, witw). These are  suggests that the instability associated with the large wave-
the values at which the excited states can be created from, gector modes is benign and does not grow very large before
transformed into, an external photon, and it is these energidseing limited by nonlinear terms. Distinguishing such insta-
and wave vectors that are plotted on the figure. The resultinpilities from the more catastrophic variety is not possible
dispersion curves, which are highly complicated, could bewithin a linear stability analysis of the type performed here,
observed as parametric luminescence in the presence of tihich only shows that an infinitesimally small fluctuation in
OPO state; indeed, analogous features have been observedine of these modes will initially grow.
ultrafast pump-probe measuremefts. Adopting the criterion that only the small-wave-vector in-

Figure §b) shows only the modes that are unstable, thaktabilities are important, Fig. 6 shows the portions of the
is, Im(w) >0. For this pump power there are two types of OPO curves with negativé,, in Fig. 4(c), which are stable.
unstable excitation: small-wave-vector modes, representell can be seen that for a particular pump power, the OPO
by the short, near-horizontal, sections of dispersion passingtate with the lowest pump populatigp|? is stable. This is
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2y 1 and angles of all three modes are determined by the experi-
17960 50 ge 132 e 31900 mental geometry, so the system cannot rearrange itself in the
R ) same way. Hence, a strong response is only obtained when
the bare polariton dispersion is resonant with the three
modes, which gives the magic-angle condition. Indeed, as cw
experiments are always carried out with the pump positively
detuned from the bare dispersion, it is probably not surpris-
1 | | | ing that the triple resonance condition is not important.
25 50 75 The model also predicts that in the OPO region, there is a
Pump Power, Ip (’)’3/1() maximum pump power above which the OPO switches off,
as well as a lower threshold. This behavior is observed in

FIG. 6. Stable regions dp|2 Vslpfor various signal angleg,, numerical simulations such as Ref. 10, but not in experi-
according to the criteria discussed in the text. The solid lines repments. This is probably a consequence of the inevitably in-
resent the stable states. homogeneous pump intensity associated with a finite excita-

tion spot. A two-dimensional numerical mo#elwith a
consistent with the discussion in Ref. 8, where it was argue@aussian excitation profile shows that as the power is turned
that if a state with lowefp|? were possible, the highép?  UP: the signal sv_wtches off at the center of _the spot, .bu.t there
state would be unstable. However, in the present treatmerif @lways a region further out where the intensity is in the
the stable region for a particular angle extends beyond wherdht range for the OPO to be active. In the case of plane-
it has lowes{p|2. This is because stability is concerned with Wave excitation, this numerical model 'reprO('JIuces very V‘_’?"
the response to infinitesimal fluctuations, and for a giverfn® analytic results presented here, including the stability
pump power and signal angle, a small fluctuation in anothefUrves of Fig. 6. This demonstrates the accuracy of the
mode may decay, where a large excursion into that mod@résent model, despite the approximations that have been
would be stable. made, such as the omission of the upper branch of the dis-
persion, the neglect of any occupation of other modes be-
sides pump, signal, and idler, and the restriction of scattering

IV. DISCUSSION processes to one dimension.

The results presented in this paper show that a prope% A further prediction is that for given pumping conditio.ns,
treatment of the polariton renormalization leads to a modell€'€ aré a number of stable OPO states corresponding to
that predicts the pump conditions under which the microcavdifferent signal angles. This suggests that the actual state
ity OPO can be observed, and explains the tendency for th%bt"’"ned will _depend on exactly how the OPO_ IS _swﬁched
signal emission to be close to the surface normal at higif": @nd possibly on random factors such as noise in the sys-
pump powers. tem. It may also be possible to steer the S|gngl, by using a

The OPO threshold behavior has been shown to be a corf€c0nd probe beam to favor a particular emission angle.
sequence of how the mismatch in energy between the pump,
signal, and idler modes\ in Eq. (6), changes when their
energies are renormalized by the self-interaction terms. This | wish to thank P. R. Eastham, D. Sanvitto, and M. S.
suggests an explanation for the observation, in ultrafasBkolnick for helpful contributions in discussions about this
pump-probe measurements, that the magic angle for pumpvork. | also acknowledge the financial support of the EPSRC
ing is important: when an external probe is used the energie&GR/A1160).
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