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Parametric interaction of two acoustic waves in a crystal of molecular magnets in the presence
of a strong ac magnetic field
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We have shown that, in the presence of a strong ac magnetic field, the parametric interaction of two weak
acoustic waves occurs in a crystal of molecular magnets. Any magnetic molecule is subject to a dc magnetic
field perpendicular to its easy anisotropy axis. The ac magnetic field is parallel to this axis. The frequencies of
the ac magnetic field and acoustic waves are close to the transition frequency of the fundamental doublet. The
acoustic waves propagate in opposite directions. We have derived equations for the amplitudes of the two
coupled acoustic waves. Due to the parametric interaction, one acoustic wave input into the sample excites the
second acoustic wave.
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I. INTRODUCTION subject to a dc magnetic field perpendicular to the easy an-
isotropy axis of the molecule. The energy levels of any mol-

Lately, tunneling of a large spin in magnetic moleculesecule form doublets that are split due to the dc field or due to
has attracted considerable attentiGrCrystals of molecular the dc field and the transverse anisotropy simultaneously.
magnets are expected to be a powerful source of cohereMhe ac magnetic field is parallel to the easy anisotropy axis.
electromagnetic radiatiohTherefore, it is important to thor- The frequencies of the ac magnetic field and acoustic waves
oughly study interactions of magnetic molecules with elec-are close to the transition frequency of the fundamental dou-
tromagnetic and acoustic waves. blet. The acoustic waves propagate in opposite directions.

Experiments on electron spin resonahéhave demon- We suppose the sample temperature to be low enough so that
strated noticeable resonant absorption of electromagnetic rén equilibrium just the levels of the fundamental doublet are
diation by molecular magnets. The imaginary part of theoccupied. Thus, just the levels of the fundamental doublet
high-frequency susceptibility, connected with transitions be-are involved in the processes we discuss, and we can con-
tween the states of the fundamental doublet of a high-spigider any magnetic molecule as a two-level system.
molecule (or a rare-earth metal ignwas studied in linear ~ The energy levels in crystals of molecular magnets are
and nonlinear regimes!! The dependence of the imaginary distributed due to dipolar field®, nuclear sping®2! and
part of the susceptibility on temperature, measured in Referystal defectd?23 However, we restrict ourselves to the
11, was discussed in Ref. 12. The nonlinear susceptibility o€ase in which the doublet splitting of individual molecules is
high-spin molecules subjected to a bifrequency ac magnetidominated by the strong dc magnetic field or by the strong dc
field was theoretically investigated in Ref. 13. The absorp-magnetic field and the noticeable transverse anisotropy si-
tion of an acoustic wave by rare-earth metal magnetic iongnultaneously. In this case the distribution of the doublet
was theoretically studied in Ref. 14. splittings can be neglected.

The works cited above dealt with stationary processes We assume the magnetic molecules to be noninteracting.
(i.e., the processes at times much larger than the relaxatianis convenient to describe the statistical properties of such a
times generic for transitions between the states of the fundaystem by using the one-particle density matrix depending
mental doublet Nonstationary processése., processes at on time and coordinate$n our case, on one coordinate; see
times much shorter than the relaxation timeere studied as  Sec. Ill). The coordinates play the role of parameters. Such a
well. Experiments on tunneling-state echoes in dysprosiumeoordinate dependence means that one has carried out an
doped glasses were carried out in Ref. 15, while experimentaveraging over a smalbut containing many moleculggol-
on phonon echoes and saturation of the attenuation of anme.
acoustic wave in rare-earth-ion-doped glasses were carried
out in Refs. 16 and 17. The nonstationary behavior of a mag-
netic molecule(or a rare-earth metal igrsubject to a bifre-
quency ac magnetic fieltlor to an acoustic wave and an ac ~ We consider a crystal of noninteracting molecular mag-
magnetic field® was investigated theoretically. nets(for example, MR, acetate or Rg subject to dc and ac

The purpose of the present paper is to study the parameitragnetic fields and two acoustic waves simultaneously. The
ric interaction of two weak acoustic waves in a crystal ofac magnetic field is uniform in the crystale., the length of
molecular nanomagnets in the presence of a strong ac matixe electromagnetic wave is much larger than the crystal
netic field. We consider a stationary process. Any molecule isize), whereas the lengths of the acoustic waves are much

Il. FORMULATION OF THE PROBLEM
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Kk, 65 The magnetoelastic coupling in Njacetate read$2526
l Fime= D(e= 2)(§ = §) + Deyy{S, §} + D(ed S, S
+8,4S,5) + D(nAS. S + 4SS, (2)
—p where
HO) e 3 ), 3 )
Fap™ 2 IXg  IXg)' YaBT IXg  IXg/'
T are linear strain tensors at the point where the molecule is
5 located;u is the lattice displacement;, 3=X,Y,Z; {S,,Ss} is
Hn ko, the anticommutator. For simplicity we do not describe acous-

. . . ~tic waves rigorously, but assume that one longitudinal and
FIG. 1. A magnetic moleculéV) with the easy anisotropy axis  two transverse modes of the acoustic waves é%#Below,
zin a dc magnetic fieltH, parallel to thex axis. The vertical arrow e suppose that two transverse monochromatic acoustic

with two arrowheads depicts an ac magnetic fiel(t)=H sin wt. waves polarized along theaxis propagate along theaxis
The horizontal arrow with two arrowheads depicts the lattice dis, opposite directiongsee Fig. 1, i.e., u=(u,,0,0), where
placementu(z,t) parallel to thex axis. The vertical arrows are the ' X

wave vectork, andk, of two transverse contrariwise propagating Uy, = (1/2)uy(2)exdi(kyz— wqt)]
acoustic waves whose frequencies are equalwto and w,, )
respectively. +(1/2)ux(2)exd - i(kyz+ wyt)] + c.c., (4)

_ i Up o(2), w12 Ky o=w1 o/v, andv are the amplitudes, angular
shorter than the crystal size. First of all, we analyze the begequencies, wave numbers, and velocity of the acoustic
havior of one magnetic molecule. The dc magnetic field iSyayes. The frequencies, , are close to the transition fre-
perpendicular to the easy anisotropy axis of the mOIeCU|equencyw10(|w1'2— w/ w10<1). For the lattice displacement

The ac magnetic field is parallel to this axi@e Fig. 1. The (4) the magnetoelastic coupling described by Ereduces
molecule Hamiltonian reads to

H=-DS +Hy - gueSHo— gueSH sinwt + Hye, (1) Al = D(0u/02){S.S). (5)

wherezis the easy anisotropy axié;, éy él are thex, y, and In the case in which the transverse anisotropy is essential
z projections of the spin operatdﬂ is the operator of the (for example, for _molecules BE the exact form of the mag-
transverse anisotropy enerdy:; g atr:du are the longitudi- netoelastic coupling between a magnetic moIepuIe and inho-

: e B . mogeneous deformations has not been established so far. We
nal anisotropy energy constant, the Landé factor, and th

X . o Sresuppose that the interaction of the magnetic molecule
Bohr magneton, respectlvelyto_ls the_ dc mag_neth flel(i/ve_ with the acoustic waves of the for(d) is described by the
have chosen the axis to coincide with the direction of this

field); H and w are the amplitude and angular frequency Ofoperator
the ac magnetic fieldd,, is the magnetoelastic coupling. A’ =F(ou /(92){“3( ‘SL} (6)

In magnetic molecules the transverse anisotropy is weaker me X Y
than the longitudinal one. In Mp acetate the transverse an- similar to the operatof5) for Mn,, acetate. The coefficieft
isotropy, in practice, is negligiblewhile in Fe it is more  in Eq. (6) is of the order ofD because the transverse aniso-
essentiaf* Independently of the form of the transverse an-tropy is weaker than the longitudinal one.
isotropy, the molecule levels form doublets split due to the Since the frequency of the ac magnetic field and the fre-
dc magnetic field and the transverse anisotropy. The twajuencies of the acoustic waves are comparatively close to the
lowest levels of the molecule are of interest to us. We denotéransition frequencyo,, at low temperatures when the mag-
them assg ande; (gg<ep). The eigenfunctions correspond- netic molecules occupy just the two lowest levels, we can
ing to gy and g, are denoted as, and ¢,, respectively. consider a magnetic molecule as a two-level system and de-
Below, we will find the eigenvalues and eigenfunctions nu-scribe it by two master equatioiis

merically in the representation of opera@ If the trans-

verse anisotropy is characteriz_ed by two axes inxl}fl[alane dLOl —iwygpor + I—[F‘im,f)]ol: - ipm, (7)
(medium and hard axgswe will suppose for definiteness dt h 710

that the dc magnetic field is parallel to the medium axis. In

this case(as well as in the absence of the transverse aniso- dpog 0.~ .

tropy) ¢ is a symmetric function of the projection of the Tat %[Hint'P]OOZWwPll_WOIPOO- (8)

molecule spin, whereag; is an antisymmetric function. We
suppose that the ac magnetic field frequeadyg close to the  Here, pgo, po1, andpy1 are elements of the density matix
transition frequencyv,=(g1—&0)/%, i.e., |w—wig/ wp< 1. for one molecule whose coordinatezisand
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" the system(11) and(12) the equation complex conjugate to
= H sinwt + H 9 _ . :
Hine = g’MBSZ @ © Eg. (11), and solving the system of linear equations Bgg,
is the operator of interaction of the molecule with the acRy,, andRy,;, one can obtain
magnetic field and the acoustic wavesy is the relaxation
PR (L + Q%7 + 20%7,5Ti0

time of the phase of the matrix elemenig, and p1g Wyg Boo= ’ (13)
[Woy] is the rate of transition from the statg [¢o] to the 1+Q272,+ 403710T1o

state ¢y [¢1]. We do not give equations fodp,,/dt and

dpyo/ dt becausego+py1=1 andp;o=py, (the asterisk means Roy= (20 - 1) Qrryo(1 —iQ7y0) (1
the operation of complex conjugatipn 1= 1 +QZT§O+ mngoTlo '

A strong coherent driving fieldin our case the ac mag-
netic field can modify the relaxation processes in atqsee ~ where l=w-w,, is the deviation of the ac magnetic field
Refs. 30—35 and references thejeidowever, for two-level frequency from the transition frequency, and
atoms in free space, these effects are typically wédkand

we will neglect the influence of the ac magnetic field on the Qr=gueH|(S)ol/(27) (15
relaxation processes. _ _ is the Rabi frequency. Equatiofs3) and(14) are quite simi-

It is usual to introduce the time& of relaxation of the |5y to the expressions for the density matrix of a two-level
populations of the levelsy ande; atom in an ac electric fiele?

Wio= pf%/Tlo, Woy = p(lol)/Tlo’ Now let us turn to the matrixopy;. qu brevity we start _
from the case in which only one acoustic wave propagates in

wherep((’) and p<°) are diagonal elements of the equilibrium the crystal[for example,u,(z)=0 in Eq. (4)]. The corre-

density matrix p00)+p11—1 Using the relaxation tim@;,  sponding matrixdp,; can be easily extended to the case in

we rewrite Eq.(8) in the form which u,(2) # 0, becausep; is linear in the amplitudes of
d i 1 acoustic waves. It follows from Eq$7) and (10)—(12) that
%’ + —[Hintploo= — T—(poo_ P, (100  this matrix obeys the equations
1

(d/dt = iwio+ 710) Spos + 2QR(€ — €7") 5pog
The stationary solution of Eq$7) and (10) is of interest to
us. We will find it in the following section. Fkl{s( S)yo(ueaziont - uje Fikiztiort) (1 _ g5 )

[lI. DENSITY MATRIX (16)

Since we assume that the ac magnetic field is strong while ot _ griot
the acoustic waves are weak, we can seek the density matrix (ddt+ T;0) Spoo ~ (€ (801~ 3oy
in the form p,i=pyi+ dpy; (k,j=0,1), wherep,; is the solu- Fkl o "
tion of Eqs.(7)J anoi(lO) iJn the absence of thejacoustic waves {SX 51}10 uyelarten - u etz 1t)<7)0 ~Poy),
and &p; is the correction of the first order in the amplitudes 17)
of the acoustic waves. The matfjx; obeys the normaliza-
tion conditionpgy+p11=1, while the matrix&ﬁkj satisfies the \where the matrix element
condition Spgp+ dp11=0. o o
First of all, let us find the matrig;. Due to the symmetry {SeSH10=(@1l{Su SH oo (18

properties of the wave functiong, and ¢y, the matrix ele- o) \ypen deriving these equations, we have taken into

ments(S)oo and (Sp)y; are equal to zero. Therefore, in the account that, due to the symmetry properties of the wave
absence of acoustic waves E8) and (10) reduce to functions ¢, and e, the matrix elementsS, S}, and

{AS“ASL}11 are equal to zero.
We make use of the rotating wave approximation once
again and seek the stationary solution of Ed$) and (17)

. e - .
(didt=iwio+ 715)Po1 - %gMBH(Sz)Ol(l —Zppo)Sinwt=0,

(1) in the form
dpop | Spoo= (LI2R €@t + ¢ c., (19
d_(t)o - _gMBH(Sz)Ol(Z’Ol Poy)Sin wt =— _(7)00 oY),

(12) SPor = Up€ 1t + V& 2emenl, (20)

- - whereR;, U;, andV; do not depend on time. Equati¢h9)
where the matrix elemeri8,)o,=(¢o|S/¢,) is real. Since the  takes into account that diagonal elements of the density ma-
frequencyw is close to the transition frequenayo, We use trix are real. The second term in the right-hand side of Eq.
the rotating wave approximatiéh(analogous to the resonant (20) describes oscillations of the matrix elemeigt; at the
perturbation theory for the Schrodinger equatipand seek  combinative frequency@- ;.38 The amplitude of these os-
the stationary solution of Eqg11) and (12) in the form cillations vanishes if the amplitude of the ac magnetic field
‘Poo=Cconst, po1=Ro; expliwt), where Ry;=const.Adding to  tends to zero. Substituting expressioid®) and (20) into
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Egs. (16) and (17), one can obtain a linear system for the We focus on the interaction of the acoustic waves with mag-

amplitudesRy, Uy, andV}. This system yields

Ky o~ - -
U, = 2_;{3051}107'10U1(Z)e_'k12((2f300‘ 1 { 1-i(Q-09)Tyo

208710710 * >(
+—————— | +2QxT 1+iQ 1
1-1(20 - Q) 710 RT10R01 || (1 +iQ4719)
ZﬂéTlon ] >_l
—— R |+ 2027,T ,

1- |(ZQ - Ql) T10 RT10110

(21)

—i(Q=-0yTyo+

Fkl 1
{S< Shomoth(2€" 1 +i(2Q - Q) 1o

X (= (2poo— 120410 10+ 2QRT10(1 ~ Q719 Ryy)

X((l —inrlo){l +i(QQ = Q9 Tyg

+ ZQZRT 10110
1+ |(29 - Ql)TlO

Wherer_: w1~ W10

-1
] + ZQéaon) : (22)

One can see that the first term in the right-hand side o
Eqg. (20) is proportional to exfiw,t—ik,z). This term de-
scribes a disturbance propagating in the posiarection
and having the frequency,; and the wave numbéd¢;,. The
second term in the right-hand side of ER0) is proportional
to exfdi(2w—wq)t+ik,z]. This term describes a disturbance
propagating in the negativedirection and having the fre-
quency - w4. As we will show below, this disturbance is
responsible for the excitation of another acoustic wave with_:
the frequency @-w;. Thus, we have to assume that the
frequency of the second acoustic wave in E.is equal to

w,=2w—-w, [and, as a consequendg=(2w—-wy)/v].
The relation

netic molecules and do not consider other mechanisms of
decay of the acoustic waves. We start from the density of the
elastic Lagrangian

1 aux> 1 (auX)Z .
L= -—pv®| — | -Ntr(pH},9, (25
ZP( pral Bl Ul R r(pHme),  (25)

wherep is the crystal density\ is the concentration of mag-

netic molecules, (A) means the trace of the matrx Tak-
ing into account that

tr(PHme) F (P01+ Po1 {Sx 51}10, (26)

we come to the Lagrange equation

AUy ,Pu,  NF -
(9; _UZ%—_{% SL}].O (P01+P01) (27)

In the preceding section, we have represented the matrix el-
ementpy; as the sum opy; and Spg;, Wherepy; describes a
magnetic molecule in the presence of the ac magnetic field;
8poy is the correction linear in the amplitudes of the acoustic
waves. Only the termdp,, depends org; therefore, in Eqg.
f27) we can replaceyg; by dpg;. Let us substitute Eqg4)
and(24) into Eq.(27) . We presuppose that the interaction of
the acoustic waves with magnetic molecules is compara-
tively weak and, as a consequence, the amplitugde&) are
slow functions ofz, namely |duy ,/dZ <k, 5u; J. In this
case, we can neglect the second derivatives of functions
Uy »(2) in the left-hand side of EqQ27) and the first deriva-
tives of these functions in the right-hand side of Ezy). We
assume the frequenciesand w, to be so close to the tran-
sition frequency thatk,—ky|/k;=2|w— 4|/ ;< 1. Equating

the terms with identical exponential factdesxp(ik,;z—iwt)

or exg—ik,z—iw,t]) in the left-hand and right-hand sides of
Eqg. (27) , we obtain the desired equations

w1+ wy= 2w (23 % = - kyaquy — (Kiky) Br€ e 02y, (28)
can be interpreted as follows. Due to the influence of the
strong ac magnetic field on molecular magnets, the paramet- du
ric interaction of two acoustic waves occurs. In this process =2 = Kool + (K/ky) Bre ke )7y (29
two electromagnetic quantafi@, are converted into two dz
phonons/iw, andzw,. Here

The full expression for the matrix elemendpy;, taking
into account both acoustic waves in Eg), is NF? TlO(ZpO% 1)
= 2{% Sz}lo

5501: Uleiwlt + Vlei(2w—w1)t + Uzeiwzt + Vzei(Zw—wz)t'
(24)
whereU, andV, are described by expressiof&l) and(22)

in which wq, k;, andu,(z) have to be replaced by,, —ks,
andu,(z), respectively.

IV. EQUATIONS FOR THE AMPLITUDES OF THE
ACOUSTIC WAVES

After we have found the density matrix, we can derive
equations for the amplitudes, ,(z) of the acoustic waves.

1+027,+ 403710710

ZQ%TloTlo ]

2 Q- T2 00 -0
X<(1+Q 7{0)[1+|(Q Ql)Tlo"'l_,_i(zQ—Ql)rlo

- 20%7'101—10(1 - |Q7'10))

X((l —inrlo){l +i(Q-QTyg

ZQéT 10110

-1
—— R 1+ 203 T) , 30
1+i(29—(21)710] R710'10 (30
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= NP g o o208 1) 11,(2) = (112) po iUy (38)
1= 2 ’ 10 2 2
2hpv 1+0 ﬁ0+ 41010 therefore, the mean acoustic power absorbed by magnetic
" 4QZR7-10T10(1 +iQ7) (1 =i(Q - Q) 7192) molecules in a unit volume is
1_i(29_92)7'10 Jll(z
p@=- 22 g iy, (39
X((l +i02710)|:1 - |(Q - Qz)Tlo
where
292R7'10T1o } 2 )_l
+——————— | + 2Qz7,T (31 NF2w3 . -
1-i(20-0y)mo] T Po(2) = =550 SHomd2e(0 - DIm@P. (40

are dimensionless coefficienf3,=w,— w1 The coefficients . .
a, and 3, can be found if one replacé®;, O, by Q,, O, in  Here, we can replace; by wj, because we suppose that
Egs.(30) and (31), respectively. Equation@8) and(29) are  |w;—w;q 710 does not exceed several units, whereas the mas-

valid if the functionsu, ,(2) are really slow, i.e., ter equations used above are valid under the condition
w1oT10>> 1. After such a replacement the quant®y(2) is
land <1, [Brd<1. (32)  independent of the frequency, and E@9) describes a

One can see from Eq&30) and (31) that the coefficients -Orentzian peak of absorption.

of the equations for the amplitudes of the acoustic waves
contain the transition frequeney, only as a cofactor of the B. Strong ac magnetic field
relaxation timeryo. Therefore, the distribution of the doublet
splittings is unessential if the width of this distributiak, is
much smaller thak/ g, i.e., A</ 1.

According to Eqs(30) and(31), the important parameter
controlling the behavior of the molecular magnets is
40%710T 10

If the ac magnetic field is strong enoug{ldQérlOTlo
=1), the parametric interaction of the acoustic waves may
become noticeable. We focus on the case in which a crystal
of molecular magnets occupies the regios D<L and only
one acoustic wave is input into the sample, for example, at
the edgez=0. Supposing that this wave is not reflected at the
edgez=L, we can assume that the boundary condition at this
V. DISCUSSION AND NUMERICAL RESULTS edge isu,(L)=0. We also suppose that the second acoustic
wave excited due to the parametric process and propagating
in the negativez direction is not reflected at the edge0;

If the ac magnetic field is weak, namely then, we can assume that at this edge the amplitude of the
2027 T <1 (33) input wave,u;(0), is given(we concentrate on the parametric

RY10710 = = interaction and do not discuss how to match the acoustic

then |81/ a1| <1, |Bo/ ay| <1, and the system of equations impedances of the molecular magnets crystal and an acoustic

(28) and (29) decomposes into two independent equations wave guid¢. The solution of Eqs(28) and (29) with the
boundary conditions mentioned above reads

A. Weak ac magnetic field

du_ 34

PR 34 Uy(2) = Uy(O)expL(iAK— kyay +kya)212]

g xsint{kyy(L —2) + El/sinh(kyyL + &), (41)
_Uz = kza’ZuZ, (35) . .

z Up(2) = = Uy (0) (ke/ko) (B B1) Xl (= i Ak = Kyary
where + koap)Z2]sintky 1L - 2 UsinhikyyL + ), (42)
2 0) _
NF” & &2 mo2p0 = 1) (3  WhereAk=ky—ky,

— c 2

i 2ﬁPUZ{S(’SL}10 1-iQy om0 ) . 12 «
=0 - = + +i

The first[second of these equations describes the decrease y=(7= Bubaloll) ™ v = (ag +aglky +1AKK)/2,

of the amplitude and a small change of the wave number of (43)

the acoustic wave propagating in the positjvegativg z

direction and interacting with magnetic molecules. Let only 1 (v+y

one acoustic wavéwhose frequency, for example, is;) £= 5' (VT)/) (44)
propagate in the crystal occupying the regioa0. Accord-

ing to Eq.(34), we have First, we analyze the obtained solution in the case in which

_ Ky ay2 7 k;=ks, i.e., the frequencies of both acoustic waves are equal
Uy(2) = uy(Oje ' (37 and coincide with the frequency of the ac magnetic field
where u;(0) is the amplitude in the plane=0. The mean (w;=w,=w). As we will show, in this case the parametric
energy flux of the acoustic wave equals interaction of two acoustic waves is more efficient.
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1. The frequencies of the acoustic waves are equal
One can see that in this caa&=0,

a) = ap
_ NP 8.5)2 102008 = V(L +Q275) (1 +iQ )
thvz ' 10 (1 + 927'210 + 4()%7101—10)2 '
(45)
1= B2 = aydQ;TeT1d (1 + 0275, (46)

and Eqgs.(41) and(42) reduce to
uy(2) = uy(0)e 12 '™ 1sinik, y(L - 2) + £l/sinh(kyyL + &),

(47)
Uy(2) = — Uy (0)e ™42 ™ @181/ | B,)
Xsinhk; ¥(L = 2)[/sinh(ky yL + §), (48)
with
e A eol (F“EQ_M)
y=V(Reay)* - B4, §—2|n Rea,— )" (49

The behavior of the amplitudas(z) andu,(z) depends on

PHYSICAL REVIEW B 71, 094431(2009

1.0

0.757

[, @)/ 1 (O))

0.25 -

1.0 1

0757

U, 2@/, 0)]
=

025 1

the ratio of the coefficient characterizing the parametric cou-
pling of the acoustic waveg; |3/, to the absorption constant

of each acoustic wave in the presence of the ac magnetic
field, klRe aq,

n=|B1l/IRe a; = 40571 V1 + Q27 (50)

Again, we take into account only the acoustic wave absorp-
tion caused by the interaction of the acoustic waves with
magnetic molecules. Other mechanisms of the acoustic wave
absorption increase the quantity Re Therefore, the effects

we discuss below may occur at larger values of the amplitude
of the ac magnetic field than we predict. Unfortunately, we
are not aware of experimental works in which the absorption
constant of an acoustic wave in a crystal of molecular mag-

u, @) /1, (0))

1.0

0757

2

nets has been measured and the mechanisms of absorption of ' ' ' '

the acoustic wave have been found out in detail.

If the ratio (50) is smaller than unity, the quantityis real
and, as a consequence, the amplitude&)| and|u,(z)| are
monotonically decreasing functions of the coordinate.
However, if the ratio(50) exceeds unity, the quantity is
pure imaginary and Eq$47) and (48) reduce to

U(2) = Uy (0)&™ 2™ ssir{ky| (L - 2) + El/sin(ky | YL +B),
(51)

Uy(2) = — Uy (0)ekazm ey g/

Bil)
xsinky|y(L - 2))/sin(ky|y|L + &),

WhereE:arctam’nz—l. Therefore, for sufficiently largé,
the amplitudesu,(2)| and|u,(2)| are oscillating functions of

(52

the z coordinate. According to Eq50) , the greater the de-

0 0.5 0
qul] z

15 20

FIG. 2. Dependences of the amplitudasg(z)/u,(0)| (curves 3
and|uy(2)/u;(0)| (curves 2 on thez coordinate for three values of
the amplitude of the ac magnetic figg\71¢T10=0.8(a), 1.5(b),
and 4(c)]. The frequencies of both acoustic waves and of the ac
magnetic field coincide with the transition frequency. The dimen-
sionless length of the samplekgagl =2, wherek; «g is the imagi-
nary part of the wave number of the acoustic wave in the absence of
the ac magnetic field.

The coordinate dependences of the amplitudes of the
acoustic waves, described by E¢47) and (48), are plotted
in Fig. 2 for several values of the amplitude of the ac mag-
netic field. We have chosen the frequency of the ac magnetic
field to be equal to the transition frequency. We use the di-
mensionless coordinalgayz, whereay=a4(Q2=Qg=0), and

viation of the ac magnetic field frequency from the transitionsuppose thdt;agL =2. It is easy to see th#tiay is the imagi-
frequency, the larger the amplitude of the ac magnetic fielchary part of the wave number of the acoustic wéwhose

required to satisfy the conditionp>1.

frequency is equal to the transition frequenay the linear
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FIG. 3. The ratio of the amplitudes of the parametrically excited
and input acoustic waves at the edge0 of the sample,
|u5(0)/u;(0)|, as a function of the frequency of the acoustic waves
for three values of the amplitude of the ac magnetic field
[2QgV710T10=0.8 (curve 9, 1.5(2), and 4(3)]. The dimensionless
length of the sample ikjagl=2.

FIG. 4. Dependences of the normalized matrix elenianand
the transition frequencyb) on the dc magnetic field perpendicular
to the easy anisotropy axis for Mp(curves 1 and Fg (curves 2
clusters.

klylL+é=mn (n=1,2,3,..). (54)

nder this condition there exists a nontrivial solution of Egs.
6?8) and (29) with boundary conditionsi;(0)=0, u,(L)=0,

I.e., in the case in which no acoustic wave is input into the
sample. The corresponding amplitudes of the acoustic waves
are of the form

lui(2)| = Clsin(ky|¥|2)|,  |ux(2)] = Clsinlky|H(L = ]|,

i /
kylIL = kyaegl V(40R7eT10% — 1 - 027\ 1 +927§o_ whereC is a constant. One can see that the amplitudes sat-
! 1o (1 + Q%72+ 402710T10)? isfy the natural symmetry conditioju,(2)|=|uy(L-2)|. The
(53) existence of the nontrivial solution of Eq&8) and (29) in

the absence of an input acoustic wave means that, under the
condition (54), parametric generation of acoustic waves oc-
curs. However, to describe the process of wave generation, a
i i . nonlinear theory is required. Our approach is linear in the
20V 7y0T10 In particular, for(d=0 the quantity53) reaches  gmpjitudes of acoustic waves; therefore, we cannot describe
its maximum value,3kjaol. /9, at Adgy7ioT10=V2. That'is  the parametric generation of such waves and suppose that the
why the amplitude$u,(2)| and|u,(z)| in Fig. 2(c) change less  ondition (54) is not satisfied.
than in Fig. 2b). To estimate the amplitude of the ac magnetic field, re-

The ratio of the amplitude of the parametrically excited qjred for manifestation of the parametric process, we use
acoustic wave to the amplitude of the input acoustic wave infpe inequality 22x\710T10=1 in the form

the planez=0, |u,(0)/u,(0)|, as a function of frequency is R
depicted in Fig. 3 for the same values of parameter H = (gueSVrioT1) (59)
20V ToT10 @s in Fig. 2. If this parameter is not very large,
the ratio|u,(0)/u,(0)| reaches a maximum value at the fre-
quency equal to the transition frequen@urves 1 and 2 in
Fig. 3. However, if the parameter2z\ 74T 1 IS sufficiently
large, the frequency dependence of the ratj¢0)/u,(0)| has

regime, i.e., in the absence of the ac magnetic field. One ¢
see that at the edge=0 the amplitude of the acoustic wave
excited due to the parametric process can be of the order
the amplitude of the acoustic wave input into the sample.

Along the sample, the arguments of the sinusoidal func
tions in Egs.(51) and(52) change by

This quantity as a function of parametefR\ 4T, has a
maximum_and is sufficiently small for large values of

wherer=|(S,)q|/Sis a dimensionless coefficiefd normal-
ized matrix elementof the order of unity. We have found
this coefficient numerically for Mp and Fg clusters(see
Fig. 4). According to Refs. 4, 5, and 11, for Mxclusters

two maxima(curve 3 in Fig. 3. $=10, D=0.68K, g=1.9, H,=-B(SI+S)) with B=6
It should be noted that the denominator in E@sl) and X 107° K, S,=S+iS,. We have chosen these parameters, ex-
(52) vanishes if the sample length obeys the condition cept for coefficientB. We have obtained better agreement
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o
N
}

between our calculations and the experimental ‘data
=27 X 680 MHz atH,=60.6 kO¢ for B=3x10°K, and
this value has been used in our calculations. Fgrdhgsters

we have supposed th&=10, D=0.23K, g=2, H,=KS],
with K/D=0.4 (Refs. 6 and 24 (the chosen form of the
transverse anisotropy implies that the medium anisotropy
axis coincides with the axis; we recall that the dc magnetic
field is parallel to the medium anisotropy axi§or conve-
nience, in Fig. 4 we have also depicted the transition fre- 01+ 3
quency as a function of magnetic field. For example, if the
value of dc magnetic field isl;=60.6 kOe, for Mn, acetate

we find r=0.793 and w;;=4.276x10°st. Supposing
V7110T10~ 1078, we obtain from Eq(55) that H=0.76 Oe.
Similarly, for Fe clusters atHy=20 kOe we have =0.762

and wy0=9.76X10°s™%. If \7oT10~107%s, we obtainH
=0.75 Oe. Thus, the amplitude of the ac magnetic field, re-
quired for observation of the parametric interaction of two
acoustic waves, is comparatively sméft1 Oe. It should

be noted that another nonlinear effect connected with transi-
tions between the levels of the fundamental doulftee
saturation of absorption of an intense ac magnetic fielso
occurs at sufficiently small amplitudes and was observed ex-
perimentally for rare-earth ions By (H=2 Oe and mag-
netic molecules CrNi(H=10 O@ (see Refs. 9 and 10, re-
spectively.

e
t
!

[u,(0) 1, (0))]

|u,(0)/1,(0)]

2. The frequencies of the acoustic waves are different

By using Egs.(41) and(42), we have numerically inves-
tigated the ratio of the amplitudes of the parametrically ex-
cited and input acoustic waves at the edge0,
|u,(0)/u4(0)|, as a function of the frequency of the input
acoustic wave for a number of fixed values of the frequency
and amplitude of the ac magnetic field. Typical dependences
are represented in Fig. 5. As compared to the case in which
the frequencies of both acoustic waves coincide, in the case
of different frequencies it is necessary to give three addi-
tional parameters, namely;o/ 7109, w1010, aNd ag=a;y(Q
=0g=0). In our calculations we have usel;y/ mp=1, 0
w10T10=42.8 (such a choice corresponds to Mmacetate
with \70T10=10"8s, subject to a dc magnetic field, 1 P 3 4 5
=60.6 kO@, anday,=10"2 One can see thdt) at fixed val- ((ﬂ - } T
ues of the frequency and amplitude of the ac magnetic field, 1 1< 10
the larger the difference between the frequencies of the input
acoustic wave and ac magnetic field, the smaller the output FIC_;. 5. The ratip of the amplitudes of the parametrically excited
amplitude of the parametrically excited acoustic wa@ie; ~and input acoustic waves at the edge0 of the sample,
the larger the difference between the transition frequency anf2(0)/ta(0)l, as a function of the frequency of the input acoustic

the frequency of the ac magnetic field, the smaller the maxitVave for fixed values of the frequenfi - w10 710=0 (@), 1.5(b),

mal attainable value of the output amplitude of the para2nd 3(c)] and amplitudd 20\ 70T;=0.8 (curves 3, 1.5(2), and
metrically excited acoustic wave. Thus, the case of equa‘f (3)] of the ac magnetic field. The dimensionless length of the
) . ample isk;apl =2. Other parameters used aFgy 710=1, w1o10

frequencies of the acoustic waves, considered in the precea PP,
. ; . . =42.8, andap=10".
ing section, is more preferable for observation of the para-

metric interaction of these waves.

015

0.1 1

[u,{0), (0]

0.5

The latter is supposed to be resonant for transitions of mag-

VI. CONCLUSIONS netic molecules between the states of the fundamental dou-

We have shown that two acoustic waves propagating corRlet. The frequencies of both acoustic waves are also close to
trarily in a crystal of molecular magnets experience parametthe transition frequency. The parametric process can be in-
ric interaction in the presence of a strong ac magnetic fieldterpreted as conversion of two electromagnetic quanta into
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