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We report on an extensive study on light propagation in Fibonacci quasicrystals, with special focus on the
optical states around the fundamental band gap of the structure. The samples are fabricated using free-standing
porous silicon and experiments are performed using an ultrafast time-resolved transmission technique. Large
pulse delays and pulse stretching are observed when exciting the band edge states of the Fibonacci structure.
We carefully describe the various details concerning sample preparation and optical experiments. In particular,
we highlight how optical path gradients related to technical limitations of the standard sample fabrication
technique are responsible for a spatial confinement and intensity reduction of the narrow band edge states.
However, band edge related pulse delay and stretching effects can still be observed experimentally in the time
domain because the characteristic features originating from the quasiperiodic order are preserved. Experiments
and numerical calculations are in good agreement.
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I. INTRODUCTION

Transport phenomena of light waves in three-, two-, and
one-dimensional complex structures have attracted a lot of
attention in the last decade.1 Complex photonic structures are
artificial materials in which the refractive index has a par-
ticular variation on length scales comparable to the wave-
length of light. A periodic variation of the refractive index
gives rise to a photonic crystal structure. At high enough
refractive index contrast these periodic systems can exhibit a
photonic band gap, in analogy with the energy band gap for
electrons in a semiconductor.2 When the periodicity of the
photonic crystal structure is broken, light propagation is not
described by Bloch states. The opposite extreme of a peri-
odic system is a fully random structure in which light waves
perform a random walk. To first approximation, light trans-
port can then be described as a diffusion process. In addition,
interference effects can play a crucial role in disordered
structures, in close analogy to the transport of electrons in
disordered systems. Examples of interesting interference
phenomena in disordered optical materials are weak3 and
strong4 localization of light, short-long range speckle
correlations5 and universal conductance fluctuations.6 Com-
plex dielectric systems are expected to play an important role
in a wide range of photonic applications, for instance as pho-
tonic crystal filters and wave guides,2 and in the form of
amplifying random materials that can act as laser sources.7

These light transport phenomena are often easier to inves-
tigate in one-dimensionals1Dd multilayer structures. 1D
multilayers can be realized in a controlled manner8,9 and al-
low for an exact theoretical description.10 Ordered dielectric
multilayer structures are widely used as highly reflective
Bragg mirrors with limited bandwidth. The introduction of a
defect layer turns them into a narrow-band filter with a trans-
mission state within the forbidden band gap.

Periodic and random structures cover only the two ex-
tremes of the rich spectrum of complex dielectric structures.

Quasicrystals11 form a class of systems in the intermediate
regime and have fascinating properties. In these determinis-
tic nonperiodic structures translational order is absent.
Among the various 1D quasicrystals, the Fibonacci binary
quasicrystal has been the subject of an extensive theoretical
and experimental effort in the last two decades. In 1985 Mer-
lin et al. reported the first realization of electronic quasiperi-
odic Fibonacci superlattices12 which was followed by several
experimental and theoretical studies on electron transport in
these systems.13 The optical analogue of the Fibonacci struc-
ture is realized by stacking two different dielectric layers
according to a simple generation rule.14,15 The typical struc-
ture of the optical mode densitysDOMd in a Fibonacci sys-
tem has a self-similar nature16 and consists of narrow reso-
nances separated by numerouspseudo band gaps, where the
DOM tends to zero14,17 fsee Fig. 1sadg. The band gaps are a
consequence of the multifractal nature of the Fibonacci qua-
siperiodic structure. Moreover, the optical modes of a Fi-
bonacci quasicrystal are critically localized, with an intensity
profile decaying less than exponentially.18

Recently we have reported the first experimental study on
light transport through the band edge resonances of a 1D
optical Fibonacci system.19 The Fibonacci multilayer was re-
alized in porous silicon on a silicon substrate. A pulsed in-
terferometry technique was used to investigate the nature of
the band edge states. Mode beating, sizable field enhance-
ment, strong pulse stretching, and a strongly reduced group
velocity in the band edge region around a Fibonacci
pseudogap were shown.

In these initial studies our time-resolved setup allowed to
investigate the band edge states of a band gap at,2000 nm.
In addition, the control over the growth parameters of thick
structures resulted in a 6% negative gradient in the layer
thickness and 10% positive gradient in the porositysoptical
thickness decreasing with depthd. Numerical studies of the
DOM show that the fundamental Fibonacci band gapsFBGd
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is more robust against the optical path gradients than other
band gapsfFig. 1g. Following our recent improvements in
porous silicon multilayers growth8 and time-resolved
techniques,20 in the present study we managed to grow
highly homogeneous Fibonacci structures and to study the
light transport at the fundamental band gapsFBGd.

In this paper we present several experimental and sample
preparation details, using a simplified time-resolved tech-
nique to study the time response of these systems. We use
free-standing samples where the Fibonacci system was de-
tached from the silicon substrate. The availability of free-
standing samples allows to grow thick structures with high
optical quality, limiting the total drifts to about 4%. This
value leads to a mode structurefFig. 1sbdg which, at the
FBG, is very similar to the ideal case. On these samples we
perform time-resolved transmission experiments using a sim-
plified technique. We compare the effects observed in Ref.
19 at a higher order pseudogap to the behavior of the funda-
mental band gap. Also we investigate the delicate interplay
between quasiperiodicity and optical path gradients due to
natural growth drifts. We find that growth drifts can still lead
to the observation of strong pulse delay in the band edge
region even though the narrow transmission peaks of a
sample with optical path drift are barely distinguishable in a
usual transmission spectrum. We show that the optical path
gradient tilts the photonic band structure and spatially con-
fines the band edge states, without affecting their specific
nature reflecting the Fibonacci quasiperiodicity. The mea-
sured transmitted signals are analyzed and numerical calcu-
lations of time-resolved transmission and pulse delay times
are carried out using a transfer-matrix method. The calcula-
tions show good agreement with the experimental results.

The paper is organized as follows. In Sec. II we describe
the sample preparation technique and optical characterization
of the samples by transmission measurements, together with
the transfer-matrix calculations of the spectrum and defini-
tion of the optical parameters of the structures. We describe
also the details of the ultrafast time-resolved transmission
measurements. In Sec. III we discuss the results of the time-
resolved measurements in the band edge region of the 12th
order Fibonacci sample. A detailed discussion of the drift-
induced effects, like the band gap tilting, and the differences
between the transmission spectra and DOM is given. An
analysis of the delay time dependence on optical thickness
drift is presented as well. Finally, Sec. IV gives the summary
of our results and the conclusions.

II. EXPERIMENT

A. Sample preparation

A Fibonacci sequence of orderj can be constructed from
two building blocks, sayA and B, following the Fibonacci
generation ruleSj+1=hSj−1Sjj for j ù1; with S0=hBj and S1

=hAj. The lower order Fibonacci sequences are therefore
S2=hBAj, S3=hABAj, S4=hBAABAj, etc. For a 1D dielectric
Fibonacci sample, the elementsA andB are dielectric layers
with different refractive indices and thickness.

The choice for the starting layer refractive index is arbi-
trary, and one can build the structure choosing layerA to

have highslowd and layerB low shighd refractive indices.
The structures obtained in this way do not necessarily have
the same optical properties but are strongly related. The nu-
merical calculations of the so-called scattering states maps19

of the 12th order Fibonacci structure, for the two casesnA
,nB and nA.nB show that the light distribution inside the
structures is very similar. In the experiment described here
we chose the layerA to be of the high refractive index type.
The physical thickness of the layers was chosen such that the
optical thickness of both layers was equal tol0/4, wherel0
is the central wavelength of the spectrum. This choice satis-
fies the maximum quasiperiodicity condition.14

We realized the dielectric Fibonacci samples by electro-
chemical etching of silicon. Porous silicon has interesting
optical properties21 and, if grown in highly dopedp-type
silicon, behaves as an optically homogeneous dielectric ma-
terial with an effective refractive indexn determined by its
porosity. As porous silicon is fabricated by a self-limiting
electrochemical process, one can control the refractive index
of each layer by varying the electrochemical current during
the fabrication.21 The thickness of the porous layers is deter-
mined by the etching duration.

Fibonacci samples were etched by starting froms100d-
orientedp+-type siliconsresistivity 0.01V cmd. The electro-
lyte was prepared mixing a 30% volumetric fraction of aque-
ous HFs48 wt. %d with ethanol. A magnetic stirrer was used
to improve electrolyte exchange. The applied current density
defined the porosity of the layer. We applied 7 mA/cm2 for
the low porosity layerA srefractive indexnA=2.13d and
50 mA/cm2 for the high porosity layerB snB=1.45d. These
current values are limited by the requirement to maintain
high optical quality all over the 233 layers. The low current
value is chosen such that sufficient electrolyte exchange re-
mains through the small pores, while the high current value
is limited by the requirement of mechanically stable layers.
Alternating these two currents we created the multilayer and,
finally, a high current pulse of 400 mA/cm2 was applied for
1 second to detach the multilayer structure from the sub-
strate. This way, free-standing Fibonacci samples of the ninth
s55 layersd and 12th orders233 layersd were grown, centered
in the near infrared wavelength regionsNIRd.

The etching process introduces a natural drift in the layer
porosity and thereby in the optical thickness of the layers. By
comparing the reflection spectra taken from both sides of the
Fibonacci superlattice we can define accurately the natural
drift values.8 Once the natural drift is evaluated, new samples
can be grown with efficient compensation by correcting the
duration of the etching process for each layerssee Ref. 8 for
detailsd. This is especially relevant in realizing thick struc-
tures and limits the porosity drift to 4% for the samples with
233 layers. Without compensation the natural drift in these
thick samples is about 6% in the layer thickness and 10% in
the layer porosity.19 For the ninth order Fibonacci sample the
compensation procedure limits the drift to 1%. A 5% drift
value was reported in Ref. 14 for a ninth order Fibonacci
quasicrystal grown by electron-gun evaporation.

Transmission and reflectance spectra of the free-standing
samples were measured from 800 to 2500 nm with a Varian
Cary-5000 UV-VIS-NIR spectrophotometer with halogen
lamp and a collimated beam with 1 mm spot diameter. The
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overall wavelength resolution of the system was 2 nm. The
transmission spectra of ninth and 12th order Fibonacci
samples are reported in Fig. 2. The band gaps manifest as
low transmission regionssstop-bandsd in the transmission
spectra. A more detailed analysis of the presence of the
pseudogap can be performed by looking at the DOM of these
structures,22 as we will discuss later. Band gaps are clearly
visible for both samples.

In order to interpret the transmission spectra and to check
the parameters of the multilayers, we have calculated nu-
merically their transmission spectra using a transfer-matrix
approach.9 In the calculations, the dispersion of the optical
constants has been taken into account. The calculations for
the S9 and S12 samples, assuming, respectively, a 1% and 4%
drift and total loss coefficienta of ,120 cm−1 smainly de-
termined by scattering lossesd, are reported in Fig. 2. It is
known that porous silicon samples suffer from lateral inho-
mogeneities due to doping variations of the silicon wafers,8

which leads to a widening of the peaks in the transmission
spectra. Therefore a 1% spectral spread due to lateral inho-
mogeneities has been taken into account in the calculation. A
good agreement is observed for both Fibonacci samples over
a wide spectral range.

B. Time-resolved transmission measurements

The time-resolved data reported in this paper were ob-
tained by ultrafast time-resolved transmission measurements
using a standard optical gating techniquesbased on upcon-
versiond. This apparatus has the advantage of being simpler

compared to a more delicate interferometric system, but it is
only sensitive to the transmitted intensity and not the phase.
The setup is sketched in Fig. 3. Ultrashort pulses with central
wavelength l1=810 nm spulse duration 130 fs, average
power 2.0 W, repetition rate 82 MHzd were obtained with a
Ti:sapphire mode-locked laser. These were used to excite an
optical parametric oscillatorsOPOd systemsSpectra-physics
OPALd, from which tunable pulsessat wavelengthl2 be-
tween 1400 and 1570 nmd with 220 fs pulse duration were
obtainedsbandwidth about 14 nm, average power 100 mWd.

The pulses were focused on a small spot on the sample
s,30 mm diameterd. The transmitted signal was mixed in a
nonlinear BBOsbeta barium borated crystal, together with a

FIG. 1. The calculated density of optical modes of a 12th order
1D Fibonacci quasicrystal for various degrees of optical path drifts:
sad ideal structure with no drift,sbd 4% drift, scd 16% drift. The
blueshift of the spectral features with increasing the drift is due to
the reduced optical thickness of the layers. FBG refers to the fun-
damental band gap.

FIG. 2. Transmission spectra of Fibonacci samples S9 sad and
S12 sbd. The solid lines are the results of a transfer-matrix calcula-
tion assuming optical path drifts of 1%sfor S9d and 4%sfor S12d
and optical lossessmainly scattering by the mesoporesd of a
,120 cm−1. The dots denote the measured spectra.

FIG. 3. Time-resolved transmission setup based on an optical
gating technique. When the movable mirrorsMM d is in position, the
spectral response of the sample is monitored through a spectrom-
eter. If the mirror MM is removed, then the infrared beam is mixed,
after the dichroic mirrorsDMd, with the residual Ti:sapphire beam
in the nonlinear BBO crystal. The upconverted signal is monitored
via a photodiode sPDd and a lock-in technique is used to
reduce noise.
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reference pulses450 mWd, the latter being obtained from the
residual Ti:sapphire beam and delayed in time via a con-
trolled delay line. The sum frequency signal was selected
with a prism and detected with a photodiode. A standard
lock-in technique was used to suppress noise. Background
light was suppressed with narrow band filters and spatial
filtering. Since the sum frequency is proportional to the tem-
poral overlap between signal and reference pulse, the time

profile of the transmitted signal can be mapped by varying
the delay of the reference. The overall temporal resolution of
our system was measured to be around 260 fs.

III. RESULTS AND DISCUSSION

A. Analysis of the measured data

We performed time-resolved transmission measurements
on the band edge regions of the 12th order Fibonacci
samplessS12d. While in Ref. 19 we have investigated the
long wavelength edge of a higher order band gap, here we
report measurements in the wavelength region of the short
wavelength edge of the fundamental band gap, for compari-
son. No time-resolved measurements were possible on the
ninth order sample due to the limited time resolution of our
system.

Figure 4 shows the detailed transmission spectrum of the
S12 sample together with four typicalfsad–sddg spectra of the
incoming laser pulsessdotted linesd in the range where the
time-resolved measurements were performed. We have
probed the structure at different wavelengths around the band
edge region in order to excite the band edge states. The time-
resolved transmission of these four pulsesfsad–sddg is shown
in Fig. 5. The undisturbed pulseswith no sampled is also
reported in the plot.

The zero of the time axis in Fig. 5 is the time at which the
maximum of the unperturbed pulse arrives on the detector.

FIG. 4. Measured transmission spectrum of the sample S12 in
the region in which the OPO can be tunedssolid lined. The Gaussian
curves sdashed linesd represent the spectra of some input pulses
fnamedsad, sbd, scd, andsddg.

FIG. 5. Time-resolved transmitted signal through the S12

sample. The undisturbed pulse is shown in the top plot, and plots
sad, sbd, scd, andsdd are the transmitted pulses at wavelengths 1470,
1492, 1500, and 1510 nm, respectively.

FIG. 6. sad Measured transmission spectrum of S12. sbd Delay
time of the center of mass of the transmitted pulse amplitude with
respect to the undisturbed one.scd Group velocitysas derived from
the delay timed with respect to the group velocity in a medium with
an effective refractive index equal to the weighted average of the
refractive indices of the constituent layers.sdd Decay time of the
transmitted signal.
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We have corrected for the trivial delay of the pulse due to the
additional optical path of the sample. That is, the sample of
44 mm thickness has an optical thickness of 76mm. An av-
erage effective refractive indexneff<1.88 has been calcu-
lated by the formulaneff=osnidid /odi, wheredi is the physi-
cal thickness of theith layer in the structure. The time offset
due to this effect is 99 fs for all pulses that pass through a
12th order Fibonacci sample. We have corrected for this so
that the pulse delays, visible for curvesfsad–sddg in Fig. 5, are
purely due to the internal optical mode structuresinternal
resonancesd inside the sample. Note that by using free-
standing porous silicon Fibonacci structures one avoids large
time-offsets due to the silicon substrate.

As the wavelength of the signal is increased, i.e., as we
approach the band gap, the shape of the transmitted pulses
changes. In particular, the pulses are delayed and stretched.
In addition, when two states are excited simultaneously,
mode beating occurs at a beating frequency given by the
frequency separation of the states. In Fig. 6 we have plotted
the delay of the center of mass of the pulses and the decay
time for several measurements in the wavelength range be-
tween 1410 and 1530 nm, i.e., the short wavelength edge of
the fundamental band gap. As in Ref. 19, the delay time was
calculated from the delay of the center of mass of the trans-
mitted electric field envelope of the signal pulsefFig. 6sbdg.
Since the detection method employed in this paper provides
directly the signal intensity, the square root of the measured
intensity profiles was taken to determine the center of mass
of the amplitudes. From the delay time, the group velocityvg
of the wave packet with respect to the light velocityv0 in a
medium with effective refractive index ofneff<1.88 is de-

duced and reported in Fig. 6scd. A maximum group velocity
reduction ofvg/v0<0.29 is found at the band edge frequen-
cies. The electric field of the transmitted pulses decays al-
most exponentially with time. The obtained decay time con-
stants extracted from the raw data are shown in Fig. 6sdd.

Both the delay and the decay times increase as we ap-
proach the band gap. One expects that these should be ac-
companied by narrow peaks in the transmission spectrum at
the edge of the band gap, corresponding to high peaks in the
DOM. The reason for not observing narrow peaks in trans-
mission sFig. 4d is the technical limitation of the method
used to obtain the transmission spectra. The transmission
spectra were recorded by using a broad source with a large
spot of ,1 mm in diameter on the sample surface and a
limited spectral resolution.

B. Numerical calculation of light propagation
through the Fibonacci sample

We have calculated the optical response of the S12 sample
using a transfer matrix approach. The time-response of the
system was obtained by inverse fast Fourier transformation
sinverse FFTd of the product of the spectrum of the incoming
pulse and the transmission spectrum,

FIG. 7. sad Calculation of the transmission spectrumssolid lined
of the S12 sample andsdashedd corresponding density of modes
sDOMd. sbd Measured delay times of the transmitted pulsesfilled
squaresd and the transfer-matrix calculationssolid lined. The inset
shows an example of a calculated time-resolved transmitted inten-
sity for a probe pulse centered at 1497 nm.

FIG. 8. sColor onlined Scattering states map of the S12 sample:
sad ideal structure,sbd 4% drift. The arrows in the lower graph
indicate the wavelength above which the transmission becomes
nearly zero, while internal resonances can be clearly identified.
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Tstd = F −1fGsvdTsvdg =E
−`

`

GsvdTsvdexpsivtddv, s1d

whereTstd is the transmitted time-resolved signal,Gsvd is
the sGaussiand spectral profile of the incoming pulse, and
Tsvd is the transmission spectrum of the Fibonacci sample.

The temporal profiles of the transmitted pulses were cal-
culated for various wavelengths, and the corresponding delay
times were extracted. Figure 7sad shows the calculated trans-
mission spectrumssolid lined and the density of modes
sdashed lined of the S12 sample in the wavelength region
where the time-resolved measurements were performed. The
transmission appears to vanish above a wavelength of about
1520 nm, while the DOM shows peaks until 1550 nm. A
comparison between transmission spectra, DOM, and group
velocity of a periodic, an ideal Fibonacci, and a Fibonacci
structure with drift is reported in Ref. 23. In an ideal struc-
ture without drifts, both the transmission and DOM vanish in
the band gap region. When the drift is present, the low trans-
mission regime extends for a wider wavelength range than
the DOM gap.

The reason can be found by looking at the calculated scat-
tering states map of the Fibonacci sample, reported in Fig. 8.
The scattering states map for the ideal case with flat photonic
band structure is shown in Fig. 8sad. The drift in the optical
thickness acts as a built-in bias that tilts the band edgefsee
Fig. 8sbdg. The tilting behaves as the analogue of an external
electric field applied to an electronic superlattice structure.
We exploited recently this analogy to observe time-resolved
photonic Bloch oscillations in optical superlattice
structures.20. In the 12th order Fibonacci sample, the tilt re-
duces the spatial extension of the optical modes close to the
band gap. The first band edge states, therefore, do not extend
over the whole sample and their contribution to the transmis-
sion spectrum is strongly reduced. As a result, the transmis-
sion spectra and density of modes differ in the region of the

band gap. Note that the transmission for wavelengths above
1520 nm is not truly zero but simply too small to be visible
in a linear scale plot. The long delay times observed around
the edge of the band gap can be associated with the time
needed to propagate through the band edge states. The long
decay times are directly related to the spatial confinement of
these states leading to a resonance with highQ-factor. In Fig.
7sbd a comparison between the calculated and the measured
delay times is reported. The correspondence between the ex-
periment and calculation is very good. An example of the
calculation of the transmitted pulse is shown in the inset of
Fig. 7sbd for a probe pulse centered at a wavelength of
1497 nm. One can see the oscillating behavior of the trans-
mitted signal due to the beating between the sharply defined
modes at 1495 and 1500 nm.

C. Effect of optical path gradients

We have performed further numerical calculations to in-
vestigate the influence of drifts on light propagation through
the Fibonacci sample. In Fig. 9 we show the transmission
spectrafsad–scdg, DOM fsdd–sfdg, and the calculated pulse
delaysfsgd–sidg for 12th order Fibonacci samples for differ-
ent values of the optical thickness drift. In an idealsno driftd
S12 structure the DOM exhibits a band gap abovel
=1540 nm fFig. 9sddg. Sharp, critically localized optical
states are observed at the band edge, that correspond to peaks
in the transmission spectrumfFig. 9sadg. Consequently, the
transmission spectrum shows no transmission for wave-
lengths in the band gap. The maximum values of the pulse
delay time are found in the band edge regionfFig. 9sgdg. The
pulse delays are due to the band edge dispersion of an ideal
Fibonacci superlattice.

When a linear drift of 4% is introduced in the optical
thickness of the samplesthe optical thickness changes lin-
early with depth and the optical path difference between the

FIG. 9. Transfer matrix calcu-
lations of the transmission spectra
fsad–scdg, the corresponding den-
sity of modes fsdd–sfdg, and the
pulse delay timesfsgd–sidg of the
S12 structure with the loss value of
120 cm−1 and different values of
drift: sad 0%, sbd 4%, andscd 10%
are shown. The dashed lines are a
guide to the eye that mark the bor-
ders between the high and negli-
gible transmission regions.
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first and last layer is 4%d, optical states appear in the wave-
length region where previously the band gap was present
fFig. 9sedg. The band edge shifts thereby to higher wave-
lengths and the band gap consequently narrows.sSee also
Fig. 1.d The first few band edge states are now hardly visible
in the transmission spectrum. Due to the tilted band edge the
transmission coefficient of these modes is reduced. In addi-
tion also the associated time delay is somewhat reduced, as
can be seen in Fig. 9shd. Note that the wavelength depen-
dence of the delay time starts to differ from that of the ideal
structure where the transmission becomes negligible. All
these trends are more pronounced when the drift in the opti-
cal thickness is increased to 10%, as reported in Figs. 9scd,
9sfd, and 9sid.

In Fig. 10 we report the intensity distribution inside the
sample of the first four optical modes at the band edge for
the case of an ideal Fibonacci structure and the case of 4%
drift. The top panels show the DOM around the band edge.
In absence of drift, the intensity distribution shows the char-
acteristic self-similar structure of the band edge resonances
of a Fibonacci quasicrystal.24 When the drift is introduced
sright panelsd, the main features remain the same but the
distribution becomes asymmetric with its center of mass to-
wards the front side of the sample. Due to the drift, the mode
is confined between the sample surface and the tilted band
gap. This is the behavior of a Fibonacci quasicrystal with
built-in bias. The calculations show that the natural drift oc-
curring during the growth of the Fibonacci samples does
affect the spatial extension of the first few band edge modes,
but it does not destroy their specific structure. The higher
order band edge modes are hardly affected by the natural
drift.

IV. CONCLUSIONS

In this work we have investigated the propagation of op-
tical pulses through Fibonacci quasicrystals, with a special
focus on the wavelength regime around the band edge. We
performed time-resolved measurements around the funda-
mental band gap using an ultrafast time-resolved transmis-
sion technique. The transmitted signals showed large delays
and strong pulse stretching close to the band gap. A strongly
reduced group velocity, associated with large delay times,
was observed and verified through calculations. In addition,

we showed that the optical path gradient acts as a built-in
bias which tilts the photonic band structure. Delayed and
stretched pulses can still be detected, however, even with
optical drift.
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