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We have shown that, in the presence of a strong ac magnetic field, the parametric interaction of two weak
acoustic waves occurs in a crystal of molecular magnets. Any magnetic molecule is subject to a dc magnetic
field perpendicular to its easy anisotropy axis. The ac magnetic field is parallel to this axis. The frequencies of
the ac magnetic field and acoustic waves are close to the transition frequency of the fundamental doublet. The
acoustic waves propagate in opposite directions. We have derived equations for the amplitudes of the two
coupled acoustic waves. Due to the parametric interaction, one acoustic wave input into the sample excites the
second acoustic wave.
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I. INTRODUCTION

Lately, tunneling of a large spin in magnetic molecules
has attracted considerable attention.1,2 Crystals of molecular
magnets are expected to be a powerful source of coherent
electromagnetic radiation.3 Therefore, it is important to thor-
oughly study interactions of magnetic molecules with elec-
tromagnetic and acoustic waves.

Experiments on electron spin resonance4–8 have demon-
strated noticeable resonant absorption of electromagnetic ra-
diation by molecular magnets. The imaginary part of the
high-frequency susceptibility, connected with transitions be-
tween the states of the fundamental doublet of a high-spin
moleculesor a rare-earth metal iond, was studied in linear
and nonlinear regimes.9–11 The dependence of the imaginary
part of the susceptibility on temperature, measured in Ref.
11, was discussed in Ref. 12. The nonlinear susceptibility of
high-spin molecules subjected to a bifrequency ac magnetic
field was theoretically investigated in Ref. 13. The absorp-
tion of an acoustic wave by rare-earth metal magnetic ions
was theoretically studied in Ref. 14.

The works cited above dealt with stationary processes
si.e., the processes at times much larger than the relaxation
times generic for transitions between the states of the funda-
mental doubletd. Nonstationary processessi.e., processes at
times much shorter than the relaxation timesd were studied as
well. Experiments on tunneling-state echoes in dysprosium-
doped glasses were carried out in Ref. 15, while experiments
on phonon echoes and saturation of the attenuation of an
acoustic wave in rare-earth-ion-doped glasses were carried
out in Refs. 16 and 17. The nonstationary behavior of a mag-
netic moleculesor a rare-earth metal iond subject to a bifre-
quency ac magnetic field18 or to an acoustic wave and an ac
magnetic field19 was investigated theoretically.

The purpose of the present paper is to study the paramet-
ric interaction of two weak acoustic waves in a crystal of
molecular nanomagnets in the presence of a strong ac mag-
netic field. We consider a stationary process. Any molecule is

subject to a dc magnetic field perpendicular to the easy an-
isotropy axis of the molecule. The energy levels of any mol-
ecule form doublets that are split due to the dc field or due to
the dc field and the transverse anisotropy simultaneously.
The ac magnetic field is parallel to the easy anisotropy axis.
The frequencies of the ac magnetic field and acoustic waves
are close to the transition frequency of the fundamental dou-
blet. The acoustic waves propagate in opposite directions.
We suppose the sample temperature to be low enough so that
in equilibrium just the levels of the fundamental doublet are
occupied. Thus, just the levels of the fundamental doublet
are involved in the processes we discuss, and we can con-
sider any magnetic molecule as a two-level system.

The energy levels in crystals of molecular magnets are
distributed due to dipolar fields,20 nuclear spins,20,21 and
crystal defects.22,23 However, we restrict ourselves to the
case in which the doublet splitting of individual molecules is
dominated by the strong dc magnetic field or by the strong dc
magnetic field and the noticeable transverse anisotropy si-
multaneously. In this case the distribution of the doublet
splittings can be neglected.

We assume the magnetic molecules to be noninteracting.
It is convenient to describe the statistical properties of such a
system by using the one-particle density matrix depending
on time and coordinatessin our case, on one coordinate; see
Sec. IIId. The coordinates play the role of parameters. Such a
coordinate dependence means that one has carried out an
averaging over a smallsbut containing many moleculesd vol-
ume.

II. FORMULATION OF THE PROBLEM

We consider a crystal of noninteracting molecular mag-
netssfor example, Mn12 acetate or Fe8d subject to dc and ac
magnetic fields and two acoustic waves simultaneously. The
ac magnetic field is uniform in the crystalsi.e., the length of
the electromagnetic wave is much larger than the crystal
sized, whereas the lengths of the acoustic waves are much
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shorter than the crystal size. First of all, we analyze the be-
havior of one magnetic molecule. The dc magnetic field is
perpendicular to the easy anisotropy axis of the molecule.
The ac magnetic field is parallel to this axisssee Fig. 1d. The
molecule Hamiltonian reads

Ĥ = − DŜz
2 + Ĥtr − gmBŜxH0 − gmBŜzH sinvt + Ĥme, s1d

wherez is the easy anisotropy axis;Ŝx, Ŝy, Ŝz are thex, y, and

z projections of the spin operator;Ĥtr is the operator of the
transverse anisotropy energy;D, g, andmB are the longitudi-
nal anisotropy energy constant, the Landé factor, and the
Bohr magneton, respectively;H0 is the dc magnetic fieldswe
have chosen thex axis to coincide with the direction of this
fieldd; H and v are the amplitude and angular frequency of

the ac magnetic field;Ĥme is the magnetoelastic coupling.
In magnetic molecules the transverse anisotropy is weaker

than the longitudinal one. In Mn12 acetate the transverse an-
isotropy, in practice, is negligible,4 while in Fe8 it is more
essential.24 Independently of the form of the transverse an-
isotropy, the molecule levels form doublets split due to the
dc magnetic field and the transverse anisotropy. The two
lowest levels of the molecule are of interest to us. We denote
them as«0 and«1 s«0,«1d. The eigenfunctions correspond-
ing to «0 and «1 are denoted asw0 and w1, respectively.
Below, we will find the eigenvalues and eigenfunctions nu-

merically in the representation of operatorŜz. If the trans-
verse anisotropy is characterized by two axes in thexy plane
smedium and hard axesd, we will suppose for definiteness
that the dc magnetic field is parallel to the medium axis. In
this casesas well as in the absence of the transverse aniso-
tropyd w0 is a symmetric function of thez projection of the
molecule spin, whereasw1 is an antisymmetric function. We
suppose that the ac magnetic field frequencyv is close to the
transition frequencyv10=s«1−«0d /", i.e., uv−v10u /v10!1.

The magnetoelastic coupling in Mn12 acetate reads22,25,26

Ĥme= Ds«xx − «yydsŜx
2 − Ŝy

2d + D«xyhŜx,Ŝyj + Ds«xzhŜx,Ŝzj

+ «yzhŜy,Ŝzjd + DsnxzhŜx,Ŝzj + nyzhŜy,Ŝzjd, s2d

where

«ab =
1

2
S ]ua

]xb

+
]ub

]xa
D, nab =

1

2
S ]ua

]xb

−
]ub

]xa
D , s3d

are linear strain tensors at the point where the molecule is

located;u is the lattice displacement;a ,b=x,y,z; hŜa ,Ŝbj is
the anticommutator. For simplicity we do not describe acous-
tic waves rigorously, but assume that one longitudinal and
two transverse modes of the acoustic waves exist.27,28Below,
we suppose that two transverse monochromatic acoustic
waves polarized along thex axis propagate along thez axis
in opposite directionsssee Fig. 1d, i.e., u=sux,0 ,0d, where

ux = s1/2du1szdexpfisk1z− v1tdg

+ s1/2du2szdexpf− isk2z+ v2tdg + c.c., s4d

u1,2szd, v1,2, k1,2=v1,2/v, andv are the amplitudes, angular
frequencies, wave numbers, and velocity of the acoustic
waves. The frequenciesv1,2 are close to the transition fre-
quencyv10suv1,2−v10u /v10!1d. For the lattice displacement
s4d the magnetoelastic coupling described by Eq.s2d reduces
to

Ĥme8 = Ds]ux/]zdhŜx,Ŝzj. s5d

In the case in which the transverse anisotropy is essential
sfor example, for molecules Fe8d, the exact form of the mag-
netoelastic coupling between a magnetic molecule and inho-
mogeneous deformations has not been established so far. We
presuppose that the interaction of the magnetic molecule
with the acoustic waves of the forms4d is described by the
operator

Ĥme8 = Fs]ux/]zdhŜx,Ŝzj, s6d

similar to the operators5d for Mn12 acetate. The coefficientF
in Eq. s6d is of the order ofD because the transverse aniso-
tropy is weaker than the longitudinal one.

Since the frequency of the ac magnetic field and the fre-
quencies of the acoustic waves are comparatively close to the
transition frequencyv10, at low temperatures when the mag-
netic molecules occupy just the two lowest levels, we can
consider a magnetic molecule as a two-level system and de-
scribe it by two master equations29

dr01

dt
− iv10r01 +

i

"
fĤint,r̂g01 = −

1

t10
r01, s7d

dr00

dt
+

i

"
fĤint,r̂g00 = w10r11 − w01r00. s8d

Here,r00, r01, andr11 are elements of the density matrixr̂
for one molecule whose coordinate isz, and

FIG. 1. A magnetic moleculesMd with the easy anisotropy axis
z in a dc magnetic fieldH0 parallel to thex axis. The vertical arrow
with two arrowheads depicts an ac magnetic fieldHstd=H sinvt.
The horizontal arrow with two arrowheads depicts the lattice dis-
placementusz,td parallel to thex axis. The vertical arrows are the
wave vectorsk1 andk2 of two transverse contrariwise propagating
acoustic waves whose frequencies are equal tov1 and v2,
respectively.
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Ĥint = − gmBŜzH sinvt + Ĥme8 s9d

is the operator of interaction of the molecule with the ac
magnetic field and the acoustic waves;t10 is the relaxation
time of the phase of the matrix elementsr01 and r10; w10
fw01g is the rate of transition from the statew1 fw0g to the
state w0 fw1g. We do not give equations fordr11/dt and
dr10/dt becauser00+r11=1 andr10=r01

* sthe asterisk means
the operation of complex conjugationd.

A strong coherent driving fieldsin our case the ac mag-
netic fieldd can modify the relaxation processes in atomsssee
Refs. 30–35 and references thereind. However, for two-level
atoms in free space, these effects are typically weak,34,35and
we will neglect the influence of the ac magnetic field on the
relaxation processes.

It is usual to introduce the timeT10 of relaxation of the
populations of the levels«0 and«1

w10 = r00
s0d/T10, w01 = r11

s0d/T10,

wherer00
s0d andr11

s0d are diagonal elements of the equilibrium
density matrix,r00

s0d+r11
s0d=1. Using the relaxation timeT10,

we rewrite Eq.s8d in the form

dr00

dt
+

i

"
fĤint,r̂g00 = −

1

T10
sr00 − r00

s0dd. s10d

The stationary solution of Eqs.s7d and s10d is of interest to
us. We will find it in the following section.

III. DENSITY MATRIX

Since we assume that the ac magnetic field is strong while
the acoustic waves are weak, we can seek the density matrix
in the form rkj= r̃kj+dr̃kj sk, j =0,1d, wherer̃kj is the solu-
tion of Eqs.s7d ands10d in the absence of the acoustic waves
anddr̃kj is the correction of the first order in the amplitudes
of the acoustic waves. The matrixr̃kj obeys the normaliza-
tion conditionr̃00+ r̃11=1, while the matrixdr̃kj satisfies the
conditiondr̃00+dr̃11=0.

First of all, let us find the matrixr̃kj. Due to the symmetry
properties of the wave functionsw0 and w1, the matrix ele-

mentssŜzd00 and sŜzd11 are equal to zero. Therefore, in the
absence of acoustic waves Eqs.s7d and s10d reduce to

sd/dt − iv10 + t10
−1dr̃01 −

i

"
gmBHsŜzd01s1 – 2r̃00dsinvt = 0,

s11d

dr̃00

dt
−

i

"
gmBHsŜzd01sr̃01

* − r̃01dsin vt = −
1

T10
sr̃00 − r00

s0dd,

s12d

where the matrix elementsŜzd01=kw0uŜzuw1l is real. Since the
frequencyv is close to the transition frequencyv10, we use
the rotating wave approximation36 sanalogous to the resonant
perturbation theory for the Schrödinger equation37d and seek
the stationary solution of Eqs.s11d and s12d in the form
r̃00=const, r̃01=R01 expsivtd, whereR01=const.Adding to

the systems11d and s12d the equation complex conjugate to
Eq. s11d, and solving the system of linear equations forr̃00,
R01, andR01

* , one can obtain

r̃00 =
r00

s0ds1 + V2t10
2 d + 2VR

2t10T10

1 + V2t10
2 + 4VR

2t10T10

, s13d

R01 = −
s2r00

s0d − 1dVRt10s1 − iVt10d
1 + V2t10

2 + 4VR
2t10T10

, s14d

where V=v−v10 is the deviation of the ac magnetic field
frequency from the transition frequency, and

VR = gmBHusŜzd01u/s2"d s15d

is the Rabi frequency. Equationss13d ands14d are quite simi-
lar to the expressions for the density matrix of a two-level
atom in an ac electric field.29

Now let us turn to the matrixdr̃kj. For brevity we start
from the case in which only one acoustic wave propagates in
the crystalffor example,u2szd;0 in Eq. s4dg. The corre-
sponding matrixdr̃kj can be easily extended to the case in
which u2szdÞ0, becausedr̃kj is linear in the amplitudes of
acoustic waves. It follows from Eqs.s7d and s10d–s12d that
this matrix obeys the equations

sd/dt − iv10 + t10
−1ddr̃01 + 2VRseivt − e−ivtddr̃00

=
Fk1

2"
hŜx,Ŝzj10su1e

ik1z−iv1t − u1
*e−ik1z+iv1tds1 – 2r̃00d,

s16d

sd/dt + T10
−1ddr̃00 − VRseivt − e−ivtdsdr̃01

* − dr̃01d

=
Fk1

2"
hŜx,Ŝzj10su1e

ik1z−iv1t − u1
*e−ik1z+iv1tdsr̃01

* − r̃01d,

s17d

where the matrix element

hŜx,Ŝzj10 = kw1uhŜx,Ŝzjuw0l s18d

is real. When deriving these equations, we have taken into
account that, due to the symmetry properties of the wave

functions w0 and w1, the matrix elementshŜx,Ŝzj00 and

hŜx,Ŝzj11 are equal to zero.
We make use of the rotating wave approximation once

again and seek the stationary solution of Eqs.s16d and s17d
in the form

dr̃00 = s1/2dR1e
isv1−vdt + c.c., s19d

dr̃01 = U1e
iv1t + V1e

is2v−v1dt, s20d

whereR1, U1, andV1 do not depend on time. Equations19d
takes into account that diagonal elements of the density ma-
trix are real. The second term in the right-hand side of Eq.
s20d describes oscillations of the matrix elementdr̃01 at the
combinative frequency 2v−v1.

38 The amplitude of these os-
cillations vanishes if the amplitude of the ac magnetic field
tends to zero. Substituting expressionss19d and s20d into
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Eqs. s16d and s17d, one can obtain a linear system for the
amplitudesR1, U1, andV1

* . This system yields

U1 =
Fk1

2"
hŜx,Ŝzj10t10u1

*szde−ik1zSs2r̃00 − 1dF1 − isV − V1dT10

+
2VR

2t10T10

1 − is2V − V1dt10
G + 2VRT10R01

* DSs1 + iV1t10dF1

− isV − V1dT10 +
2VR

2t10T10

1 − is2V − V1dt10
G + 2VR

2t10T10D−1

,

s21d

V1 =
Fk1

2"
hŜx,Ŝzj10t10u1szdeik1z 1

1 + is2V − V1dt10

3s− s2r̃00 − 1d2VR
2t10T10 + 2VRT10s1 − iV1t10dR01d

3Ss1 − iV1t10dF1 + isV − V1dT10

+
2VR

2t10T10

1 + is2V − V1dt10
G + 2VR

2t10T10D−1

, s22d

whereV1=v1−v10.
One can see that the first term in the right-hand side of

Eq. s20d is proportional to expsiv1t− ik1zd. This term de-
scribes a disturbance propagating in the positive-z direction
and having the frequencyv1 and the wave numberk1. The
second term in the right-hand side of Eq.s20d is proportional
to expfis2v−v1dt+ ik1zg. This term describes a disturbance
propagating in the negative-z direction and having the fre-
quency 2v−v1. As we will show below, this disturbance is
responsible for the excitation of another acoustic wave with
the frequency 2v−v1. Thus, we have to assume that the
frequency of the second acoustic wave in Eq.s4d is equal to
v2=2v−v1 fand, as a consequence,k2=s2v−v1d /vg.

The relation

v1 + v2 = 2v s23d

can be interpreted as follows. Due to the influence of the
strong ac magnetic field on molecular magnets, the paramet-
ric interaction of two acoustic waves occurs. In this process
two electromagnetic quanta, 2"v, are converted into two
phonons,"v1 and"v2.

The full expression for the matrix elementdr̃01, taking
into account both acoustic waves in Eq.s4d, is

dr̃01 = U1e
iv1t + V1e

is2v−v1dt + U2e
iv2t + V2e

is2v−v2dt,

s24d

whereU2 andV2 are described by expressionss21d ands22d
in which v1, k1, andu1szd have to be replaced byv2, −k2,
andu2szd, respectively.

IV. EQUATIONS FOR THE AMPLITUDES OF THE
ACOUSTIC WAVES

After we have found the density matrix, we can derive
equations for the amplitudesu1,2szd of the acoustic waves.

We focus on the interaction of the acoustic waves with mag-
netic molecules and do not consider other mechanisms of
decay of the acoustic waves. We start from the density of the
elastic Lagrangian

L =
1

2
rS ]ux

]t
D2

−
1

2
rv2S ]ux

]z
D2

− N trsr̂Ĥme8 d, s25d

wherer is the crystal density,N is the concentration of mag-

netic molecules, trsÂd means the trace of the matrixÂ. Tak-
ing into account that

trsr̂Ĥme8 d = F
]ux

]z
sr01 + r01

* dhŜx,Ŝzj10, s26d

we come to the Lagrange equation

]2ux

]t2
− v2]2ux

]z2 =
NF

r
hŜx,Ŝzj10

]

]z
sr01 + r01

* d. s27d

In the preceding section, we have represented the matrix el-
ementr01 as the sum ofr̃01 anddr̃01, wherer̃01 describes a
magnetic molecule in the presence of the ac magnetic field;
dr̃01 is the correction linear in the amplitudes of the acoustic
waves. Only the termdr̃01 depends onz; therefore, in Eq.
s27d we can replacer01 by dr̃01. Let us substitute Eqs.s4d
ands24d into Eq.s27d . We presuppose that the interaction of
the acoustic waves with magnetic molecules is compara-
tively weak and, as a consequence, the amplitudesu1,2szd are
slow functions of z, namely udu1,2/dzu!k1,2uu1,2u. In this
case, we can neglect the second derivatives of functions
u1,2szd in the left-hand side of Eq.s27d and the first deriva-
tives of these functions in the right-hand side of Eq.s27d. We
assume the frequenciesv andv1 to be so close to the tran-
sition frequency thatuk2−k1u /k1=2uv−v1u /v1!1. Equating
the terms with identical exponential factorsfexpsik1z− iv1td
or exps−ik2z− iv2tgd in the left-hand and right-hand sides of
Eq. s27d , we obtain the desired equations

du1

dz
= − k1a1u1 − sk2

2/k1db1e
isk2−k1dzu2

* , s28d

du2

dz
= k2a2u2 + sk1

2/k2db2e
isk2−k1dzu1

* . s29d

Here

a1 =
NF2

2"rv2hŜx,Ŝzj10
2 t10s2r00

s0d − 1d
1 + V2t10

2 + 4VR
2t10T10

3Ss1 + V2t10
2 dF1 + isV − V1dT10 +

2VR
2t10T10

1 + is2V − V1dt10
G

− 2VR
2t10T10s1 − iVt10dD

3Ss1 − iV1t10dF1 + isV − V1dT10

+
2VR

2t10T10

1 + is2V − V1dt10
G + 2VR

2t10T10D−1

, s30d
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b1 =
NF2

2"rv2hŜx,Ŝzj10
2 t10s2r00

s0d − 1d
1 + V2t10

2 + 4VR
2t10T10

3
4VR

2t10T10s1 + iVt10ds1 − isV − V2dt10/2d
1 − is2V − V2dt10

3Ss1 + iV2t10dF1 − isV − V2dT10

+
2VR

2t10T10

1 − is2V − V2dt10
G + 2VR

2t10T10D−1

s31d

are dimensionless coefficients,V2=v2−v10. The coefficients
a2 andb2 can be found if one replacesV1, V2 by V2, V1 in
Eqs.s30d ands31d, respectively. Equationss28d ands29d are
valid if the functionsu1,2szd are really slow, i.e.,

ua1,2u ! 1, ub1,2u ! 1. s32d

One can see from Eqs.s30d and s31d that the coefficients
of the equations for the amplitudes of the acoustic waves
contain the transition frequencyv10 only as a cofactor of the
relaxation timet10. Therefore, the distribution of the doublet
splittings is unessential if the width of this distribution,D, is
much smaller than" /t10, i.e., D!" /t10.

According to Eqs.s30d ands31d, the important parameter
controlling the behavior of the molecular magnets is
4VR

2t10T10.

V. DISCUSSION AND NUMERICAL RESULTS

A. Weak ac magnetic field

If the ac magnetic field is weak, namely

4VR
2t10T10 ! 1, s33d

then ub1/a1u!1, ub2/a2u!1, and the system of equations
s28d and s29d decomposes into two independent equations

du1

dz
= − k1a1u1, s34d

du2

dz
= k2a2u2, s35d

where

a1,2=
NF2

2"rv2hŜx,Ŝzj10
2 t10s2r00

s0d − 1d
1 − iV1,2t10

. s36d

The first fsecondg of these equations describes the decrease
of the amplitude and a small change of the wave number of
the acoustic wave propagating in the positivefnegativeg z
direction and interacting with magnetic molecules. Let only
one acoustic waveswhose frequency, for example, isv1d
propagate in the crystal occupying the regionzù0. Accord-
ing to Eq.s34d, we have

u1szd = u1s0de−k1a1z, s37d

where u1s0d is the amplitude in the planez=0. The mean
energy flux of the acoustic wave equals

Pzszd = s1/2drvv1
2uu1szdu2; s38d

therefore, the mean acoustic power absorbed by magnetic
molecules in a unit volume is

Pszd = −
]Pzszd

]z
= P0szds1 + V1

2t10
2 d−1, s39d

where

P0szd =
NF2v1

3

2"v2 hŜx,Ŝzj10
2 t10s2r00

s0d − 1duu1szdu2. s40d

Here, we can replacev1
3 by v10

3 because we suppose that
uv1−v10ut10 does not exceed several units, whereas the mas-
ter equations used above are valid under the condition
v10t10@1. After such a replacement the quantityP0szd is
independent of the frequency, and Eq.s39d describes a
Lorentzian peak of absorption.

B. Strong ac magnetic field

If the ac magnetic field is strong enoughs4VR
2t10T10

*1d, the parametric interaction of the acoustic waves may
become noticeable. We focus on the case in which a crystal
of molecular magnets occupies the region 0øzøL and only
one acoustic wave is input into the sample, for example, at
the edgez=0. Supposing that this wave is not reflected at the
edgez=L, we can assume that the boundary condition at this
edge isu2sLd=0. We also suppose that the second acoustic
wave excited due to the parametric process and propagating
in the negative-z direction is not reflected at the edgez=0;
then, we can assume that at this edge the amplitude of the
input wave,u1s0d, is givenswe concentrate on the parametric
interaction and do not discuss how to match the acoustic
impedances of the molecular magnets crystal and an acoustic
wave guided. The solution of Eqs.s28d and s29d with the
boundary conditions mentioned above reads

u1szd = u1s0dexpfsiDk − k1a1 + k2a2
*dz/2g

3sinhfk1gsL − zd + jg/sinhsk1gL + jd, s41d

u2
*szd = − u1s0dsk1/k2d3/2sb2

* /b1d1/2expfs− iDk − k1a1

+ k2a2
*dz/2gsinhfk1gsL − zdg/sinhsk1gL + jd, s42d

whereDk=k2−k1,

g = sn2 − b1b2
*k2/k1d1/2, n = sa1 + k2a2

* /k1 + iDk/k1d/2,

s43d

j =
1

2
lnSn + g

n − g
D . s44d

First, we analyze the obtained solution in the case in which
k1=k2, i.e., the frequencies of both acoustic waves are equal
and coincide with the frequency of the ac magnetic field
sv1=v2=vd. As we will show, in this case the parametric
interaction of two acoustic waves is more efficient.
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1. The frequencies of the acoustic waves are equal

One can see that in this caseDk=0,

a1 = a2

=
NF2

2"rv2hŜx,Ŝzj10
2 t10s2r00

s0d − 1ds1 + V2t10
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b1 = b2 = a14VR
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2 d, s46d

and Eqs.s41d and s42d reduce to

u1szd = u1s0de−ik1z Im a1sinhfk1gsL − zd + jg/sinhsk1gL + jd,

s47d

u2
*szd = − u1s0de−ik1z Im a1sb1

* /ub1ud

3sinhfk1gsL − zdg/sinhsk1gL + jd, s48d

with

g = ÎsRea1d2 − ub1u2, j =
1

2
lnSRea1 + g

Rea1 − g
D . s49d

The behavior of the amplitudesu1szd and u2szd depends on
the ratio of the coefficient characterizing the parametric cou-
pling of the acoustic waves,k1ub1u, to the absorption constant
of each acoustic wave in the presence of the ac magnetic
field, k1Rea1,

h = ub1u/Rea1 = 4VR
2t10T10/Î1 + V2t10

2 . s50d

Again, we take into account only the acoustic wave absorp-
tion caused by the interaction of the acoustic waves with
magnetic molecules. Other mechanisms of the acoustic wave
absorption increase the quantity Rea1. Therefore, the effects
we discuss below may occur at larger values of the amplitude
of the ac magnetic field than we predict. Unfortunately, we
are not aware of experimental works in which the absorption
constant of an acoustic wave in a crystal of molecular mag-
nets has been measured and the mechanisms of absorption of
the acoustic wave have been found out in detail.

If the ratios50d is smaller than unity, the quantityg is real
and, as a consequence, the amplitudesuu1szdu and uu2szdu are
monotonically decreasing functions of thez coordinate.
However, if the ratios50d exceeds unity, the quantityg is
pure imaginary and Eqs.s47d and s48d reduce to

u1szd = u1s0de−ik1z Im a1sinfk1ugusL − zd + j̃g/sinsk1uguL + j̃d,

s51d

u2
*szd = − u1s0de−ik1z Im a1sb1

* /ub1ud

3sinfk1ugusL − zdg/sinsk1uguL + j̃d, s52d

where j̃=arctanÎh2−1. Therefore, for sufficiently largeL,
the amplitudesuu1szdu and uu2szdu are oscillating functions of
the z coordinate. According to Eq.s50d , the greater the de-
viation of the ac magnetic field frequency from the transition
frequency, the larger the amplitude of the ac magnetic field
required to satisfy the conditionh.1.

The coordinate dependences of the amplitudes of the
acoustic waves, described by Eqs.s47d and s48d, are plotted
in Fig. 2 for several values of the amplitude of the ac mag-
netic field. We have chosen the frequency of the ac magnetic
field to be equal to the transition frequency. We use the di-
mensionless coordinatek1a0z, wherea0=a1sV=VR=0d, and
suppose thatk1a0L=2. It is easy to see thatk1a0 is the imagi-
nary part of the wave number of the acoustic waveswhose
frequency is equal to the transition frequencyd in the linear

FIG. 2. Dependences of the amplitudesuu1szd /u1s0du scurves 1d
and uu2szd /u1s0du scurves 2d on thez coordinate for three values of
the amplitude of the ac magnetic fieldf2VR

Ît10T10=0.8sad, 1.5sbd,
and 4 scdg. The frequencies of both acoustic waves and of the ac
magnetic field coincide with the transition frequency. The dimen-
sionless length of the sample isk1a0L=2, wherek1a0 is the imagi-
nary part of the wave number of the acoustic wave in the absence of
the ac magnetic field.
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regime, i.e., in the absence of the ac magnetic field. One can
see that at the edgez=0 the amplitude of the acoustic wave
excited due to the parametric process can be of the order of
the amplitude of the acoustic wave input into the sample.

Along the sample, the arguments of the sinusoidal func-
tions in Eqs.s51d and s52d change by

k1uguL = k1a0L
Îs4VR

2t10T10d2 − 1 −V2t10
2 Î1 + V2t10

2

s1 + V2t10
2 + 4VR

2t10T10d2 .

s53d

This quantity as a function of parameter 2VR
Ît10T10 has a

maximum and is sufficiently small for large values of
2VR

Ît10T10. In particular, forV=0 the quantitys53d reaches
its maximum value,Î3k1a0L /9, at 2VR

Ît10T10=Î2. That is
why the amplitudesuu1szdu anduu2szdu in Fig. 2scd change less
than in Fig. 2sbd.

The ratio of the amplitude of the parametrically excited
acoustic wave to the amplitude of the input acoustic wave in
the planez=0, uu2s0d /u1s0du, as a function of frequency is
depicted in Fig. 3 for the same values of parameter
2VR

Ît10T10 as in Fig. 2. If this parameter is not very large,
the ratio uu2s0d /u1s0du reaches a maximum value at the fre-
quency equal to the transition frequencyscurves 1 and 2 in
Fig. 3d. However, if the parameter 2VR

Ît10T10 is sufficiently
large, the frequency dependence of the ratiouu2s0d /u1s0du has
two maximascurve 3 in Fig. 3d.

It should be noted that the denominator in Eqs.s51d and
s52d vanishes if the sample length obeys the condition

k1uguL + j̃ = pn sn = 1,2,3, . . .d. s54d

Under this condition there exists a nontrivial solution of Eqs.
s28d and s29d with boundary conditionsu1s0d=0, u2sLd=0,
i.e., in the case in which no acoustic wave is input into the
sample. The corresponding amplitudes of the acoustic waves
are of the form

uu1szdu = Cusinsk1uguzdu, uu2szdu = Cusinfk1ugusL − zdgu,

whereC is a constant. One can see that the amplitudes sat-
isfy the natural symmetry conditionuu2szdu= uu1sL−zdu. The
existence of the nontrivial solution of Eqs.s28d and s29d in
the absence of an input acoustic wave means that, under the
condition s54d, parametric generation of acoustic waves oc-
curs. However, to describe the process of wave generation, a
nonlinear theory is required. Our approach is linear in the
amplitudes of acoustic waves; therefore, we cannot describe
the parametric generation of such waves and suppose that the
condition s54d is not satisfied.

To estimate the amplitude of the ac magnetic field, re-
quired for manifestation of the parametric process, we use
the inequality 2VR

Ît10T10ù1 in the form

H * "sgmBSÎt10T10rd−1, s55d

wherer = usŜzd01u /S is a dimensionless coefficientsa normal-
ized matrix elementd of the order of unity. We have found
this coefficient numerically for Mn12 and Fe8 clustersssee
Fig. 4d. According to Refs. 4, 5, and 11, for Mn12 clusters

S=10, D=0.68K, g=1.9, Ĥtr =−BsŜ+
4+Ŝ−

4d with B=6

310−5 K, Ŝ±=Ŝx± iŜy. We have chosen these parameters, ex-
cept for coefficientB. We have obtained better agreement

FIG. 3. The ratio of the amplitudes of the parametrically excited
and input acoustic waves at the edgez=0 of the sample,
uu2s0d /u1s0du, as a function of the frequency of the acoustic waves
for three values of the amplitude of the ac magnetic field
f2VR

Ît10T10=0.8 scurve 1d, 1.5 s2d, and 4s3dg. The dimensionless
length of the sample isk1a0L=2.

FIG. 4. Dependences of the normalized matrix elementsad and
the transition frequencysbd on the dc magnetic field perpendicular
to the easy anisotropy axis for Mn12 scurves 1d and Fe8 scurves 2d
clusters.
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between our calculations and the experimental data11 sv10
.2p3680 MHz atH0.60.6 kOed for B.3310−6 K, and
this value has been used in our calculations. For Fe8 clusters

we have supposed thatS=10, D=0.23K, g=2, Ĥtr =KŜy
2,

with K /D=0.4 sRefs. 6 and 24d sthe chosen form of the
transverse anisotropy implies that the medium anisotropy
axis coincides with thex axis; we recall that the dc magnetic
field is parallel to the medium anisotropy axisd. For conve-
nience, in Fig. 4 we have also depicted the transition fre-
quency as a function of magnetic field. For example, if the
value of dc magnetic field isH0=60.6 kOe, for Mn12 acetate
we find r .0.793 and v10.4.2763109s−1. Supposing
Ît10T10,10−8s, we obtain from Eq.s55d that H*0.76 Oe.
Similarly, for Fe8 clusters atH0=20 kOe we haver .0.762
and v10.9.763109s−1. If Ît10T10,10−8s, we obtainH
*0.75 Oe. Thus, the amplitude of the ac magnetic field, re-
quired for observation of the parametric interaction of two
acoustic waves, is comparatively smalls*1 Oed. It should
be noted that another nonlinear effect connected with transi-
tions between the levels of the fundamental doubletsthe
saturation of absorption of an intense ac magnetic fieldd also
occurs at sufficiently small amplitudes and was observed ex-
perimentally for rare-earth ions Dy3+ sH*2 Oed and mag-
netic molecules CrNi6 sH*10 Oed ssee Refs. 9 and 10, re-
spectivelyd.

2. The frequencies of the acoustic waves are different

By using Eqs.s41d and s42d, we have numerically inves-
tigated the ratio of the amplitudes of the parametrically ex-
cited and input acoustic waves at the edgez=0,
uu2s0d /u1s0du, as a function of the frequency of the input
acoustic wave for a number of fixed values of the frequency
and amplitude of the ac magnetic field. Typical dependences
are represented in Fig. 5. As compared to the case in which
the frequencies of both acoustic waves coincide, in the case
of different frequencies it is necessary to give three addi-
tional parameters, namelyT10/t10, v10t10, and a0=a1sV
=VR=0d. In our calculations we have usedT10/t10=1,
v10t10.42.8 ssuch a choice corresponds to Mn12 acetate
with Ît10T10=10−8s, subject to a dc magnetic fieldH0
=60.6 kOed, anda0=10−2. One can see thatsid at fixed val-
ues of the frequency and amplitude of the ac magnetic field,
the larger the difference between the frequencies of the input
acoustic wave and ac magnetic field, the smaller the output
amplitude of the parametrically excited acoustic wave;sii d
the larger the difference between the transition frequency and
the frequency of the ac magnetic field, the smaller the maxi-
mal attainable value of the output amplitude of the para-
metrically excited acoustic wave. Thus, the case of equal
frequencies of the acoustic waves, considered in the preced-
ing section, is more preferable for observation of the para-
metric interaction of these waves.

VI. CONCLUSIONS

We have shown that two acoustic waves propagating con-
trarily in a crystal of molecular magnets experience paramet-
ric interaction in the presence of a strong ac magnetic field.

The latter is supposed to be resonant for transitions of mag-
netic molecules between the states of the fundamental dou-
blet. The frequencies of both acoustic waves are also close to
the transition frequency. The parametric process can be in-
terpreted as conversion of two electromagnetic quanta into

FIG. 5. The ratio of the amplitudes of the parametrically excited
and input acoustic waves at the edgez=0 of the sample,
uu2s0d /u1s0du, as a function of the frequency of the input acoustic
wave for fixed values of the frequencyfsv−v10dt10=0 sad, 1.5 sbd,
and 3scdg and amplitudef2VR

Ît10T10=0.8 scurves 1d, 1.5 s2d, and
4 s3dg of the ac magnetic field. The dimensionless length of the
sample isk1a0L=2. Other parameters used areT10/t10=1, v10t10

.42.8, anda0=10−2.
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two phonons. If even only one acoustic wave is input into the
sample and this wave is not reflected at the end of the
sample, the second acoustic wave is excited due to the para-
metric interaction. To observe noticeable values of the output
amplitude of the parametrically excited acoustic wave, it is
more preferable to input into the sample the acoustic wave
whose frequency coincides with the frequency of the ac mag-
netic field.
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