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The ability of a quantum dot to confine photogenerated electron-hole pairs created interest in the behavior of
such an exciton in a “dot molecule,” being a possible register in quantum computing. When two quantum dots
are brought close together, the quantum state of the exciton may extend across both dots. The exciton wave
function in such a dot molecule may exhibit entanglement. Atomistic pseudopotential calculations of the wave
function for an electron-hole pair in a dot molecule made of two identic&dn ,As/GaAs dots reveal that
the common assumption of single-particle wave functions forming bonding and antibonding states is errone-
ous. The true behavior of single-particle electrons and holes leads to symmetry-broken excitonic two-particle
wave functions, dramatically suppressing entanglement. We find that at large interdot separations, the exciton
states are built from heteronuclear single-particle states while at small interdot separations the exciton is
derived from heteronuclear hole states and homonuclear electron states. We calculate the entanglement of the
excitons and find a maximum value of 80% at an interdot separation of 8.5 nm and very small values for larger
and smaller distances.
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I. INTRODUCTION form bonding and antibonding combinations:

A. Entanglement of an exciton in a molecule

. 1 o1
bonding_ — anti _ = _
Unlike its classical counterpart, guantum bit(qubit) A n \;’z(hTJr fe).  ¢n V’z(hT M),

can exist not only in the two states “0” and “1,” but in a
linear combination of stategW¥,)=a|0,)+ 8|1, in a two- 1 1
dimensional Hilbert space. Accordingly, a pair of qubis ponding— — (er+eg), M= -—(er—ep), (1)
and B can exist in a superposition of the four basis states V2 V2

[040g), [0a1g), |10g), and|1,1g). The most important corre-
lated qubit states in quantum computation and quantu
information—2 are the maximally entangle@Bell) states
| ap) = (1/12){|0a08) % |141g)}, Which allow quantum algo-
rithms to outperform classical algorithriisl Semiconductor
quantum dots confine electrons and holes in discrete ener

levels a few nanometers in sizeThese properties have S .
erms due to ae-h pair in a single dot, as well as terms due

driven speculation that quantum dots may provide physica¥0 an electron in one dot and a hole in another. In contrast

realization of qubits. Proposed implementations using quan- ) .
g b P 94 H?_.e maximally entangledtates form from sums and differ-

ences of simple direct products containing eitkér pair in
one dot or dissociated states, but not Bbth

wheree; (eg) represents an electron in the t@pttom dot;

nr]w (hg) represents a hole in the tgpottom dot. When the
interparticle Coulomb interaction is introduced, these single-
particle states can form correlated excitodaentangledex-
citons form from simple direct products—e.gg2*""

% phonding- 1 (e + eghg +erhg +eghy)—and  thus  contain

in a certain dot levet;” the spin-up versus spin-down state
of an electrori;®~1%r the presence of an electron or a hole in
one dot versus another ddt!* An implementation of the 1
latter proposition has been made possible by the ability to &) = —={/eshg) + [erhy)},  bound exciton, bonding,
grow pairs of vertically coupled self-assembled quantum V2
dots with varying separatiort8:*® This has offered the pos-
sibility of creating aregisterof two qubitsA andB in the two
basis states top dafl) and bottom dot(B). A relatively
simple proposal is to use as qubithe electron and as qubit
B the hole of an electron-hole paie-h, created by light 1
excitatiort!) where the two qubits can be in the states “top”  |c) = —={|eghy) —|erhg)}, dissociated, antibonding,
(T) and “bottom” (B) of the dot molecule. The so-defined V2
two qubits could form entangled as well as unentangled
states. One first considers tlsngle-particle electron and
hole orbitals(analogous to molecular orbitals in,H which

1
|d) = —E{|eBhB>— lehy)},  bound exciton, antibonding,
V’

1
|b>=7§{|eBhT>+|eThB>}, dissociated, bonding. (2)
V!
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Bayeret al and Korkusinskiet all* formulated simple  which will serve to explain previous resultSec. | B. Fol-
models for the energies of the four excitons starting from Eqlowing this we will describe our fully atomistic results.
(2) in a double dot and compared the predicted energies with
experiment. Experimentally, the emission spectra of a dot
molecule showed14two exciton transitions separated by an
energyAE. This energyAE was shown to increase with de-
creasing interdot separation. This observation was in agree- Before displaying our method and results, we briefly de-
ment with the theory where the same behavior was obtainedcribe the expectations from a simple model. This will serve
However, we will show that in this case the agreement beto describe the main assumption of Bagtral!! and Ko-
tween experiment and theory does not necessarily validatekusinskiet al!4 and clarify the basis of more general ap-
the theoretical assumption. We offer here a fundamentgbroaches.
theory of dot molecules based on a fully atomistic approach. In order to decide weather to expect unentangled or en-
Our results differ significantly from those of Bayet all?  tangled excitons in a system of two interacting quantum dots
and Korkusinskiet al,**in that we predict a reduced exciton one could attempt to use a two-site tight-binding Hamil-
energy in a dot molecule relative to isolated ddke simple tonian with intuitively chosen parameters. The basis for this
models predict an enhanced energgpd that entanglement is Hamiltonian can be constructed from products of the elec-
generally weak(the simple models predict high entangle- tron and hole single-particle statgshy), |erhg), |eghy), and
mend. In what follows we first introduce simple models |eghg). The two-site Hamiltonian in this basis is given by

B. Simple models describing an exciton in a dot
molecule

sl— 8;'1-“' Ulg te th 0
te ee —en+Ugh 0 ty
H= T_ B, TB ; 3
th 0 8e - Sh + Ueh te
0 t te eo — e+ Ugh

where{el,e2 ¢!, &P} are the electron and hole on-site ener-

1
gies, {t,,t,} are the hopping matrix elements, and |4)= §{|eThT> + leghr) + |erhg) + |eghg)}. (4)
{Ull,UlB, UBT UBEL are the electron-hole Coulomb matrix
elements. Different assumptions can be made here, leading Excitons |1) and |[4) are symmetric and therefore optically
two models. active (bright) while |2) and|3) are energetically degenerate
1. B T_B .. _ and optically dark. If we further assume that the hopping
1. Model 1: &, =ep, £e=2e, L=t U=0 matrix elements, andt,, increase when the interdot distance
A simple trial assumption is to assuméd that the two  is reduced, we find the spectrum depicted in Fig).2The
dots T and B forming the molecule have identical on-site
single-particle energies{=¢f and el=¢2, (i) the hoping

. . . Simple Model  (a) Our Results (b)
matrix elements for electrons and holes are identigalt,,
(iii ) the electron-hole Coulomb matrix elemehitg, are neg- o [ ]
- ) . 1 ~—
ligible. The single-particle electron and hole energy levels \g 180 ]
for this case are schematically shown in Figg)lwhere the s f [ ]
. d L e1 4
electron and hole levelg,, e; andhy, h; form bonding and 8 145 _\\ ]
antibonding combinations as in Ed), so the energies split | & [ 20 0ees” ]
symmetrically as a function of interdot separation. Exei- § EAREERE R R
tonic electron-hole eigenvectors of the Hamiltonian in Eq. E otsk 10 :
(3) are given in order of increasing energy by o \""g T ;
i/g)’ /—__ - ht
1 o 0141 Qe—essp o
1) = 5{|eThT> - leghy) = |erhg) + |eghg)}, ! I 3:",,‘;7 ]
0.12 L P TP PR RPIRN BN RN BN B R | ]
4 6 8 10 12 14 16 18 20 2
Base-to-base separation Base-to-base separation [nm]

1
2)= TE{|eBhB> - lerhp},
v FIG. 1. Single-particle energies assumed in models 1 and 2
1 [panel(a)] and results from our pseudopotential calculatifjpemnel
- = _ (b)]. The reference energy for our results is set to the unstrained
3 \@{|eBhT> lerhe)}. valence-band maximum of GaAs.
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Model 1 (a) Model 2 (b) 1
3) = —={|eghy) — |ethp)},
$ s \ - 13) V’EH shy) — lerhg)}
; ‘% HE—— 4= ~————{lerhy) + leshe) ~ ya(lesti) + exhe)}
£ , g , =T ey B~ Y2([€shr B)J,
: e P RS V2(1+9)
Base-to-base separation Base-to-base separation (5)
Actual Result (c) with
A RN B L L BN R R R B B
ol \#® | R VN e (Z VL
E Y1 4t ’ Y2 4t .
2 de o -
S 128 |35 i Their eigenvalues are given by
L% 1 10—
Q E1=ee—en+ ZU - 2V(40)2+ U2,
s 128f 2> 17% *h7s 2\( )
2
. E,=ec—en— U,
1.24 -
. . . . . A . . . . . Ex=e.— g,
e e o e 1 e e 20 2 37 Fe” %h
Base-to-base separation [nm] 1 1
. . . . Es=se—en+ U+ >\(40)7+ U2 (7
FIG. 2. (Color onling Exciton energies as a function of the 2 2
interdot separation for two different modeiiodels 1 and Rand . . .
for our pseudopotential-Cl resultactual results The circles on the V\f/e”obtaln tho agtlﬁymmetrlc_llj_ﬁﬂ() Statzsﬁ) grlld|3> that
excitonic lines of the lower panel are proportional to the oscillator/® Uy e”tang edBe _) states. The stat¢ ) an | ) cannot
strength of the transitions. be written as simple direct products and are, to some degree,

entangled. The limiting case of vanishing Couloib— 0)
interaction gives, as expected from model 1, the stgtes
|2), |3), and |[4) from Eq. (4) where|1l) and |4) are unen-
tangled. The case for nonzero but small hopping elements
t—0) gives for|1), |2), |3), and|4) the eigenstatef), |d),
c), and|a), respectively, from Eqgs(2) which are all fully
entangled states. The stai@s and |4) are bright while|2)
and|3) are dark. An increasing value bintroduces a mixing
between the statd4) and|4); these states change character
%nd have presumably lower entanglement, while the states
|2) and |3) remain dark and fully entangled. The energetic
evolution of the stategl), |2), |3), and |4) with decreasing
interdot separation is given in Fig(t8. The energy separa-
A slightly more realistic model, similar to the one pre- tion_between the two bright stated) and |4) is AE
sented in Refs. 11 and 14, uses a different assumption fa7\(4)?+U? At large interdot separatiof) and|3) as well
(i), taking Coulomb attraction into account. Here theas|2) and|4) are energetically degenerate. Both doublets are
electron-hole Coulomb energids[T=UB® for the exciton ~ Separated byJ. The excitonic wave functiontl), [2), [3),
states, where both the electron and hole reside on the sar@@d|4) are illustrated schematically on the right-hand side of
dot, are assumed to be larger than the Coulomb elements 5f9. 3 for large interdot separatidfarged cas¢ and small
the dissociated exciton [=UET, where the electron and interdot separatiorismalld case. Again, the result of two
hole are located on different dots. SettiogT=UBB=U and  bright stateg1) and |4) moving energetically apart with de-
UIE=UBT=0 in the Hamiltonian from Eq(3) yields in in- ~ Créasing interatomic distance is in agreement with experi-
creasing order of energy the four exciton stdiés|2), |3), ~ Ment, spurring hope that the theoretically predicted high de-
and |4): gree of entanglement in this system could be experimentally
realized>*to the benefit of quantum computing.
However, there are reasons to doubt the validity of the
{lerhy) + |eghg) — v1(|eghy) + lerhg))}, simple diatomiclike analog of dot molecules, since actual
V2(1 +92) self-assembled quantum dots contain tens of thousands of
atoms and the dots themselves are strained by the host matrix
and submitted to random alloy fluctuations. Indeed, the elec-
12)= i—{|eBh )= e} tronic properties of such dots depend on their shape, size,
V2 B v composition profile, and strain proftfeand cannot? for in-

two bright state$l) and|4) move energetically apart, where
the energy of statfl) decreases bytawhile the energy and
state|4) increases by with decreasing interdot separation.
This qualitative behavior resembles the experimenta
observatiok"1’ where two peaks move apart and one could
be tempted to fit the hopping parametérg =t to the ex-
perimental splitting of the bright states. We will show later
that this model is in strong disagreement with the underlyin
physics.

2. Model 2: &} =B, €] =€8, t.=t,, U#0

)=
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Exciton Actual Results Model 2 trum and identify the interdot separation that has the highest
Ted P Smana degree of entanglement. This establishes an important link

Critical d
between quantum entanglement and the molecular geometry.
> S YSRF (Fg-w
2> %pa @% % leghg> g-% ld>|  |d> Il. METHOD
A. Calculation of exciton states
> 58] 3 [$-- (8- -
The method of calculation involves two separate steps. In

14> %_3 g % leghr> 3,_% Ib>||b> + sla> the first step we solve the single-particle Schrédinger equa-

tion for a superposition of strain-dependent atomic pseudo-

potentials> v ,(r—R;). These potentials are centered at

FIG. 3. Schematic representation of the excitonic wave functhe relaxed atom positionR, which are determined using

tions obtained from our pseudopotential Cl calculatideift) and i the valence force field methdd.The atomic pseudopoten-
the simple model presented in the i_ntroduct(dght).The symbols tials v,, include spin-orbit effects and are fit to InAs and
are+ (hole), — (electron, or + (exciton. The two spheres denote GaAs bulk propertie%‘.‘ The single-particle dot molecule
top and bottom dots. The value of the critical distance is 8.5 nm forwave functionsyAr) for the CBM electron orbital and level
our specific case. and the VBM hole orbital and level are expanded in terms of
sitrain-dependent Bloch functions, , (r):

stance, be modeled by simple single-band effective-ma

models. Furthermore, the assumptigat,, is very question- Ng Ny
able given the large mass ratiaq/m;,~0.06/0.40=1/6 of W) =2 D Cundren(r), (8)
electrons and heavy holes in the GaAs barrier between the n ko

dots. Indeed, coupling between a larger number of bands
than afforded by simplistic models, and consideration of the
strain field between the dots could prevent effective tunnel- 1 ,
ing of either electrons or holes. Thus, a more complete the- Pin(r) = =Un(NEXT, 9)
oretical treatment is called for. VN

In the present work we study entanglement in dot mol-with band indexn and wave vectok of the underlying bulk
ecules, using the pseudopotential many-body approackolids; the number of primary celldy; the number ofk
previously®2% applied to successfully study many elec- points, N,; and the number of bandblg [“strain-dependent
tronic and optical properties of single dots. We consider moljinear combination of bulk band{SLCBB) (Ref. 22].
ecules made of two vertically stacked lens-shaped |In the second step we follow the configuration interaction

InGaAs/GaAs dots of identical shape, size, and compositioniCl) method and construct a set of Slater determin&nts.
with varying interdot distances. Thengle-particleproblem

here

is solved within a multiband, multivalley pseudopotential |q)hi,ej>=bﬁiclj|q)o>, (10
plane-wave methotf, including the effects of strain and T ,
spin-orbit. The many-body problem is solved via a wherebhi is the creation operator for holes ang the cre-

configuration-interaction expansion within the basis ofation operator for electrons. The Slater determindis,)
pseudopotential single-particle states. We find that the mocan be calculated from antisymmetrized products of single-
lecular description of Eq(1) and Fig. 1a) breaks down al- particle wave functiong; (Ref. 25.
ready for the single-particle hole states, which are localized The exciton wave functiongP’) are expanded in terms of
on one of the two dots, not forming bonding-antibonding this determinental basis set:
combinations as in Eq(l). This reflects the fact that the
actual potential experienced by holesbetween the dots W)= > A(hi'ei)|q’hi,ej>- (1)
repulsive for its heavy-hole component, and this repulsion is g,
reinforced when the dots are brought together, preventinghe matrix elements of the many-body Hamiltonian involves
effective interdot tunneling. This is different from the poten-the calculation of the two center integrals for partial@nd
tial within a real diatomic molecule, which is attractive ev- particleb:
erywhere, with reinforced attraction when the atoms are
brought together. Thus, “artificial dot molecules” behave dif- , 4 b~ b ay _ G (r) P (o) (rp) i (ry)
ferently from real molecules, in that the single-particle mo- Wi muwi"ﬂi’) - -

! e(l’a,l'b)|l’a rb|
lecular orbitals demonstrate broken symmetry, akin to het- (12)
eronuclear molecule®.g., HB, not homonuclear molecules
(Hy). This single-particle symmetry-breaking effects in realThe dielectric functione is calculated using the model of
dot molecules affects their many-particle excitonic statesResta?®
which now differ from the maximally entangled model states The shape and size for our dot molecule are inspired from
in Egs. (4) and (2), exhibiting instead(|eghg) +|erhg))-like  the experimental studies of Bayet all! The dots have a
behavior with a low degree of entanglement. By varying thetruncated cone shape with 12 nffmottom) and 10 nm(top)
interdot separation we predict the many-particle optical specbases and 2 nm height. The composition profile is linear,

drdrp,.
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starting from I sGa, sAs at the base, to pure InAs at the top nition of von Neumann. For the qubifsor B the entropy of
of the dots. Both dots have one monolayer wetting layer. Thentanglemen§ (Refs. 2 and Bis given by

separation between the dots is given as the base-to-base
separatiord. S(W) == Tr pal10gzpa = = Tr pg 10G,08, (18)

where p, is the reduced density matrix for qubiA™ (the
electron and pg is the reduced density matrix for qubiB™

The single-particle states can be analyzed by a projectio(the holg. The density matrices are calculated from the cor-
onto valence- and conduction-band states of the bulk df the related ClI exciton density,

B. Method of analysis

point:
N \ p=TNW|= X A(h;,g)A (hkae|)|q)hi,e<><q)hk,el|
1w ikr 3 dalie |
W)= =2 > ClolUra(NET= > f()upa(h),
VN'n & n 49
(13
= ha, 20
with f(r) being the envelope functions and hiv‘i'j}v;kvel Phee 2
ClL.= S Crop(Up U ) (14)  where A(h;,g) are the CI expansion coefficienfsee Eq.
S T (11)]. pa is obtained by tracing over all but one pair of indi-

Once this projection is available we classify the states ac9es

cording to the axial angular momentulof the Bloch func- PA= Peg = > Phen o (21)
tions. We choose this classification because the eigenfunction T

analysis in terms of the heavy-hole, light-hole, and split-off
charactern(according toJ and J,) is not adequate for struc-
tures withC,, symmetry, like the dot molecule, sindes not oo .
a good quantum number. For the forthcoming analysis WFf Thg correlated excitonic wave fungtlons can also be ana-
only consider contributions in E4L3) from the first conduc- yzed in terms of the probabilities to find the electron or the
tion band and the topmost three valence band#$\gequals  hole in the top or in the bottom dot. A mask operatdr
eight (two conduction bands and six valence band$e six ~ Which selects a certain region of speeeg., the top of bot-
valence-band contributions are divided into twg=3/2  tom do), can be applied to the single-particle electron or
states, which are exactly equivalent to the heavy-hole stateBole wave functions:

and fourJ,=1/2 states. The foud,=1/2 states are further ~TIB ~ B

split into states withx), ly) valence-band character and states Pee, = <¢ei|M |¢ej>- (22)

with |2) valence-band character. We define

For the maximally entangled sta&W¥)=1, while S(V)=0
for a nonentangled state.

The excitonic density can then be written as a sum of

Xy —ily) Xy +ily) weighted products of these projected densities:
J(xy) for = T, = , - T - B
V V2 Pee, @ Prpny Pee, @ Py (23
J(2) for |21, |2|. 15 ~ ~ ~ ~
(2 for (21, 2] (15 Poe © Phny Pag © Phi- (249)

This is a meaningful classification for the calculated struc- N o i
tures where the ([001]) direction is the growth direction. ~ From these densities, the four probabilities to find the elec-
terms of the axial angular momentum

f(%Y,2) = > fﬂ“(r,z)exp(im¢)/v’§r, (16) C. Strain-modified band-offset calculations
m To appreciate the effect of strain on the hole states we
and the axial expansion coefficients are defined as the norRfform strain-modified band-offset calculations. From the
of £M given by r_elaxed atomic p05|t|ons—ob_ta|n_ed using the valence force
n field (VFF) method—the strain field can be calculated for
m_ 1 ; —imad 2 drd each atom from the deformation of its tetrahedron of nearest
=5 n(xy.2)exp(=im)de| rdrdz. (17)  peighbors. The strain-modified band-offset Hamiltonian de-
pends on the six irreducible components of the strain tensor,
For each single-particle wave functidf(r), the axial expan- the three deformation potentialshydrostatic and two
sion coefficientagm) give the weight of the state according to uniaxial), and the spin-orbit splitting’ For the unstrained
its Bloch function charactdiheavy holeJ(xy), J(z), conduc-  bulk its eigenvectors are the heavy-hole, light-hole, and split-
tion band, indexed by] and according to its axial angular off bands, while strain induces mixing of these three bands.
momentum charactd, P, D, etc., indexed byn). The corresponding eigenstates were analyzed by giving to
Starting from the correlated excitonic wave functions theeach solution a weight according to their character: heavy
degree of entanglement can be calculated following the defirole, J(xy), andJ(z) [see Eq(15)].
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d=5.10m [ d=5.70m [d=6.8 nm | ¢=7.3 nm[ d¢=7.9 nm [ ¢=8.5 nm [ ¢=9.8 am [d=10.2 nm|d=113 nm
_| e | - | - - - |- |- |- — FIG. 4. (Color onlind Square of the single-
o . : icle electron wave functiores ande; for dif-
- | = | = partic e ancey
a - - - - - - e ferent interdot separations. The shape of the dots
is given in light grey and the two isosurfaces with
-— | -l - - - - - two different tones of dark grafred onling con-
3 - 5 g tain 75% and 40% of the state densities.
- - e e | e e |-
Ill. RESULTS FOR THE SINGLE-PARTICLE STATES in a lifting of the degeneracy by 3.1 meV fey ande; and

0.2 meV forhy andh; (energy values taken from our largest
interdot distance of 22.6 nmThus, for large interdot sepa-
Figure Xb) shows the single-particle electron and holerations, a diatomic dot made of truncated-cone shaped con-
energies as a function of interdot separation. For large intefstituents is not equivalent to a homonuclear diatomic mol-
dot separations the single-particle hole staigandh, are  ecule(D,.. symmetry like H), but rather to a heteronuclear
energetically almost degenerate. Figures 4 and 5 show th@olecule(D,y symmetry like HF. Figures @a) and b) give
electron and hole wave functions as a function of the interdothe qualitative picture where for the electron and the hole the
separatiord. In these figures, the envelope functidp§see  “molecular” single- particle orbital$MO’s) are constructed
Eq. (13)] averaged over eight atom cells are plotted. Thelike for a heteronuclear molecule; i.e., the characters of the
physical shape of the détruncated congss shown in grey, MO’s are dominated by one of the single-particle states. This
whereas the wave functions are depicted as two isosurfacgsjustified by the fact that, at large and intermediae., for
with two shades of color enclosing 75% and 40% of the statgjistances larger than 8 printerdot separations, the hopping
density. The hole statég andh, are localized on the bottom matrix element for holes;, is negligible while the one for
and top dots, respectivelfFig. 5. This behavior resembles electrong, is small(this will be shown quantitatively in Sec.

H," with very long bond length where the orbitals are local-V) compared to the “polarization energy” of the molecig,
ized at a single atom, rather than forming a resonance. (2V,=ey—€;=3.1 meV ford— ).

For the single-particle electron statesande, the wave
functions(Fig. 4) are mainly localized on the top and bottom
dots, respectively. The energy splitting between these states
[Fig. (b)] reflects the effect of alloy fluctuations, fully taken  We see in Fig. 4 that the electron statgsand e; form
into account in our calculations, which make both dots somebonding-antibonding pairs as suggested by @g. whereas
what dissimilar even itl— <. These local fluctuations result the hole state$, and h; (Fig. 5 do not, forming instead

A. Largely separated dots(d— =)

B. Closely spaced dots

d=5.1nm | d=5.7nm | d=6.8 nn | d=7.3 nm|d=7.9 nm | d=8.5 nm | d=0.8 nm [d=10.2 nm|d=11.3 nm|
2
bl BB R [ PRI p— p—
_ |- | - - - -» | e - |-
=
FIG. 5. (Color online Square of the single-
el -k = _ /
> - @ = S particle hole wave functionisy, hy, h,, hs, hy and
Q Q o | e 9 " Q e hs, for different interdot separations. The shape of
— — the dot is given in light grey and the two isosur-
j - faces with two different tones of dark grdlglue
o [ Y ) z _— - gg S— online contain 75% and 40% of the state
_- Ko - | densities.
< e e " | o
e e e | a - wn
> = - .-
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Small interdot separation Large interdot separation

FIG. 6. Formation of single-particle “molecu-
lar orbitals” (MQO’s) [in the central part of panels
(@, (b), (c), (d)] from the single-particle “atomic
orbitals”[on the left and right sides of pandb,
(b), (c), (d)]. For large interdot separation the
electrons and the hole form heteronuclearlike
MO'’s. For small separation the electrons form
bonding-antibonding combinations like homo-
nuclear MO's.

o —_

&g ]

= °

o

o) o

E 8

(=}

ag ©
T

Heteropolar
Heteropolar

symmetry-brokertheteronuclearlikestates. Figures(6) and  simple strain picture like given in Fig. 8. A single truncated-

6(d) show this hybrid behavior where electrons form cone or truncated-pyramid dot with homogeneous composi-
symmetric-antisymmetric combinations of MO’s, akin to ation is nearly unstrained on the apex while it is stained at the
homonuclear dimer, while holes give rise to heteronucleabase. The top right panels of Fig. 8 show a cubical unit cell

MO'’s localized on one or the other dot. There are two reafor the unstrained case and an elongated parallelepiped for
sons for this behavior, explained in the following two para-the case of biaxial strain. The heavy holes prefer the highly
graphs. strained region near the base and localize preferentially in

1. Hole states experience a high barrier that suppresses interdot Strain modified hole confining potential |
tunneling

The first reason for the broken-symmetry hole behavior is
the high barrier between the two dots experienced by the
heavy-hole componerfdominanj of the hole states. To ap-
preciate these facts we performed strained modified band off
sets calculation&Sec. Il Q for different interdot separations.
Figure 7 shows the results for the first two hole confining
potentials for three different interdot separations. The char-~
acter[heavy holeJ(xy), andJ(z)] of each eigenstate is rep- E 01
resented by a certain symbol of size proportional to theg
weight of the character. The heavy-hole confining potential is€
the relevant quantity for the energetics of the hole states%
since hole states are to over 80% heavy hole like. Examina®-
tion of the heavy-hole confining potentigircles in Fig. 7
reveals that the potential isegativein the region of the
barrier, strongly repelling heavy holes. This high barrier was,
also reportetf for pure InAs truncated-pyramid dots. Fur-
thermore, the effective barrier felt by the hole states in-
creases upon reduction of the interdot separation, suppress
ing tunneling and the ability for holes to form bonding- T 0.3
antibonding states. Figurdh) also shows that the hole states
move to lower energy when the interdot separation is re-
duced, in agreement with the increasing barrier height be-
tween the dots.

t

Inemen

e Conf

2. Due to the lack of inversion symmetry between the dots,

the bottom dot is more favorable for holes ] . |
16 20 24 28 32 36 40

Distance in [001] direction (nm)

The lack of inversion symmetry between nonspherical
(e.g., lens-shapeddots leads to heteronuclear hole states.
Thls_can be seen in the top _panel of Fig. 7 where indeed the FIG. 7. Strain-modified confining potential for holes along the
confinement potential experienced at the base otdpa&lot 4 5\th direction(001) (given in the inset of the top pandbr three
is different than that experienced at the base oflib#om  qot molecules with a base-to-base separations of 5.1, 11.3, and
dot. Figure 1b) shows that the hole statég andh;, which 22 6 nm. Each data point is an average over the results obtained in
are energetically almost degenerate at large interdot separgwe the(001) plane. The size of the circles is proportional to the
tion, split when the distance is reduced, showing an increasweight of the heavy-hole contributions; the sizes of the triangles
ing preference for holes to be in the bottom dot with dimin-pointing upwarddownward are proportional to the weight of the
ishing interdot separation. This can be understood using &xy) [J(2)] contributions.
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o ] o FIG. 9. Analysis of the first hole stat® in terms of the axial
~ FIG. 8. Qualitative picture of the strain in a truncated-cone andangylar momentund, (see text and the orbital character of the
in a truncated-cone molecule. The deformation of the unit cell at the,pyelope functions as a function of the interdot separation. Only the

base and the apex of the dot is schematically given with the correneayy-hole contributions with orbit& character and(z) with or-
sponding strained bulk band structure. The base of the single defita| p character are shown.

and the base of theottomdot (for the dot moleculgis shown to be

more favorable for heavy holes. . . . L
y minishes while thel(z) character increases. This is in agree-

. . . ment with the qualitative picture given by the strained-
this region as suggested by the strained bulk band structure Jdified band-offset calculation where td€z) confining

given on the right side of Fig. 8. When two dots are close, o nia| pecomes attractive between the dots at small inter-
together the strain at the top but also at the base of the uppgr; separation. The part of thenultiband wave function

dot is almost hydrostatic due to the compression of the do ; S : ;
X : esponsible for the hole tunneling is therefore antisymmetric
through the sandwiched material. The base of the lower do like with Bloch function characted(z). This will have

however, experiences biaxial strain and remains favorabl . . . .
» €XP onsequences on the optical properties described in Sec. IV

for heavy holes. The magnitude of this effect should b.eshowing a dark exciton state below the bright exciton state.

stronger for pure InAs dots sinc_e It experiences more StralR}Ve underline at this point that the proper treatment of hole
than our alloyed InGaAs dot. With a very strong IC)n:“ferer](:etunneling (and therefore of all optical properties and en-

for hole states to localize on the bottom dot, not only the ﬁrSttangIemerjt requires a multiband treatment like eight-band
(like on our casg but the first few hole states might local- k -p.28 tight-binding2 or our pseudopotential approach and

ized on the bottom dot. This expected behavior has beef, "o “accounted for by single-band effective-mass
reported by Sheng and Leburt8nperforming eight band a1
. ) approached>
k-p calculations of a pure InAs truncated-pyramid dot mol-
ecule where the first two single-particle hole states are local-
ized on the bottom dot. Such a localization might have det- | RESULTS FOR THE MANY-PARTICLE EXCITON
rimental consequences for the achievement of entanglement. STATES AND THE OPTICAL SPECTRUM

The energies of the four lowest exciton states formed
from the single-particle states above are shown in Fig) 2
where the dot size is proportional to the oscillator strength.

Figure 7 shows how thé(z) confinement potentialtri- To characterize the excitonic wave functions we have calcu-
angles pointing downwar@i®ecomes attractive between the lated the probability to find both particles in the top dot
dots at small interdot separation. The effect of this attractivderhy), both particles in the bottom ddéghg), and the par-
potential on the hole stat®, is shown in Fig. 9, where the ticles in different dotgeghy, erhg) for each excitonic wave
single-particle hole stath, of our pseudopotential calcula- function. The results are given for the first four excitons in
tion is decomposed according to its Bloch—and envelopehe top four panels of Fig. 10. Different symbols have been
function—character [see Eq. (17)]. Only the main used for different occupations. The integration in E2p) is
contributions—the symmetric heavy-hole state with pSre performed over the volume abov®p dob and below(bot-
envelope function and the antisymmeti@) state with pure tom doy the equidistant plane between both dots. We next
P envelope function—are shown. Figure 9 shows that whenliscuss the salient features of the exciton energies and the
the interdot distance is reduced, the heavy-hole character doptical spectrum.

3. Component of the hole wave function responsible for the hole
tunneling has P symmetry

075325-8
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| Spectrum of the first two Exciton states |
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FIG. 11. Excitonic spectrum for the first two exciton stas
and|2) as a function of the interdot separatidn

products of the single-particle molecular orbitals given in
Figs. 8a) and @b): |erhg), [erhy), [eghg), and |eghy). The
on-site electron-hole Coulomb attractidnowers the energy

of the |e;hy) and |eghg) excitons, leading to the energetic
order given in Fig. 3ierhy), |eghg), |erhg), and|eghy). The
lerhy)/|eghg) excitons are separated froferhg)/|eghy) by

the on-site Coulomb attraction whileghg) is separated from
lerhr) (and |erhg) from |eghy)) by the polarization energy
2V,,. An interesting effect is already revealed at this point:
although the material propertiésomposition, shape, sizef

both dots are identical, their exciton energies are different, as
can be seen from the existence of two optically active lines
in the spectrum of Fig. @) for large interdot separation.
Naturally, if the two dots would have different sizes or com-
positions, as is often the case during growth, even greater dot
inequivalence will ensue.

B. Merging of the excitons|1) and |2): A many-body effect

Figure 11 shows in more detail the calculated spectrum of
the fist two excitongl) and|2) as a function of the interdot
distance. When the interdot distance is reduced from
17 nm to 8.5 nm both excitonic peaks move to higher energy
and move closer together until only one exciton peak is ob-
served atd=8.5 nm. The diminishing energy difference be-

function of the interdot distance. On each panel, four lines describéween|1) and|2) is an excitonic effect. To appreciate this fact
the occupation probability to find the electron and the hole both orwe plotted in Fig. 12 the electron-hole single-particle ener-

the bottom dot(eghg), both on the top doterhy), the electron on
the top and the hole on the bottaoie;hg), and the electron on the
bottom and hole on the top ddéeghy). Lower panel: entropy of
entanglement as a function of the base-to-base dot separation.

A. Largely separated dots

Figure 10 shows that the excitofi$ and|2) are localized
on the top and bottom dots, respectively. The sti8gand

gies: [TT)=gy—h;, |BB)=e;—-h,, |BT)=e;,—h;, and |TB)
=ey,—hy. At large interdot separation where the excitdhs

|2), |3), and|4) (including two-body effectsare almost pure
lerhy), |eshg), |erhg), and |eghy) the comparison between
|TT), |BB), |BT), and|TB) (Fig. 12 and|1), |2), |3), and|4)
[Fig. 2(c)] is meaningful |TT) and|BB) move apart whilel)
and|2) move together whed is reduced, showing the exci-
tonic nature of the latter effect which can be understood as
follows: At the single-particle level we saw in Sec. Il B that

|4) are dissociated excitons where the electron and hole arthe increasingly repulsive barrier for the heavy holes with
localized on different dots. The excitons are therefore simplelecreasing interdot separation lowers the single-particle hole
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133 ———

bight state below the dark state. In our solid state analogous,
the two “molecules” are coupled via strain and yield the
] unexpected “head-to-head” alignment typical of dark states
1 4 below bright states in dimers.

132
131

L3 D. Closely spaced dots: Forbidden transitions become allowed

3 The mixed heteronuclear and homonuclear behavior of
1 holes and electrons, as given in Fig&c)Gand &d), gives rise
to excitonic states that are combinations of single-dot local-
ized excitons (lerhy),|eghg)) and dissociated excitons
- | (lerhg),|eghr)) (Fig. 10. These combinations are given in
126 - Fig. 3 where electrons are obviously building bonding-
7 T I VR T T a— antibonding states and holes remain top or bottom localized.
Base to base separation (nm) At small d all the excitons are neither symmetric nor anti-
symmetric and all are, to some extent, bright. This can be
FIG. 12. Differences between single-particle electron and holeseen in Fig. &) where the statef3) and |4) start to gain
energies:|TT)=ey—h;, |[BB)=e;~hy, [BT)=€;-h;, and [TB)=e,  some oscillator strength as marked by the small dots visible
—ho. The denominatiofTT), [BB), [TB), and|BT), whereT stands  for base-to-base separations smaller than 8 nm. These states
for top andB for bottom, is only meaningful outside the shaded \ere optically inactive(dark at large interdot separation
area, for large interdot separations, since the single-particle electrafince electrons and holes were located on different dots
states at short base-to-base separations are neither top nor bonof&rming purely dissociated statésee Figs. 10 and)3

1.29—

Energy (eV)

energiegFig. 1(b)]. This destabilization goes along with de-
localization of these states. With decreasing interdot dis-
tance, the single-particle electron statebecomes delocal- ~ The calculated degree of entanglement is given in the
ized as well, but for another reason: it creates a bonding statéwer panel of Fig. 10. We see that it reaches the maximum
with increased occupation probability between the dbtg. ~ Value of 0.8 for a distance af,=8.5 nm and decays strongly

4). Both the delocalization of the electron staeand the for larger or shorter distances. From this result it is obvious
delocalization of the hole statég andh, contribute to lower that a judicious choice of interdot separation is crucial for
thee-h Coulomb attractiont)]l andUBE. The delocalization quantum computation applications. Especially the fact that
of the excited hole statie, (localized on topis stronger than ~Small distances show unentangled states is surprising. En-
the delocalization ofy. The magnitude ofJ] is therefore tanglement is a result of a fine balance bet\(veen the energetic
reduced more severely tharE® with decreasingl. This shift of the two dots and the electron and hole interdot coupling.

is an excitonic effect which is missed by theories restricted tg30th of these quantities depend on the interdot separation as
the single-particle leve32 well as from the material properties of the dot. Simple mod-

els which assume a high-symmetry Hamiltonian like the
theories presented in the Introduction or introduced in Refs.
C. Anticrossing of |1) and |2) at d,: Bonding-antibonding 11-14 naturally yield maximally entangled wave functions.
exciton splitting The calculation as well as the measurement of the entangle-
ment requires the treatment of atomistic effe@HBoy fluc-
tuation), strain, and correlations.

E. Degree of entanglement as a function of distance

At the critical distanced, the energy difference between
|1)=|erhy) and|2)=|eghg) is very small, allowing them to
form bonding and antibonding excitone;h;)+|ezhg) and _ S
lerhy) - |eghg) as shown in the “criticat” column of Fig. 3. F. Exciton dissociation energy
The energy difference between these excitons is 0.4 meV The energy difference between stafsand|2) (electron
and is conceptionally very similar to the Davydov splititg and hole on one dptand [3) and |4) (electron and hole on
observed in molecular crystals. Since the excit@nr) and  different dot3 is the exciton dissociation enerdy®® Figure
leshg) are highly symmetric, their bonding and antibonding2(c) shows that our calculated dissociation energy is
combinations should yield highly symmetric and antisym-~20 meV, and it reaches its minimum valuedst8.5 nm.
metric excitons with strong entanglement. A quantitativeThe value of 20 meV is considerably smaller than what was
analysis of the entanglement will be given subsequently. Infound in colloidal CdSe dot§150—300 meV,3536 and sug-

terestingly the antibonding combinatidoptically dark is  gests that photoconductivity has a low activation energy in
energetically below the bonding combinatioiptically  self-assembled dot molecules.

bright). This is due to the fact that the single-particle hole
states do not form asso- bond, like the electron, but a weak
ppo bond* (which will lead to a negative hopping parameter
t, in Sec. V) as described in Sec. Ill B 3. From a molecular  In the recent experiments of Somintatal®’ and Heet
point of view this situation is unexpected since dimers withal.3® a blueshift of the photoluminescen(®L) has been ob-
electric dipoles of the excitons align “head to tail” show aserved with decreasing interdot distance, in agreement with

G. Theoretical vs experimental spectra
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our results. Earlier, Miglioratet al3° reported a redshift of

< 1450 ]
the ensemble PL for stacks of vertically aligned quantum E @
dots. Our predicted blueshift only applies to quantum dots o 140F %

separated by enough buffer material to still be distinct enti- o

ties. The limiting case of a base-to-base separation equal to 170F

the dot height naturally yields a redshift typical of the for- s 8 o
mation of one single larger quantum dot. The theoretical re- g 1eop % '
sults for the magnitude of the splitting of the bright std@s & 150 eh

and |3) in Fig. 2c) are in good agreement with the 0

experiment$!~14 The agreement is even better if a system- 3 ol ® © 1
atic error of 1 nm between the interdot separation given in £ 2l % ]
the experiments and the calculated base-to-base separation is 0

assumed. We then compare the theoretical results: 42.1, 32.8, 2 10 e 1
24.8, and 16.8 me\(for the separations 5.1, 5.7, 6.8, and £ 2 BT @
7.9 nm with the experimental 42, 30, 17, and 12 mégr > e U -
the separations 6, 7, 8, andl’d-2*However, unlike what is %0 -5', U - -

reported in the experiment, we find that the bright states are
split which leads to four allowed excitons. In the case of our
calculation, the appearance of four states is due to the ran- FIG. 13. Effective parameters for the two-site Hamiltontdn
dom alloy fluctuations and the strain which affects the elec{Eq.(3)], distilled from our many-body pseudopotential calculation.
tronic properties of both dots and make them dissimilar. InThe lines are a parametrized fit to our data points, listed in Table I.
the experiment we would expect the dots to be even more
dissimilar, since the growth conditions for the top and bot-adopted in the introduction and in Refs. 11, 13, and 14 is not
tom dots are different, and four peaks at short interdot disjustified. The energetic of the hole versus electron states with
tance should be observed. It is, however, conceivable to obarying distance turns out to be very different, calling for a
serve only two peaks at small interdot separation and ongeparate treatment of electrons and holes which might lead to
peak at large interdot separation when both dots have the breaking of the symmetry of thexcitonstates. The elec-
same excitonic ground-state energy. This is expected to bgon states follow bonding-antibonding behavior while the
the exception rather than the rule but might have been thBoles keep, up to the smallest interdot distance, their top-
case in Refs. 11, 13, and 14. bottom character. This difference in the behavior of electrons
and holes is related to the different potential barriers experi-
enced by the electron and the holes, as shown in Sec. I, and
to their different effective masses. This is reflected by the
The pseudopotential Cl results can be fitted to thevery different tunneling matrix elements in Fig. 13. The elec-
tight-binding parameters of Eq3) and yield the on-site tron and hole states are not only different because of their
matrix elements{e],s2,¢],eB}, the hopping parameters tunneling properties but also because of the way they react to
{te,tn}, and the electron-hole Coulomb matrix elementsthe intrinsic properties of the dot. The single-particle energy
{Ugg,ulﬁ,ugg :UEE} presented in Fig. 13. The analytic ex- of the electrqn s;ates located on two well-separated top and
pressions for the distant-dependent parameters are given 9ttom dots is different by about 3 meV. The same energy
Table I. We note several physical observatiofis:The on-  difference for the hole states is almost zero. For these rea-
site energies for the top and bottom dots are different, esp&ons, a more elaborate model is necessary and is now, due
cially for holes. The difference # &2 and ] # &f comes
from strain effects and random alloy fluctuation, as discusse
in Sec. IV. The difference decreases tat>, but is still
present for electrongii) On-site energies, and g, depend
on the interdot separation distance because of strain cou-

base-to-base separation,d (nm)

V. DISTANCE-DEPENDED TIGHT-BINDING FIT

d TABLE I. Parametrization of the distance dependence of our
effective two-site Hamiltonian, Ed3). These functions are plotted
as solid lines in Fig. 13.

pling. (i) The electron and hole hopping parameters are well "~ 2rametetmeV)  Distance dependendd in nm)
fit by exponentialsde ¥, This is consistent with tunneling. o7 —1450- 4361+ 358612 738213
We find similar tunneling depthd, for electrons(2.15 nm) 83 —1449- 4521+ 358012 647313
and holes(3.64 nm), but the hole prefactoA,=-4.25 is 8? 167+ 129 1- 228102+ 658213
much smaller than the electron prefacter—255 meV (iii ) n 1 5 3
The magnitude of the on-site Coulomb energy decreases “h 163+2741"~ 37801+ 9984
(from =29 meV to —26 meY, while the interdot interaction te -255 exp§—-d/2.15
is 1/e.den, Where the effective distancehy=d?+A? re- th —4.25 exi-d/3.64
flects a charge spreafl of about 4 nm. The prefactor of uge —29.0+7.984
approximately 100 in the interdot interaction is an effective ulr -29.6+19.64
dielectric constant around 14.5, expressed in meV and nm. uBr _99_1/\;‘m

In light of these results it is obvious that the starting as- ule -98.5/\/d?+(4.21)?

sumption about the on-site and hopping matrix elements
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the detailed results of the pseudopotential-Cl calculationsptically allowed excitons with low degree of entanglement.
and the derived tight-binding picture, possible to derive. At large interdot separation, both the electron and hole
behave like a heteronuclear molecule forming two bright and

VI. SUMMARY

We have shown that the proper theoretical treatment OE
o)

excitons in dot molecules requires an accurate description
the single-particle leve(multiband coupling and strain ef-

fects must be taken into account; single-band approach

miss the qualitative pictujeas well as on the few-particle

level. We showed that simplified high-symmetry models
commonly used in the literature yield qualitatively erroneous

results.

At short interdot separations, the single-particle physics o
the electron states is close to the one of a homonuclear dim
where the orbitals form bonding and antibonding states. Th
hole states remain, even at short interdot distance, localize
on one or the other dot. We showed that the hole behavior

can be explained byi) strain, which inhibits the tunneling,
and (i) the lack of inversion symmetry between self-
assembled quantum dots.

two dark excitonic states, all four unentangled.

At a critical distance of 8.5 nnffor our dotg we predict
n anticrossing of the two bright excitons accompanied by a
igh degree of entangleme(&0%) of these states. We show
that a many-body effect derived from strain is responsible for

ége energetic alignment of these two exciton states. At the

point of energetic alignment, the excitons from bonding and
antibonding exciton states. The lower energy states is shown
to be antisymmetric and therefore optically dark.

In the last section we use our many-body CI results to

tic expressions for the parameters. These parameters could
e used by others to model self-assembled quantum dot mol-
ules.

E‘arametrize a X 4 tight-binding Hamiltonian and give ana-
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