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The d-wave superconductivitydSO and antiferromagnetism are analytically studied in a renormalized
mean-field theory for a two-dimensiongld model plus an on-site repulsive Hubbard interactidnThe
purpose of introducing the term is to partially impose the no-double-occupancy constraint by employing the
Gutzwiller approximation. The phase diagrams as functions of dopagdU are studied. Using the standard
value oft/J=3.0 and in the larg&} limit, we show that the antiferromagnefiF) order emerges and coexists
with the dSC in the underdoped region below the dopingd.1. The dSC order parameter increases from zero
as the doping increases and reaches a maximum near the optimal dopth@5. In the smallJ limit, only
the dSC order survives while the AF order disappeardJAscreases up to a critical value, the AF order shows
up and coexists with the dSC in the underdoped regime. At half-filling, the system is in the dSC state for small
U and becomes an AF insulator for large Within the present mean-field approach, we show that the
ground-state energy of the coexistent state is always lower than that of the pure dSC state.
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I. INTRODUCTION co-workerg? employed the-J-U model with the Gutzwiller

In spite of tremendous theoretical and experimental efProjected wave functidt to investigate the superconducting
forts dedicated to the studies of the anomalous properties &fder parameter and the electron pairing gap the RVB
high-T, superconductoréHTS), a full understanding of these Order parameter Theré? the on-site Coulomb interactidd
materials is still far from the final stage. As a basic point, itiS introduced to partially impose the no-double-occupancy
is known that much of the physics should come from theconstraint for the strongly correlated electron systems. In the
competition between thel-wave superconductivit(dSQ  largeU limit, their result? is consistent with that of Kotliar
and antiferromagnetism. Experimentally, it is generally sug-and Liut® using the slave boson mean-field approach for the
gested that the ground state evolves from the antiferromad-J model.
netic (AF) state to that of the dSC order as the carrier density Following Ref. 22, we report a further investigation of the
increases.However, since the early days of HTS, there alsosame model by taking the AF order explicitly into consider-
have been persistent reports of the coexistence of the dS&@ion. Within the Gutzwiller renormalized mean-field theory,
and AF order$® in various cuprate samples. Especially in we find that for large Coulomb repulsids, there is a coex-
the recent neutron-scattering experiments, the commensuragience between AF and dSC orders below the doping level
AF order has been observed in the underdoped supercod-~0.1. The coexisting state always has a lower energy than
ducting YBaCusOg 5, providing unambiguous evidence for that of the pure dSC state. The dSC order parameter in-
an unusual spin-density-wave state coexisting with supercoréreases from zero as the doping increases in the underdoped
ductivity (dSQO.8 Therefore, it is necessary to develop a mi- region and then reaches a maximum near the optimal doping
croscopic theory in which both the antiferromagnetism andd~ 0.15, after which it decreases to zero &t 0.35 with
the dSC are treated equally in order to understand théncreasing doping. When the magnitudelbis reduced, the
ground-state property of the cuprate superconductors. AF order parameter decreases very quickly with increasing

Theoretically, it has been widely accepted that the esserfioping, and the coexistent region is squeezed toward the low
tial physics of cuprates can be effectively described by theloping regime until it disappears fdy <5.3t, where the
two-dimensional Hubbard model or its equivaléqt model ~ “gossamer superconductivity” is found even at half-filling.
in the larged limit.%1° Using the variational Monte Carlo ~ The paper is organized as follows. In Sec. Il, we outline
(VMC) method, several groups proposed wave functionghe theoretical framework. TheJ-U model is introduced
with coexisting AF and dSC orders and found that the coexand the Gutzwiller variational approach is formulated. A
isting state has a lower energy than either the pure dSC ordeégnormalized Hamiltonian is obtained and further studied
or the pure AF state in the underdoped regifé?Although ~ within the mean-field theory. In Sec. Ill, our numerical re-
the slave particle mean-field theory for thed model was  sults are displayed and compared with those from other theo-
originally introduced to investigate the formation of the RVB ries and experiments. In Sec. IV, a summary of the paper will
state or the superconducting ordép;*8it also has been ap- be given.
plied to study the coexistence of the dSC and AF orders in
this systemt20 Stimulated by the idea of the “gossamer su- Il. THEORETICAL FRAMEWORK
perconductors” proposed by Laughfh, Zhang and We start from the-J-U model on a square latticg,
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H=H, +Hg+Hy, (1) _{(YH| )
(Ho= Wy
with
(HJ )
HI=" ©

He=~t2 (Cl,Ciuze+ H.C),
ino N is the total number of the lattice sites, agiw(n;;n;) is the
average double occupation number. Obviously, the double
occupancy can be modulated by
H=J> 'S “Sivs In the calculation of the variational energy, we adopt the
i Gutzwiller projection method which was formulated origi-
nally for the Hubbard Hamiltonian. A clear and simple
explanatiof* was given by Ogawat al. and by Vollhardt. In
Hy = UE ﬁiTﬁiw ) their scheme, the s_patial correla_ltions are neglected, and the
i effect of the projection operator is taken into account by the
classical statistical weight factors. In this way, the hopping
A S ) ) . average and the spin-spin correlation in the sigjeare re-
wherez=x andy, C;,(C;,) is the electron creatio@nnihila-  |5teq to those in the statey,) through the following rela-
tion) operator,Si=EW,CL&W,CW/2 is the spin operator  tjgns:
with ¢=(oy, 0y,0,) as Pauli matricesh);,,= cl Ci,,U is the
on-site Coulomb repulsion,is the hopping parameter add (WICl,Ciolw) o'
is the exchange coupling constant. In the Hamiltonian () = 94l Cif J'U|¢0>'
the U term is introduced to partially impose the no-double-
occupancy constraint. In the limil — «, the model is re- WIS '%|¢’>
duced to the-J model. 1 =9l S - Sl (7)
To study the Hamiltoniar{1) with the Gutzwiller varia- ()

tional approach, we take the trial wave functigh as In the thermodynamic limit, one has the following relation

betweeng andd:?*
i) = Paliro(Ag, Aas 1)), ®3) ,_ dl-n+d) (n-2wr)?
T (@-n@-wwr (n-2d)?’

(8)

wherePg is the Gutzwiller projection operator and it is de- o ]
fined as and the renormalization factors can be derived as follows:

_n- Zd[\/(l w)1 n+d) fw }
Pe=11[1-1 -9 ], (4) % ow
1-r(l-n+d
- | X{,Nr)(—nn‘ud] .
where g is a variational parameter which takes the value 1-w w

between 0 and 1. The choige=0 corresponds to the situa-

tion with no doubly occupied sited) — ), while g=1 cor- n-2d \2
responds to the uncorrelated stéitb=0). |i/y(Ag, Aas, 1)) is Os= (n _ 2wr>
a Hartree-Fock-type wave function, whekg, A ¢, u are the

parameters representing dSC, antiferromagnetism, anderen is the average electron number per site. In consider-
chemical potential, respectively. The nature|@f) depends ation of the AF order, the square lattice is divided into two
on the expected long-range behavior. Since it is the purpossublatticesA and B. For sublatticeA, we assumen;;)=r

of this paper to study the interplay between antiferromag=(n/2)+m and(f; ) =w=(n/2)-m, i.e., a net magnetization
netism and dSC, we will adopt the wave function which+m at each site. For sublatticB, the electron occupation
includes both the dSC and antiferromagnetism in a uniqu@umbersr andw are exchanged, meaning the magnetization

(10

variational spacé’*3 _ o —m at each site. Herm represents the AF order parameter in
With help of the _trlal wave fUﬂCtIOI’(?}), the variational the Statdl//()). These renormalization factog’ andgs’ guan-
energyE,,=(H) is given by titatively describe the correlation effect of the on-site repul-

sion. We will comment further on this point below.
In terms of these renormalization factors, the variational

H . .
var = <If¢|//|¢|pl;//> =NUd+ (Hy) + (Hy), (5) energyE,,,=(H) is rewritten as
Evar= <Heff>0a (11)
where whereH. is the Gutzwiller renormalized Hamiltonian,
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0.25

Het = gHy + gsHs + Hy = - gttz (CLCH;}U'F H.c.)

ino

+9J2 S - Syt NUd.  (12) 0.20
in
In the mean-field approximation, the renormalized Hamil-
tonian(12) can be rewritten as 0.15
3 d
Hye = NUd+ ‘—1NgSJ(A2 +x?) + 2NgJm? + >, '{(e

ko 0.10

- wCL Cp + (€eq = 1) CLQUCI«QU
= 08af(ClyCruqu * ClagoCio)} = 2 " Aami(Coi Cig 005

k

_ t~t ot i

CoeqiCrer + CryCoty = Crrgr Coina)) (13

0.00

where the electron chemical potentjalhas been added
=(ar,m) is the commensurate nesting vector, and the prime
on the summation symbol indicates tkas limited to half of

the original Brillouin zone. In the above equation, we have FIG. 1. The average double occupation numbers a function
introduced, respectively, the electron pairing order paramef U at dopings=0.0 (solid line), 0.05(dashed ling and 0.1(dot-
eter, the uniform bond order, and the staggered magnetizaed line for the parametet/J=3.0 atT=0.

tion,

ust

A, =(Ci|Cisyy = Ci1Cisy o= A(= A) whenn=x(y), A:iE ’ﬂiAd<i+ i>, (19
(14) AN"Y Ex Ex
X=X =(ClCurs +ClCnlr (15 S Y 7k5k<_§k;ﬂ+ ‘§k_‘M> 20)
ANTE &N By =N
m= (- 1(C{,Ci; - €/ Cio/2, (16)
| m:iz,ﬁ<§k—u_—§k—u>_ 1 (aEva@
W|3th yk:2(cc)35kx+ cosk,) , m=2(cosk,—cosk,), a=—(gt IN< &\ Ey Ey 4NgJ\ ag, om
+§gsJX)yk, Ag=50JA, andA,=29.dJm Here the parameter
A4 is always associated with the factgg in Eq. (13), which N IEyar d9s 21)
implies that the superconductivity haslavave-like symme- ags dm/’
try. The mean-field Hamiltoniafil3) is easily diagonalized,
giving rise to four bands, B, and £, with —UNs OE yar 00 N OE yar 00 22
Egc= V(& w2+ (Agmd?, % o G5 da’
/ 1 - - -
Eac= V(= &= )+ (Agmd?, 5==> ’(—gk il M) (23
N7 Ei Ex
&=+ A2, (17) For each doping, all the parametera, y,m,d, and are
determined self-consistently by Eq49)—(23).
Here Aym and A,; can be regarded, respectively, as the en- y by E49-23)
ergy gaps associated with the dSC and AF order parameters.
The ground-state energy is given by IIl. RESULTS AND DISCUSSION
1 3 Now we summarize our results. First we discuss the av-
Eya/N=Ud - ud— =2 "(Ey+ Ey) + —gJ(A2+ %A erage double occupation numbeas a function ofU. Our
N 4 calculated results at the doping=0.0 (solid line), 0.05
+ 29 N7 (19) (dashed ling and 0.1 (dotted ling for the parametett/J

=3.0 at the temperaturé=0 are shown in Fig. 1. Hereafter
By minimizing the ground-state energy, we can obtain thewe setJ=1. We find that the average double occupation
self-consistent equations for the quantiti®s(the electron numberd at §=0.0 decreases linearly as a functiorlbtintil
pairing order parametgr y, m (staggered magnetizatipn U=9.3, whered drops to zero discontinuously, similar to
andd. The chemical potentigk is adjusted to yield the right that reported in Ref. 22. However, we would mention that the
filling. All the equations are presented as follows: recent work by Fleclet al. based on the dynamic mean-field
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FIG. 3. The self-consistent parameté&randm as functions of
FIG. 2. The Gutzwiller renormalization facto and gs as  doping é for the parameters/J=3.0,U=20t at T=0. The dashed

functions of dopings for the parameter/J=3.0 andu=20t at T line givesA whenmiis set to zero.
=0 (solid lineg. The dashed lines are the corresponding results
when the AF order is not considered, i.m,is fixed to zero. Map = (- 1)I<CiTTCiT _ CiTlCiL>/2- (25)

theory showed thad decreases continuously with increasing |n the Gutzwiller approximation, these parameters are easily

U for the half-filled Hubbard mod&. The origin of this  gptained fromA and m with the following renormalization
discrepancy is not clear to us, but could be due to the négetors:

glecting of the spin fluctuations in our mean-field calcula-

tion. For the doped cases, our numerically obtaieds Asc=0a4,
functions ofU do not show this discontinuity, and they be-
come flattened and decrease slowly at ldge Mar = gyyM. (26)

The Gutzwiller renormalization factoi andgs as func- o o .
tions of dopings for the parametert/J=3.0 andU=20t at  Similar to the derivation of; andgs, we obtain

T=0 are shown in Fig. 2. The dashed lines are the corre- - 24 H\/(l—w)(l—n+d) . V—vdr

sponding results when the AF order is not considered,me., ga=
is fixed to zero. As we mentioned in Sec. Il, these factors 2(n-2rw)

-r
quantitatively reflect the partially enforced no-double- (1-1)(1-n+d) 12
+ D V—vd , (27)

occupancy constraint due to the on-site Coulomb repulsion
U. For largeU, the effect of the Gutzwiller renormalization
factors is to reduce the kinetic energy and enhance the spin-
spin correlation. We find that at low doping, the AF order _h-2d (28)
suppresses the magnitude gfwhile g; is only slightly af- Um= n-2wr’

fected. .

In Fig. 3, we plot the self-consistently obtained order pa- In Fig. 4, we plot the dSC order p.a'ramemgo AF order
rameters andm as functions of doping for the parameters Parametemyg, and the electron pairing gajor the RVB
t/J=3 andU=20t at T=0. The dashed line is the correspond-Order parametéf) A =ggJA as functions of dopings for
ing A when the staggered magnetizationis set to zero. It t/J=3.0 andU=20 at T=0. From this phase diagram, we
should be noticed that these parameters are the expectatidfd that the AF and dSC order parameters coexist for a wide

values under the wave functidt). It is clear that the elec- doPing range, up t6~0.1, in the ground state. It can also be
tron pairing order parametex is drastically suppressed at S€€n that the AF order parameter is a monotonically decreas-
low doping by the AF order. At half-fillingA is reduced to  Ing function of 5, but the dSC order parameter shows a non-
zero andn reaches its maximum value. Ne&r 0.1, the AF Monotonic dome shape: it increases from zero as the doping
order vanishes whild shows a peak. increases in the underdoped region and then has a maximum

We now discuss the dSC order parameteg. and AF near 6~ 0.15, after which it decreases to zero &t 0.35
order parametem,e under the wave functiohy), which are ~ With increasing doping. Although the present approach ap-
defined as plies only atT=0, the superconducting transition tempera-

ture T,(9) is expected to exhibit a similat dependence, and
Asd7) =(Ci|Cisyp = Ci1Civy) = Asc(~ Asd) When=x(y), {0 have a maximum at the optimal dopidig- 0.15. It should
(24) be noticed that the electron pairing gaApis also reduced to
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FIG. 6. The dSC and AF order parametexgc and mye as
FIG. 4. The dSC order parametitgc, AF order parametéar,  fnctions of the Coulomb repulsiod for different dopings with
and the electron pairing gafiy as functions of dopings for U t/3=3.0 andT=0.

=20t andt/J=3.0 atT=0.

zero at half-filling because of the presence of the AF orderWard lower doping. Particularly foU=5t, the coexistence

This is quite different from the result in Ref. 22, where thedlsapﬁgars, and the AR or(.j”er 'S completelylsupl)prehssed by the

AF order is not considered, and the electron pairing gap inbrevating dSC order. To illustrate more clearly the depen-

creases as the doping decr'eases dence of the order parameters dnwe present the param-
In order to further understand the effect of the CoulombeterSASC andmyy: as functions of the Coulomb repulsidh

repulsionU on the ground-state behavior, calculations for]cor doping 5=0.0 (a), =0.05(h), and 5=0.1(c) at T=0 in
several other values df are performed. In Fig. 5, we plot Fig. 6. At half-filing [see Fig. €], for small Coulomb re-

the calculated results fdd=5t,7t,10t, and 1% with t/J=3 pulsionU <5.3, only the dSC or.der persists. Atincreaseg
and T=0. It is clearly seen th’at ’Witf; decreasik the AF up toU=5.3, the AF order begins to show up and coexists

order decreases very quickly with increasing doping, and thWith the dSC a_nd th_e tran_siti(_)n appears to be second order.
coexistent region of the AF and dSC orders is squéezed tc(;n-‘t U=, there is a discontinuity in the slope of,: and the
dSC order gets completely suppressed by the AF order. For
U>9.3, the double occupancy numberdrops discontinu-
ously to zero. As a result, the magnitudenof: jumps from
2.7 to 3.8 and then becomekindependent. With increasing
doping[see Fig. €)], the AF order begins to emerge only at
largerU while the dSC order is always in existence. But for
doping 6=0.1 [see Fig. 6c)], the AF order completely dis-
appears independent of the magnitudeJof
With the help of these self-consistent parameters, let us
compare the ground-state energy obtained from(Eg).with
that in Ref. 22 where the contribution from the AF order was
neglected. In Fig. 7, we plot our ground-state enefgy/N
as a function of doping using the parameter J=3.0 for
several different values a (see the solid linesThe dashed
lines here correspond to the results when the contribution
from the AF order is not included, i.em is fixed to zerc’?
From Fig. 7, we conclude that the ground-state energy with
the AF order considered is always lower than that without it.
We now discuss the relevance of our calculations to other
theories. Although thé-J model, derived from the large-
Hubbard model, was originally introduced to study the su-
perconductivity based on the RVB theory without AF
FIG. 5. The dSC order paramet&gc, AF order parametem,e,  order?*®-18the inclusion of the AF order based on the same
and the electron pairing galy as functions of doping for differ- approach was done at a much later stage. In all these studies,
ent values olU with t/J=3.0 andT=0. the no-double-occupancy constraint has been globally en-
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eral differentU for t/J=3.0. The dashed lines are the corresponding  F|G. 8. The dSC order parametéte, AF order parametemyg,

results when the AF order is not considered, ieis fixed to zero.  anq the electron pairing gafy as functions of doping for U
=15 andt/J=3.0 atT=0. Here the derivatives af; andgg with m

forced. By use of the-J or similar models, several groups in the self-consistent equations are neglected.

have investigated the interplay between the AF and dSC or-

ders with somewhat different mean-field approximationsfilling would always be an AF insulator, independent of the

from ours®20:26-2While the double occupancy is com- magnitude ofJ. This is in strong contrast to what has been

pletely excluded from the standate) model, our current optained from our current approach based on minimizing the
t-J-U model with finiteU allows the partial double occupa- total energy of the system.

tion so that we can understand the subtle effect due to the So far the experimental evidence for the coexistence of

electron-electron correlation. For sméll our results show the AF and dSC orders in cuprate superconductors seems
that only the dSC order exists in the ground state, whichnconclusive. For example, the long-range AF order observed
describes the physics of the “gossamer superconductor.” I the insulating La_,Sr,CuQy is sensitive to dopingwhich

the limit of infinite U, the t-J-U model is reduced to the disappears rapidly at~0.03. But there also existed several
t-J model. In this case, our phase diagrams show that the Akxperimental results which appeared to indicate the coexist-
and dSC orders coexist with each other from sndallp to  ence of antiferromagnetism and superconductivity over a
0~0.1, and after that the AF order completely disappearswide doping range in cuprate superconducfof€specially,
This feature is in good agreement with the VMC results forthe AF order was claimed to have been observed in under-
the t-J modell214At the same time, we notice that the co- doped YBQCUGOG5 and YB@CUSOGG Superconductors by
existence between the AF and dSC orders persists up to ogeutron-scattering experiments from different grobipst is

timal doping 6~0.15 in the slave-boson schedf€® We  apparent that more experiments are needed to confirm the

would like to mention that a similar large coexistence can bepexistence of the long-range AF order with the dSC state in
obtained if we neglect the derivatives gifandgs with m in HTS.

our derivation of the self-consistent equations, i.e., replace
Eq. (21) with the following one:

IV. SUMMARY
m= iE ,ﬁ<§k;'“ _ _gk__'“) (29 In summary, we have studied the coexistence of the anti-
2N &\ Ey Eo ferromagnetism and dSC in a renormalized mean-field theory

based on the Gutzwiller approximation for a two-
In this way, we can perform similar calculations as above. Indimensionalt-J-U model. The role of the Hubbard interac-
Fig. 8, we present such a phase diagram with=3.0 and tion U is to partially enforce the no-double-occupancy con-
U=15 at T=0. It can be seen that in this case, the AF andstraint, and it provides us with a better understanding of the
dSC orders coexist up to doping~0.18. However, if one subtle effect due to the electron-electron correlation. Our re-
usest/J=4.0 andU=1%, the coexistent region is pushed sults show that the AF and dSC orders coexist below the
downward to dopings~ 0.15, which is consistent with the dopingé~ 0.1 at largeJ with t/J=3.0. And we find that the
slave-boson result. But such a large coexistent region seenegexisting state has a lower ground-state energy than that of
not to be favored by the experimental and simulation resultsa pure dSC state. The dSC order increases from zero as dop-
Moreover, based on this approximation, the system at halfing increases in the underdoped regime and reaches a maxi-
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mum near the optimal doping~ 0.15, after which it de- ing orders such as stripe and flux state, in the underdoped
creases to zero ab~0.35 with increasing doping. With region of cuprate superconductdPstit has been found that
decreasindJ, the coexistent region is squeezed toward lowat zero temperature, the flux state is unstable in tide
doping. There is no coexistence between AF and dSC ordersodel, but it may show up at finite temperature, or in the
for small U (<5.3), where the AF order is completely sup- vortex cores ifJ is chosen to be larger than @3 In our
pressed and the “gossamer superconductivity” is found evepresent mean-field theory, which is valid only at zero tem-
at half-filling. For the largel, our system at half-filling is perature, the obtained order parameters for the dSC and the
always an AF insulator in which both the electron pairingstaggered magnetization are spatially uniform. To seek the
gap and the dSC order parameter are suppressed to zero. Gninomogeneous solutions such as stripe phases for these or-
result at largeU should correspond to the physical regime. der parameters, we need to use the variational Monte Carlo
The reason why the existence of the long-range AF order hamethod, or the Bogoliubov—de Gennes equations, and that
not been firmly confirmed by experiments in the underdopeavill be a topic for future study.
HTS is probably due to the neglecting of the AF fluctuations
in the mean-field approximation. It is believed that the effect
of the AF fluctuations may break the long-range AF order ACKNOWLEDGMENTS
into short-range orders, and this conjecture needs to be ex- The authors would like to thank T. K. Lee, S. P. Feng, J.
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