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Scaling law for diffusion coefficients in simple melts
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Employing realistic many-body potentials for a series of simple melts, including Ag, Al, Au, Co, Cu, Mg, Ni,
Pb, Pd, Pt, Rh, and Si, we tested by molecular-dynamics simulation the scaling laws of diffusion coefficients
with different expressions of the reduction parameters. Our simulation results give sound support to the
universal excess entropy scaling laws proposed by Rosefélgs. Rev. A15, 2545(1977)] and Dzugutov
[Nature(London 381, 137(1996)] for transport coefficients in liquid metals. In particular, we find that excess
entropy (S, universally scales with temperature &s=-Eg/T. When the diffusion coefficient is scaled as
Dzugutov suggestedts is essentially identical to the Arrhenius activation energy, indicating that the entropic
component in the Arrhenius activation energy is solely responsible for controlling the diffusion rate. Thus,
there exists a link between the scaling law and the Arrhenius law, i.e., the excess entropy scaling law for the
diffusion coefficient can be interpreted as a straightforward extension of the Arrhenius law.
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I. INTRODUCTION KaT/m) Y2
pg= el 3)
Transport coefficients, such as diffusion coefficient of lig- p

uids, are of immense importance not only for understandin - .
%\ few years ago, DzugutSvproposed a similar universal

liquid structures and thermophysical behaviors of liquids, bu inal | the basis of t g it First. th
also for studying their flow behavior in practical engineering;;sca”ng aw on Ih€ basis of two main propositions. First, the

applications. Despite their fundamental importance, how_transfer of energy and momenftum in the_ liquid is f"a'”'y
ever, the transport coefficients remain elusive quantities. Fogoverned by the uncorrelated bmgry (_:0II|S|ons_d_escr|_bed by
example, the liquid diffusion coefficient is very difficult to be the Enskog _theory. Then, the o_hffusmn coefficient is ex-
measured experimentally for high-temperature melts such a%ressed in dimensionless units via

liquid metals and liquid semiconductors. It is not fully un-

derstood how the diffusion coefficient depends on the struc- D*D — 3, (4)

ture and thermodynamics of the liquid. To find a relation oI

between liquid transport coefficients and structural properties

remains one of the most challenging tasks in the field othat is, the reduction parameter of the diffusion coefficient is
condensed matter. A first attempt in this direction was prob-

ably made by Rosenfeld in 19%Avhere the transport coef- DY = 0T, (5)
ficients are expressed in terms of the corresponding internal

entropies to reveal some universal characteristicswhere o is the hard sphere diameter that corresponds
Rosenfeld? defined the reduced coefficient of self-diffusion, practically to the position of the first peak of the pair
D, which is scaled by the macroscopic reduction parametersorrelation functiong(r) and I" is the collision frequency
(density and temperaturenamely a mean interparticle dis- according to the Enskog theory of atomic transpdrt,

tance,d=p™/3 and the thermal velocity; = (kg T/m)*/% =402g(0)p\mkgT/m. Second, the frequency of the local
structural relaxations, which defines the rate of the cage dif-
X ptf3 fusion, is obviously proportional to the number of accessible
Dr= D(I(Tm)l’z’ (1) configurations. In an equilibrium system, the constraints im-
B

posed by the structural correlations reduce this configuration
number by a factor 0%« Thus,Dp, and e%x must be con-
wherep is the number density is the absolute temperature, nected by a universal linear relationship. For several model
kg is the Boltzmann constant, amalis the atomic mass. The liquids including Pb, Cu, Lennard-JondgJ), and hard
reduced diffusion coefficient was shown to be correlated tsphere systems, Dzugutov demonstrated that the universal
the excess entrop§&;,) in a quasi-universal behavior: scaling law of the diffusion coefficient is expressed by

* * = Sex
DR~0.660'$€X, ) Dp =0.04%>x. (6)

In the original Dzugutov workS,, was approximated by the
whereS,, is in units ofkg. Note that the reduction parameter two-body contribution which is denoted I and is given
of the diffusion coefficient by Rosenfeld is by
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* the melting and the dynamic properties such as the diffusion
S=- ZWPJ {gIn[g(n)]-[g(r) - 1r’dr.  (7)  constants and viscosities of the fcc transition metiasiud-
0 ing Ni, Pd, Pt, Cu, Ag, and Auand simple fcc metal§in-
In addition, the scaling law also remains applicable to atomi€!uding Al, PB in the liquid phasé? the cooling rate depen-
transport in a quasicrystal and to silver-ion diffusion in thedence of crystallization for liquid Ct the high temperature
solid-state ionic conducto-Agl.? For liquid metals mod- hcp-bee transition in ZF and the structural and dynamic

cled by the embedded atom potentials, some scatter in yfyoperties of Cu-Au bimetallic clustéfshave been well in-

. : . vestigated by using this potential. In the present paper, we
gﬁ? IS ob\;c,verl;/ed, etspet_(:lla.lllgl for liquid .?u'fr?n modeflcter:j by theemployed TB-SMA to study the transport and structure prop-
tiinger-Veber potential, however, wi € use ol t€ MOT€qties of a series of simple and transition metals, including

accurate excess entropy calculat_ion rather thanShierm, Ag, Al, Au, Co, Cu, Mg, Ni, Pb, Pd, Pt, and Rh. To make a
there appears to be less scatter in the Hata. _ . comparison and test the effect of the interparticle interaction,
If true, in view of the absence of a unifying quantitative e gjye potential® was also employed to study Al, and the

description of atomic transport in liquids, the scaling law is gtjjlinger-Weber(SW) potential” and the Tersoff potentit
important for estimating unknown diffusion coefficients from \yere employed to study liquid Si. The glue poterdfiaan
diffraction measurements and for providing guidelines forcorrectly reproduce many basic properties of Al in crystalline
theoretical analysis. So, it needs us to perform further studiesnd noncrystalline phases. Using this potential, Sun and
in order to confidently label the universal scaling law and useGong have successfully studied the structural properties and
it. On the one hand, lots of simulation results give the supglass transition in Al cluster Liu et al?° have investigated
port to the scaling law;” and using mode coupling theory the cooling rate dependence of some microscopic and mac-
Samanta and co-workérslerived a new universal scaling roscopic quantities of liquid Al during rapid solidification.
relation of diffusion and reproduced the scaling law of Using the Stillinger-Weber potential, Yu, Wang, and Strdud
Dzugutov. However, on the other hand, little is known of thehave studied the structure and dynamics of liquid Si. The
nature of the scaling law and it is difficult to perform an Tersoff potential has been used to investigate the validity of
experimental test because at certain temperatures both thigis potential for liquid Si>?and it is found that this poten-
diffusion data and the diffraction data are unavailable. tial is very useful for the structural analysis of liquid Si,
As mentioned above, using different reduction parameterthough the Tersoff potential overestimates greatly the melt-
of the diffusion coefficients, both Rosenfeld and Dzugutoving temperature.
obtained similar scaling laws relating the transport coeffi- The computer simulations are based on constant-pressure
cients to the excess entropy, which means the choice of theolecular dynamic$MD) simulatiorf* except for liquid Si.
reduction parameters is not unique. On the basis of the coiffhe simulated system consists of 500 atoms in a cubic cell
responding states principle, the reduced form of the diffusiomwith periodic boundary conditions. The Newtonian equations

coefficient could be formulated as the followifd? of motion are integrated using the velocity-Verlet algorithm.
12 First, the system is heated up to liquid state. Then the system

Dg= %’_ (8) is run for 50 000 time steps to guarantee an equilibrium lig-
m uid state. Next the temperature is decreased for 30 000 time

steps and run for 50 000 time steps to get another equilib-
éium state. For each of the recorded configurations, another
imilar lina relation on the diffusion. which mav hel run of 1_2 000 time steps at the given temperaturg is per-
similar scaling relation on the diffusion, ¢h may help usformed in order to collect data for analyzing the diffusion

to understand the inside of the scaling law. fficient and th N The MD calculati ¢
In the present work, using realistic many-body potentialslc_Oe_d'cg‘fn an efexce;s eg ropy. te i Ica cula |((j)ns 0
for a series of simple melts, including Ag, Al, Au, Co, Cu, Iquid 51 were periormed under constant volume and con-
qZtant temperature conditions. For the case of Tersoff poten-

Mg, Ni, Pb, Pd, Pt, Rh, and Si, we first examine the scaling .
laws for different expressions of the reduction parameters a al, the temperatures studied are 3000, 3200, 3400, 3600,

shown in Eqs(3), (5), and(8), and then further explore the and 3800 K. For the case of the SW potential, the tempera-

t ture d d f th iginal and reduced difffures studied are 1700, 1800, 1900, 2000, and 2100 K. The
emperatre dependence of the original and reduced di orresponding densities are 2.61, 2.59, 2.57, 2.55, and

sion coefficients and the excess entropy in order to throvg 53 g cn®, which agree with the experimental data of lig
light on the inside of the scaling laws. The rest of the papef; 7~ > ' . . )
'9 ! Ing ‘aw pap uid Si. The system consists of 512 atoms. First, we melted

is organized as follows: in Sec. Il, the computational meth-

ods are described: in Secs. Il and IV, the results are pret_he diamond lattice to obtain an initial configuration. Then,

sented and discussed, respectively; and finally, the conclt}he stzstemlwa_lts hea:ce?hup to f_‘ (Ijesw%]l] temp?ratu_re by refscal-
sions are given in Sec. V. ing the velocities of the particles. The system is run for

30 000 time steps to guarantee an equilibrium liquid state.
Another run of 12 000 time steps at the given temperature is
performed for analyzing the diffusion coefficient and the ex-
cess entropy. The diffusion coefficient is calculated from the

The second-moment approximation of the tight-bindingintegral of the velocity-velocity correlation functions. The
schemgTB-SMA)! is a well-studied semi-empirical many- excess entropya,,, is approximately calculated from E(f),
body interaction potential that has been widely used in nuwhere g(r) are obtained by averaging 20 configurations
merical simulation studies in metals and alloys. For examplesampled during the run of 12 000 time steps.

Heree is the energy characteristic for the interatomic poten
tial. It is interesting to see whether or not there exists th

II. COMPUTATIONAL METHODS
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Ill. RESULTS temperature. From this figure, we can also observe that the

slope of the line for the case of liquid Si is higher than that
or liquid metals.

As is well known, the temperature dependence of the dif-
Ysion coefficient in liquid phase exhibits an Arrhenius-type
relationship even though no rigorous theoretical explanation
has been given,

Figure 1 shows the reduced diffusion coefficients as
function of the excess entropy for three different choices o
reduced parameters, respectively. We find that, based
three different choices of the reduction parameRtss de-
fined by Egs.(3), (5), and(8), the scaling laws of diffusion
coefficients hold rather well for all simulated liquids but lig-
uid Si. So the present results not only give the sound support E
to early attempts at finding the universal scaling laws by D =Dy exp(— kT)
Rosenfeld and Dzugutov for transport coefficients in liquid B
metals, but also tell us that there are many choices of thevhereDy andE are constantd), is generally referred to as
reduction parameters to find the scaling laws of the typehe diffusion preexponential factor, afdis called the acti-
D"=Ae%x The magnitude oA andB depends on the choice vation energy. We plotted the natural logarithm of original
of the reduction parameters. In addition, the difference ofdiffusion coefficientsD) and reduced diffusion coefficients
results for liquid Al modeled by TB-SMA and glue potentials (D;, D*D, and D*C) against the reciprocal temperature in Fig.
is very small, but the difference of the results for liquid Si 2. It is interesting that not only the original diffusion data but
modeled by SW and Tersoff potentials is large, which resultalso the reduced diffusion coefficients can be linearly fitted
from the Tersoff potential overestimating greatly the meltingwith a high degree of accuracy. A glance at Fig&)22(d)

9
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o Ag ception of liquid Si modeled by SW potential, fluctuate
o th) around -0.94, -3.24, and -1.16, respectively. Compared to
A Au I Ip, @andlg, 1, fluctuates more strongly. In a word, for all
3 @ studied liquids, with the exception of SW-modeled liquid Si,
o a4 Mg Is g Ip, andlc are nearly independent on the element spe-
o g fjt‘) cies. As can be seen from Fig(b}, for liquid elements ex-
N % Pd cept liquid SiE,,, Ep, Ec, and Eg are almost equal to the
4 o same magnitudeEg is always smaller thak,,, Ep, Ec, and
O] + sisW) Es The ratio of the activation enerdy,, Er, Ep, and E¢
X S obtained from the diffusion coefficients to the activation en-
< ergy Eg obtained from the entropy for various liquid ele-

I ments shown in Fig. 5 indicates a much clearer relationship.
00005 0.0010 0'00151/T 0002000025 0.0030 For various liquids, with the exception of liquid $,,,/Eg,
Er/Es Ep/Eg and Eq/Eg keep constants 0.90, 0.72, 0.96,
FIG. 3. The excess entro (in units ofkg) versus reciprocal  and 0.90, respectively, that if,,/Es, Er/Es Ep/Es and
temperature. Ec/Eg exhibit the independence of liquid species.

Figure 6 presents the reduction parameftsas defined
shows that the reduced diffusion coefficieDt*,§ D*D, andD*C by Egs.(3), (5), and(8) for various liquids as a function of
exhibit the identical temperature dependence for all studietemperature. It is apparent that with the increase of tempera-
liquids. These linear fits of semilog curvesof D;, D*D, and ture, Dg increaseng slightly decreases, anBOc keeps a
D yield the interceptl,,, Ig, Ip, andlc) and the slopes constant. Therefore, for three different choices of the reduc-
(Eun Ers Ep, andEc), which are shown in Fig. 4. Figure 3 tion parameters, they are different from the parametérs
shows the excess entropy versus the reciprocal temperatu@ld B) entering the scaling law of diffusion coefficients
This figure indicates that there exists a linear relationshigD =Ae?®9): for D%=(ksT/m)¥?/p13, B=0.72; for DY
betweenS,, and 1/T, similar to that between the natural =o?T", B=0.96; and forD2=¢'?¢/m'2, B=0.90.
logarithm ofD (or D) and 1/T. For every studied liquid, the
interceptls and the absolute value of slojig obtained by
the linear fitting ofS,, and 1/T are also shown in Fig. 4.
Note thatEg has the dimensionality of energy. It is natural ~ What is the nature and the origin of the scaling law
that the functional form linking the diffusion coefficient and (D" =AeP% for the transport coefficients? Why doandB
the excess entropy B (or D) ~exp(S,,), becaus® (orD’)  depend on the choice of the reduction parameters? Why does
~exp(-1/T) and S~ -1/T. the scaling law in liquid metals not hold for liquid Si? Keep-

Let us now evaluate the relationshifg~—1/T andD  ing these questions in mind, we make the following discus-
(or D") ~exp(—-1/T). As can be seen from Fig.(@, for  sions.
various liquidsl s fluctuates around zero and is close to zero, On the basis of the obtained results as shown in Figs. 2-5,
which indicates that the expressi@8.,,=—E¢/T) provides a we think that there are four reasons for the scaling law of
universal link betweerg,, and 1/T; in other words, the ex- diffusion coefficients a®"=Ae®%xin liquid metals.(1) The
cess entropyS., universally scales with temperature as original and reduced diffusion coefficients hold the Arrhen-
—-E¢/T. I, Ip, andl¢ for various liquids, with a notable ex- ius relationshig D=D, exp(—E/kgT)]; note that the diffusion

IV. DISCUSSIONS

e e e S ~—
4L D o o 0 ! O o 00— o o o O
—v—1, (in unit of 10°m’S™)
L —o—1
~ @ e,
2L —1 FIG. 4. The interceptfl ,n, Ir,
L ——1 V— Ip, Ic, andlg) and the slopegE,,
'15_- V’—v—v\v/v—v———v—v\v/v—v/v/ Er, Ep, Ec, and Eg) for various
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| —~E, log curves of the original and re-

duced diffusion coefficientgD,
Dg, Dp, and Dg) vield the inter-
cepts(lyn Ir, Ip, @andlc) and the
slopes(E,, Er, Ep, andEp).
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preexponential factdD, and the activation enerdy are de-
pendent on liquid specie€2) The excess entropS, univer-  connectsD” and S., depend on the choice for the reduced
sally scales with temperature &,=-E¢/T; note thatEg  diffusion coefficient. When the reduced parameter was pos-
depends on liquid species, td8) The reduction parameters tulated to beDR=(ksT/m)*/?/p**® by Rosenfeld; B=0.72;

D as defined by Eqg3), (5), and(8) eliminate the element when it was assumed to b®2=¢?l' by Dzugutov?
dependence of the diffusion preexponential factor, which i$3=0.96; when it was formulated d32=¢'2g/m*? on the
suggested by the element independenciofy, andlc. (4)  basis of the corresponding states princibéB=0.90. D2,
Ex/Es, Ep/Es, andEc/Es exhibit the element independence, Db, and DZ exhibit different temperature dependence as
even though the activation energies obtained from the reShown in Fig. 6, sB has different values in the different
duced diffusion coefficients and the excess entropy are de&:@Ses. Let us restate the details of the different postulates of

0 ,
pendent on liquid species. Our present results show that tH€ reduced paramet@® by Rosenfelé” and Dzugutov.
scaling laws for the diffusion coefficient and the Arrhenius Rosenfeld defined the dimensionless diffusion coefficient as

: . : . : =g. (1) by choosing macroscopic reduction parameters,
ke ia e laorsi connecting e excss ey, . e s Loy
D'=A%x plus S,=-Eg/T, then it is natural that the afgd t_hl?g thermalllzvelocnth:(kBT/_m) , Which lead to
diffusion coefficient exhibits an Arrhenius relationship; if Pr=P " (ksT/m)*% Dzugutov defined the dimensionless
D=D, exp(-E/ksT) and S,,=—Eg/T, then the diffusion co- diffusion coefficient as Eq(4) by choosing the hard-sphere
efficient scales with the excess entropyeds. There is an diameter o [being replaced by the position of the first
additional result in the supercooled liquids by DzugG®v Peak of g(f)] and the Enskog collision frequency
that supports the present finding. In a supercooled liquid th& =40°g(c)p\V7ksT/m, which provide a natural unit of
Arrhenius law is no longer observed; Dzugutov showed thatength and a natural time scale for dynamics, respectively,
the scaling law is not obeyed. thus leading toD3 =0T =4\mg(0)o*p(ksT/M)*Y2 An im-

The parameter$A and B) entering the scaling law that

3
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portant distinction ofD% and DY is that DY includesg(o),  the failure of the scaling law. As can be seen in Fig. 3, in
which changes with temperature. In consequeD@eandD% liquid Si the excess entropis.,) scales with temperature as
show a different temperature dependence. It should be en®.,=—-Ed/T, like that in simulated metallic liquids. The most
phasized that, as demonstrated in Figs. 3 and 5, if the diffunotable feature of Fig. 5 is that the valuesk{/ Eg, Ep/Eg,

sion coefficient is scaled WitD%, Ep/Esis essentially equal and E-/Eg of liquid Si are much larger than those of the
to 1, namely,Eg becomes identical to the Arrhenius activa- examined metallic liquids, which results in the failure of the
tion energy. This makes it possible to avoid the empirical ofscaling laws in presently simulated Si. The very different
fitting constantB in the general formulation of the scaling behaviors ofEx/Es, Ep/Es, and Ec/Eg for the case of Si
laws. Moreover, it indicates that the entropic component infrom those for the case of metals may suggest the calculated
the Arrhenius activation energy, which turns out tolt®,, is  Eg, Ep, andEc may be inaccurate from the SW and Tersoff
solely responsible for controlling the diffusion rate. A similar potentials, and particularly the calculation of excess entropy
conclusion was reported in the case of a hard sphere byy the two-body approximation is not accurate for the case
Dzugutov?® of Si due to the complicated local structures in liquid Si,

Besides the above-mentioned distinction of reduced pawhich gives rise to the wrong result Bf. In other words, for
rametersD} and Dg, it should be stressed again that, asliquid metals it is reasonable to expect that the excess en-
indicated in Sec. |, there exists a principal difference betropy could be calculated approximately in terms of the two
tween the two scaling laws by Dzugutov and Rosenfeldbody contribution, but for liquid Si it is unreasonable. This is
Dzugutov's scaling law is based on the postulate that botBupported by the difference in the slope of the line for liquid
the diffusion rate and the rate of structural relaxation aresj between our result and Hogt al’s result: The slope of
proportional to the available phase-space volume whichhe line for liquid Si is higher than that for liquid metals in
scales with the excess entropy e« As shown in Figs. 2 our case, whereas the slopes of the line for liquid Si obtained
and 3, the diffusion coefficient holds the Arrhenius relation-by Hoyt et al. is slightly lower* We calculated the excess
ship and the excess entrofy, universally scales with tem- entropy by the two-body approximation given by H@),
perature ass,,=—Eg/T. Thus the diffusion coefficient scales while Hoyt et al. calculated the actual excess entropy. Thus
with the excess entropy ase, which directly supports this  further works are needed to explore the source of the failure
postulate. for the case of Si.

We now turn our attention to the failure of the scaling Based on our present results, we believe that a key reason
laws in application liquid Si. As mentioned in Sec. |, H@&jt  for the scaling law of diffusion in liquid metals is the ele-
al.* recently reported that the scaling law does not hold in thenent independence &x/Es, Ep/Es, andEc/Es, namely,Eg
case of Si. They stressed the very different liquid structurgs essentially identical to the Arrhenius activation energy.
observed in liquid Si from that in the examined metallic This may provide an easy way to test the scaling law of
liquids: in liquid Si, besides the first peak gfr) there exists  diffusion by experimental data. Using the self-difusivity data
a small peak on the highside; in liquids characterized by in Tables 7.2 and 7.3 of Ref. 26 an¢r) data in Ref. 27, we
central force potentials the first peak gtr) is very sharp. first calculated the excess entropy by the two-body approxi-
So, in liquid Si, the first neighbor shell actually consists of mation, then obtainelg through the plot of3,, against 1T,
two closely spaced shells. They proposed that the collisiomand finally picturedg,,/Es for various liquid metals in Fig.
frequency TI'[=40%g(0)p\mksT/m] developed for hard- 7.As can be seen from this figure, the magnitud&gf Eg
sphere systems is no longer appropriate. Thus the Dzugutas 0.68-1.46, fluctuating around 1.06 for various elements.
scaling law fails for the case of Si. According to our presentThe result is in agreement with the simulation result to some
simulation results, we obtained a different explanation forextent, but the fluctuation is stronger. This may result from
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the error due to the limited(r) data. They(r) data are avail- though all activation energies are dependent on liquid spe-
able at three to five different temperatures, &ads obtained cies. So we can conclude that there exists a link between the
from the slope of the line of,, versus 1T. To make an examined scaling law and the Arrhenius law from the excess
accurate comparison between the simulation and experimeerntropy universally scaling with temperature. When the dif-
results, the experimental data gfr) at more temperatures fusion coefficient is scaled as Dzugutov suggeskeds es-
are necessary. sentially identical to the Arrhenius activation energy, indicat-
ing that the entropic component in the Arrhenius activation
V. CONCLUSIONS energy is solely responsible for controlling the diffusion rate,
and this makes it possible to avoid the empirical consBant
Using realistic many-body potentials for a series of simplein the general formulation of the scaling laws. Our present
melts, including Ag, Al, Au, Co, Cu, Mg, Ni, Pb, Pd, Pt, Rh, results also directly support the postulate by Dzugutov that
and Si, we examined the scaling laws of diffusion with dif- hoth the diffusion rate and the rate of structural relaxation are
ferent expression of the reduction parameters. Then we fuproportional to the available phase-space volume which
ther explore the temperature dependence of the original anstales ag%x The failure of liquid Si to obey the scaling law
reduced diffusion coefficients and the excess entropy. Oufhay mainly be due to the unreasonable estimation of excess
simulation results give the sound support to early attempts aintropy. Our present results not only help us understand the
finding the universal scaling laws by Rosenfeld and Dzugunature of the scaling law of diffusion, but also provide an
tov for transport coefficients in liquid metals. Our analysiseasy way to test the scaling law of diffusion by experimental
indicates that there are four reasons for the scaling law ofjata.
diffusion. (1) The diffusion coefficient usually shows the
Arrhenius relationship(2) The expressiofiS,,=—Eg/T) pro-
vides a universal link between excess entropy and tempera-
ture. (3) The reduction parameteB® as defined by Eqg3), We thank Dr. D. Y. Sun for valuable discussions. This
(5), and(8) eliminate the element dependence of the diffu-work was supported through the National Natural Sciences
sion preexponential(4) The ratio of the activation energy Foundation of China under Grant Nos. 10174082 and
E.n Er Ep, andE¢ to the activation energfg for various 10374089, and by the Center for Computational Science,
metallic liquids exhibits the element independence, everHefei Institutes of Physical Sciences.
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