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A simple scheme for the evaluation of the core spin-polarization contribution within pseudopotential elec-
tronic structure methods is proposed. The method uses a reconstruction of the all-electron wave functions and
the frozen valence spin-density approximation to solve the Kohn-Sham equations for core electrons only. The
core contribution to the spin-density at the point of the nucleus corrects for the leading error in the Fermi
contact hyperfine coupling constants within pseudopotential-based electronic structure calculations. The cor-
rection is implemented in the framework of pseudopotential plane-wave density functional theory. Comparison
with all-electron Slater-type orbital calculations on a number of molecular radicals containing first-row ele-
ments proves the accuracy of this approach.
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Magnetic resonance methods are powerful tools for the
experimental investigation of structural and dynamic proper-
ties in molecular and condensed matter systems. Electronic
structure theory, especially density functional theorysDFTd
methods, became very popular for modeling and understand-
ing results from magnetic resonance experiments.1 One of
the most important parameters in electron paramagnetic reso-
nancesEPRd and nuclear magnetic resonancesNMRd experi-
ments on paramagnetic systems is the isotropicsFermi con-
tactd hyperfine coupling constant, which describes the
magnetic interaction between the nuclear and electronic
spins under isotropic averaging conditions. This property is
related to electron spin-densityrssrd=r↑srd−r↓srd at the
point of nucleusI, rI, in a very simple way:

AisosId =
4p

3
memNgegIkSzl−1rssrId, s1d

whereme andmI are Bohr and nuclear magnetons,ge andgI
areg-values of free electron and nucleusI, respectively, and
kSzl is the expectation value of the total electronic spin
z-component.

In spite of its apparent simplicity, the local nature of this
property makes its computation difficult for electronic struc-
ture theory methods based on the optimization of global
properties such as the total energy. While all-electronsAEd
approaches based on localized basis setsse.g., Gaussian or
Slater-type atomic orbitalssSTOdd have already proven to
give satisfactory results for the calculation of isotropic hy-
perfine coupling constants, there is still a lack of methods for
its calculation in pseudopotential-based approaches. These
are of particular importance for condensed matter physics2

and plane-wave-sPWd based first-principles dynamics appli-
cations in chemistry and biology.3

The difficulty in evaluating the electron spin-density at
the point of the nucleus within pseudopotential-based calcu-
lations is due to two main sources. The first one concerns the
behavior of the pseudo wave functions in the vicinity of the
nucleusswithin the predefined core radiusd which differ from
the AE ones while playing a decisive role in the determina-

tion of the isotropic hyperfine coupling constants. The sim-
plest solution to this problem was proposed by Van de Walle
and Blöchl.4 However, this correction does not solve the
problem of the behavior of the exchange-correlation poten-
tial in the vicinity of the nucleus, necessary for a correct
description of spin-polarization effects on the valence orbit-
als. Furthermore, no extended benchmarks of this method
were provided until now. Secondly, the complete elimination
of the core electrons in pseudopotential calculations implies
the complete disregard of the core spin-polarization contri-
bution to the Fermi contact hyperfine coupling constants.
While this effect has only a negligible influence on the va-
lence wave functions of the system, its contribution to the
isotropic hyperfine coupling constants can be significant.
This is explained by the high magnitudes of the atomic
s-type wave functions at the point of the nucleus, which in
turn can result in a high value of the spin density.

Here, we will consider the spin density at the point of the
nucleusrssrId as the sum of the respective valence and core
contributions,rv

ssrId andrc
ssrId. It is worth mentioning that in

AE approaches these contributions can be estimated by
means of calculations based on the frozen core approxima-
tion or by analysis of the orbital contributions to the spin
density. Some illustrative examples of such analyses from
Ref. 5 prove that in most cases, core spin-polarization cannot
be neglected. This is, for instance, the case when the un-
paired spin populates other thans-type atomic orbitals cen-
tered on the considered atom.

Here, we present a simple approach for the estimation of
the core spin-polarization contribution to the total spin den-
sity. It is based on the solution of the unrestricted Kohn-
Sham equations for core states only in the external potential
of frozen valencesFVd spin-up and spin-down electron den-
sities stermed FV spin-density belowd. These densities are
constructed in order to reproduce those of the molecular sys-
tem under consideration in the core region of the nucleusI.
In practice, this can be achieved using both basis-set-based
approaches or numerical calculations on a spherically sym-
metric atom. While the first approach depends substantially
on the choice of a basis set, making it less flexible, the sec-
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ond one implies that for the calculation of the property of
interest, the error introduced by the spherical averaging of
the external potential can be neglected.

Our implementation is based on the second method. A
very similar approach was proposed by Vackář et al. for
construction of “all-electron” pseudopotentials,6,7 which take
into account the response of the effective core potential to
the changes in the valence wave functions. The accuracy of a
frozen valence spin-density approach for the calculation of
rc

ssrId can be validated in the case of atomssrI =0 for sim-
plicityd using the following simple computational scheme.
Here we limit our study to the first-row atoms C, N, O, and
F using electronic configurations where only thep-shell is
spin-polarized. For the first-row atoms, the core electrons
belong only to the 1s shell, thus, the core contribution to the
spin density at the point of the atomic nucleus can be written

as rc
ss0d=f1s

↑2
s0d−f1s

↓2
s0d. The densitiesrv

↑srd and rv
↓srd are

obtained from FC calculations, where the atomic core wave
functions f1s

↑ srd=f1s
↓ srd are taken from AE calculations

in the corresponding spin-averaged configuration
2sh1↑ ,1↓ j2phsn/2d↑ ,sn/2d↓ j. The results of our FV spin-
density calculations based on the above mentionedrv

↑srd and
rv

↓srd are then compared with AE results forrc
ss0d sSee Table

Id. For light atoms, we observed that the difference between
these two approaches never exceeds 0.1%. Thus, the core
spin-polarization has almost no influence on the valence
wave functions of these atoms. It should also be mentioned
that in the case of first-row atoms with a spin-polarizedp
shell, rv

ss0d is positive and of comparable magnitude to the
core contribution. Therefore, the neglect of core spin-
polarization may results in large errors in the Fermi contact
hyperfine coupling constants. Figure 1 illustrates the spin-
polarization for nitrogen atom in its quartet spin-state
s2sh1↑ ,1↓ j2ph3↑ ,0↓ j configurationd. In this case the spin
density atr =0 is the result of the spin-polarization of the
states 1s and 2s due to the different exchange-correlation
potentials for spin-up and spin-down electrons. We observe
that rc

ss0d f=r1s
s s0dg and rv

ss0d f=r2s
s s0dg are comparable in

their magnitude while their signs differ: the core spin-density
has a negative value in contrast to the valence one. Both
contributions have sharp extrema at the point of nucleus, but
integrate to zero. Similar behavior was observed for the se-
ries of benchmark molecules chosen as validation examples.

The electronic structure calculations of more complicated
molecular and condensed matter systems using pseudopoten-
tials require some additional care. In this case a reconstruc-
tion of the AE wave functions9,4,10 ci

↑s↓dsrd from the pseudo

wave functionsc̃i
↑s↓dsrd has to be performed since the shapes

of c̃i
↑s↓dsrd differ from those ofci

↑s↓dsrd within the core radius
rc around the nucleus. A variety of different techniques have
been proposed for this purposessee, e.g., the schemes pro-
posed in Ref. 10d. Here, we propose an even simpler proce-
dure that takes into account the specificity of our problem. In
our approach, we construct an atom in which spin-up and
spin-down valence electron densitiesrv

↑s↓dsrd mimic those of
the system under consideration in the neighborhood of the
nucleusI. We expand these densities in terms of the spin-up
and spin-down partial atomic occupation numbersvl

↑s↓d and
the valence orbitalsflsrd of the AE atomsall orbitals corre-
spond to the same spin-averaged AE wave functions, used to
generate the pseudopotentialsd:

rv
↑s↓dsrd = o

l

vl
↑s↓dfl

2srd. s2d

The occupation numbers can be calculated using the follow-
ing general expression:

vl
↑s↓d = o

i

N↑s↓d

o
m=−l

l

kc̃i
↑s↓dsrduf̃lmsrdlrc

kf̃lmsrduc̃i
↑s↓dsrdlrc

, s3d

assuming that the pseudo atomic orbitals form a complete
basis set within a small radiusrc around the nucleus. The
notationk·u ·lrc

stands for the “localized” overlap within the
radiusrc around the nucleus. The pseudo atom valence orbit-

als f̃lmsrd=R̃lsrdYlmsrd are represented as the product of the

radial partR̃lsrd and the spherical harmonicYlmsrd. N↑ andN↓

are the numbers of spin-up and spin-down electrons in the
system, correspondingly. For periodic systems, the proper
sampling of the first Brillouin zone must also be included in
these expressions to take into account for the dependence of
the pseudo wave functions of the system on the crystal mo-
mentum. This approach is equivalent to that proposed by
Vackář et al. for the reconstruction of the part of the spheri-
cally averaged valence atomic electron density atr øRC fEq.
s8d in Ref. 7g.

TABLE I. rc
ss0d sin a.u.–3d from AE and FV spin-density nu-

merical atomic calculations using the exchange-correlation density
functional of Perdew, Burke and Ernzenhof.8

Atom Configuration rc
ss0d, AE rc

ss0d, FV

C 2sh1↑ ,1↓ j2ph2↑ ,0↓ j −0.199294 −0.199265

N 2sh1↑ ,1↓ j2ph3↑ ,0↓ j −0.441030 −0.440956

O 2sh1↑ ,1↓ j2ph3↑ ,1↓ j −0.417946 −0.417854

F 2sh1↑ ,1↓ j2ph3↑ ,2↓ j −0.273401 −0.273335

FIG. 1. The contributions to therssrd in spin-polarized nitrogen
atom.
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Our implementation is based on the following expression
for the atomic occupation numbers

vl
↑s↓d = o

i

N↑s↓d

o
m=−l

l kfsrdYlmsrduc̃i
↑s↓dsrdl2

kfsrduR̃lsrdl2
, s4d

where the cutoff functionfsrd is used in order to limit the
overlap integral only to the region localized around the
nucleus under consideration. A similar methodology was
used by Van de Walle and Blöchl in their derivation of the
expression for the anisotropic hyperfine parameters.4 For rea-
sons of computation efficiency in our implementation ex-
pressions4d is evaluated in Fourier space. We take a cutoff
function fsGd=1, which in the real space representation ap-
proaches a Dirac delta functiondsr =0d when the PW kinetic
energy cutoff tends to infinity:Ekin→`. Another motivation

for this choice is that in this casev0
↑s↓d= r̃v

↑s↓ds0d / R̃0
2s0d, and

therefore one obtainsrv
ss0d=sv0

↑−v0
↓df0

2s0d= r̃v
ss0dR0

2s0d /

R̃0
2s0d, which is identical to the “scaling up the spin density”

formula from Ref. 4. Other definitions of the cutoff function
fsrd are also possible, but we do not discuss them further in
this article.

To provide the necessary benchmarks, we compare the
quality of our results based on pseupotentials and PW basis
sets with AE calculations performed using Slater-type orbit-
als. STO basis sets correctly describe the cusp condition and
thus usually provide the most accurate theoretical predictions
of hyperfine coupling constants. The benchmark set consists
of a representative series of small molecular doublet radicals
containing only hydrogen and first-row atoms C, N, O, and F
sthe core spin-polarization effects are important for these at-
oms and originate uniquely from the 1s core shelld. For these
molecules reliable experimental data are also available to-
gether with computational results obtained from both AE
DFT and high levelab initio methods. For the sake of com-
pleteness, we also compare our results for pseudopotential
PW calculations with FC AE calculations in order to estimate
the importance of core spin-polarization effects. The results
are given in Table II.

The basic target of this work is not an accurate reproduc-

TABLE II. Fermi contact hyperfine coupling constantssin Gauss unitsd in seven molecular radicals. The
values correspond to pseudopotential plane-wave approachsPP PWd, same method corrected for core spin-
polarization of first-row atomssPP PW+CSPCd, frozen core calculations using STO basis setsFC STOd,
all-electron STO calculationssAE STOd, and experimental values.

Aiso

Molecule Nucleus PP PW
PP PW

1 CSPC FC STO AE STO Exp.a

CH3
1H −23.3 −25.3 −25.3 −25.1b;−23.04c
13C 66.4 26.5 60.9 30.2 28.4b;38.34c

C2H3
1Ha 15.6 15.1 15.0 12.8
1Ha

b 64.9 68.4 68.4 65.9
1Hs

b 40.6 43.6 43.5 39.6
13Ca −8.3 −4.1 −9.0 −5.2 −8.6
13Cb 141.0 106.0 131.1 107.4 107.6

C3H5
1Ha 3.8 3.6 3.6 4.1
1Hb1 −15.0 −15.2 −15.2 −14.8
1Hb2 −13.9 −14.3 −14.3 −13.9
13Ca −21.9 −14.6 −19.8 −15.5 −17.2
13Cb 41.3 17.0 36.3 17.3 21.9

H2CN 1H 85.2 89.0 89.0 83.2
13C −26.9 −22.1 −26.2 −23.3 −28.9
14N 21.1 4.2 18.8 5.6 9.3

HCO 1H 133.8 136.1 136.0 135.4
13C 162.0 146.7 151.4 139.1 133.9
17O −23.0 −9.5 −18.8 −10.3 −15.1

FCO 19F 405.5 346.9 368.3 276.3 323.2
13C 303.9 293.6 285.6 280.1 286.6
17O −25.5 −16.6 −21.7 −16.1

NO2
14N 62.1 57.3 60.9 52.2 54.8
17O −32.8 −18.5 −26.0 −17.6 −16.3 – −20.3

aReferences 21–23.
bExperimental results for a hypothetical nonvibrating molecule from Ref. 21.
cDirect experimental results from Ref. 22.
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tion of experimental data, but rather a comparison of two
different computational methodologies in the context of what
is known experimentally. For this reason, vibrational averag-
ing or environment effects, important for the precise predic-
tion of hyperfine coupling constants were not taken into ac-
count. In both approaches, we use the Becke gradient-
corrected exchange density functional11 together with the
correlation gradient-corrected density functional proposed by
Perdew.12 The unrestricted solution of the Kohn-Sham equa-
tions was used in order to account for spin-polarization ef-
fects in the valence wave functions. In the PW calculations,
we used original norm-conserving Troullier-Martins13 sTMd
pseudopotentials generated from spin-averaged wave func-
tions computed for atoms in their ground states. For the con-
struction of the hydrogen atom pseudopotential, we used an
occupation number of 0.7 instead of the nominal value 1.0.
The cutoff radii used in the generation of all other pseudo-
potentials are the same as the ones given in Ref. 14. These
values correspond to rather hard pseudopotentials. Nonlinear
core corrections15 sNLCCd were applied for the first-row el-
ements. The NLCC core radii were chosen experimentally to
achieve a compromise between a reasonable NLCC “soft-
ness” and accuracy of results. For clarity, all these values are
summarized in Table III.

The Gauss-Hermite integration with 16 points was used
for the calculation of the nonlocal parts of the pseudopoten-
tial. The calculations were performed in 12312312 Å3 iso-
lated cubic box using Tuckerman-Martyna’s Poisson equa-
tion solver.16 The size of the box was chosen large enough to
make the results consistent with STO calculations on isolated
molecules. The PW cutoff of 100 Ry for the wave function
expansion was chosen to ensure the basis set completeness,17

while for the electron density expansion a consistent cutoff
of 400 Ry was used. The first Brillouin zone was sampled
only at theG point. These calculations were performed with
a modified version of theCPMD code.18 STO calculations
were performed with the basis set of triple-zeta plus double
polarization sTZ2Pd quality using theADF2004 code.19 All
geometries were optimized at the same level of theory using
STO basis sets. We use FV spin-density calculations imple-
mented in a numerical atomic DFT code20 that allows for
predefined frozen wave functions and partial atomic occupa-
tion numbers. The AE wave functions were reconstructed

taking into account only thes-channel for H, while for the
first-row atoms thep-channel was also reconstructed. This is
a necessary condition for an accurate evaluation of the cor-
rection since spin population of valencep-type orbitals often
produce a strong spin-polarization ofs-core orbitalssSee
Chap. 29 in Ref. 1d.

The results in Table II prove the accuracy of the proposed
correction scheme. For the simplest case of1H hyperfine
coupling constants, no spin-polarization effects occur and the
pseudo wave functions in the vicinity of these nuclei re-
semble the AE wave functions apart from the absence of the
nuclear cusps. Thus, the wave function reconstruction ap-
proach proposed by Van de Walle and Blöchl gives results
very close to the AE STO calculations and to experimental
data as well. Comparison between the AE calculations and
the FC STO calculations also shows small differences in the
1H hyperfine coupling constants. This confirms the hypoth-
esis about the negligible influence of the spin polarization of
core orbitals on the valence ones. For heavier elements in the
first row of the periodic table the core spin-polarization con-
tribution is present. From Table II one can see thatrc

ssrId is
usually lower in magnitude and has an opposite sign com-
pared torv

ssrId. In some casesrc
ssrId is negligible, while in

others se.g., 14N hyperfine coupling constant in H2CNd it
cannot be neglected. This observation is in perfect agreement
with the STO calculations. In addition, the systematic over-
estimation of the value ofrv

ssrId, which increases along the
first-row elements series moving from carbon to fluorine, is
observed. This discrepancy is related to the difference be-
tween exchange-correlation potentials for spin-up and spin-
down electrons within the core region of the atoms. This
difference is poorly represented in pseudopotential calcula-
tions compared to AE ones because of the smooth behavior
of pseudo wave functions. Moreover, this effect tends to be-
come larger moving towards the heavier elements of the se-
ries.

In conclusion, the proposed core spin-polarization correc-
tion recovers the largest part of the error in pseudopotential
PW calculations when compared to AE calculations and ex-
perimental results. Hopefully, ongoing developments in the
design of new pseudopotentials and wave function recon-
struction techniques together with the use of frozen valence
spin-density calculations will reduce this gap even further.
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TABLE III. Cutoff radii rc used for the pseudopotential genera-
tion and NLCC core radiircore sin a.u.d. The same values ofrc were
used for boths andp channels of first-row elements.

H C N O F

rc 0.5 1.14 0.96 0.83 0.73

rcore ¯ 1.03 0.77 0.65 0.58
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