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Hole spin relaxation time due to the hole–acoustic-phonon scattering in GaAs quantum dots confined in
quantum wells alongs001d and s111d directions is studied after the exact diagonalization of Luttinger Hamil-
tonian. Different effects such as strain, magnetic field, quantum dot diameter, quantum well width, and the
temperature on the spin relaxation time are investigated thoroughly. Many features that are quite different from
the electron spin relaxation in quantum dots and quantum wells are presented with the underlying physics
elaborated.
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I. INTRODUCTION

Recently, considerable interests have been devoted to
spin-related phenomena in semiconductors due to the enor-
mous potential of the spintronic devices.1,2 Among these,
properties of electron spins confined in semiconductor quan-
tum dotssQD’sd are essential to the proposed qubits in quan-
tum computers and have therefore caused much attention.3–8

Many works calculated the spin relaxation timesSRTd of
electrons due to the spin-orbit coupling induced spin-flip
electron-phonon scattering at very low temperatures,5,8,9

where the dominant electron-phonon scattering arises from
the piezoelectric potential. These works are based on pertur-
bation theory where the spin-orbit coupling is treated as a
perturbation in the Hilbert space spanned byH0, which does
not include the spin-orbit coupling. Moreover only the low-
est few energy levels ofH0 are included in the theory. Re-
cently, we have shown that the perturbation method is inad-
equate in accounting for the electron structure and therefore
the SRT in semiconductor QD’s: The SRT obtained from the
perturbation approach used in the literature5,8,9 is several or-
ders of magnitude smaller than the exact value.10 Investiga-
tion on the SRT of a hole in QD’s is reported very recently
by Woodet al.11 Again, the perturbation method is used and
only the SRT induced by the electron-phonon scattering due
to the deformation potential is considered. Many other ef-
fects such as the strain and multisubband effects as well as
the effect from the electron-phonon scattering due to the pi-
ezoelectric coupling have not been studied in their work.

In the present paper, we investigate the hole SRT of GaAs
QD’s confined in quantum wells alongs001d ands111d direc-
tions by parabolic potentials by exactly diagonalizing the
hole Hamiltonian with strain included. We calculate the hole
SRT due to the scattering with acoustic phonons by the
Fermi golden rule after getting the hole energy spectra and
the wave functions from the exact diagonalization. We dis-
cuss how the strain, QD radius, magnetic field, temperature,
and quantum well width affect the SRT. We show that strain
on quantum wells of different growth directions affects the
QD spin relaxation in totally different ways: for QD’s in
s001d quantum well strain changes the relative position of

energy levels of heavy and light holes; but for those in the
s111d quantum well, strain makes additional spin mixing and
induces additional spin relaxation. Also we show that unlike
the case of electrons where the SRT is mainly determined by
the electron-phonon scattering due to piezoelectric interac-
tions, for holes both the hole-phonon coupling due to piezo-
electric interaction and that due to deformation potential
make important contributions to the spin relaxation process,
although their relative importance changes under different
conditions.

The paper is organized as follows: In Sec. II we set up our
model and Hamiltonian. In Sec. III we present our numerical
results. We discuss the SRT of QD’s ins001d quantum well
in Sec. III A. We first discuss a simple case: a small QD
without strain where we compare our results with those ob-
tained from the perturbation method. Then we discuss strain
dependence of the SRT when the confinement of the quan-
tum well is very strong and there is only one subband. We
finish Sec. III A by showing the strain, magnetic field, and
QD radius dependence of the SRT in the case of large well
width smultisubband effectsd. Then we turn to the case of
QD’s in the s111d quantum well in Sec. III B. In Sec. III C
we show the well width dependence of the SRT in boths001d
and s111d quantum wells. We offer conclusions in Sec. IV.

II. MODEL AND HAMILTONIAN

We use a simplified model to study the spin relaxation in
QD’s that are defined by parabolic potentialsVcsr d in a quan-
tum well of widtha. Due to the confinement of the quantum
well, the momentum states alongz axis are quantized. With
the hard-wall approximation, the hole momentum states
along thez axis are therefore characterized by the subband
index nz. The total Hamiltonian is given by

H = Hh + Hstrain + Hph + Hint, s1d

in which Hh is the 434 Luttinger Hamiltonian for holes.12

When the growth direction of the quantum well is along the
s001d directionsz axisd and the matrix elements are arranged
in the order ofJz= + 3

2, +1
2, −1

2 and −3
2, Hh can be written as13
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Hh =
1

2m01
P + Q + 3"eBk S R 0

S† P − Q + "eBk 0 R

R† 0 P − Q − "eBk − S

0 R† − S† P + Q − 3"eBk
2 + Vcsr d, s2d

in which

Vcsr d =1
1
2mhi

001svh
001d2 0 0 0

0 1
2mli

001svl
001d2 0 0

0 0 1
2mli

001svl
001d2 0

0 0 0 1
2mhi

001svh
001d2

2 , s3d

and

P ± Q = sg1 ± g2dfPx
2 + Py

2g + sg1 7 2g2d
"2p2nz

2

a2 dnz,nz8
,

s4d

S= − 2Î3g3
4i"nz8nz

afsnz8d
2 − snzd2g

s1 − dnz,nz8
dfPx − iPyg, s5d

R= − Î3hg2fPx
2 − Py

2g − 2ig3PxPyj. s6d

In these equations,m0 denotes free electron mass;g1, g2, g3,
andk are Luttinger coefficients; andnz andnz8 represent the
subband indices.vh

001 andvl
001 in the two-dimensional con-

finement potentialVcsr d fEq. s3dg represent the confinements
experienced by the heavy hole and light hole, respectively,
and are given byvh

001=" / smhi
001d2d and vl

001=" / smli
001d2d,

with mhi
001=m0/ sg1+g2d and mli

001=m0/ sg1−g2d standing for
the effective masses of the heavy hole and light hole in the
direction perpendicular to the growths001d direction andd
representing the QD diameter. By applying a magnetic field
B along the growthszd direction of the quantum well and
adopting the Coulomb gaugeA =s−By/2 ,Bx/2 ,0d, one has
Px=s"kx+eBy/2d andPy=s"ky−eBx/2d.

From the Luttinger HamiltonianfEq. s2dg one can see that
when the well widtha is sufficiently small and only the
lowest subband in QD is important;S=0 and the +32 s−3

2
d

states can only mix with the −12 s+1
2

d states. Therefore there
is no mixing between the spin-up and -downs± 3

2
d heavy-hole

states and between the spin-up and -downs± 1
2

d light-hole
states. Spin mixing between the spin-up and -down heavy
hole and light hole is negligible when the energy difference
between the heavy-hole and light-hole states is usually too
large. Nevertheless, for larger well width where higher sub-
bands are needed,S no longer equals zero and the spin-up
and -down heavy-hole states are mixed with each other, me-
diated by the light-hole states. The same is true for the light-
hole states.

The strain HamiltonianHstrain given by the Bir-Pikus
Hamiltonian14 has the form:

Hstrain =1
F H I 0

H† G 0 I

I† 0 G − H

0 I† − H† F
2 s7d

with the matrix elements being

F = − SDa +
Db

2
DTrsed +

3Db

2
ezz, s8d

G = − SDa −
Db

2
DTrsed −

3Db

2
ezz, s9d

H = Ddsezx− iezyd, s10d

I =
Î3

2
Dbsexx − eyyd − iDdexy. s11d

HereDa, Db, andDd are the deformation potential constants.
e is the strain tensor withei j denoting the tensor components.
For s001d-oriented zinc-blende crystal the strain tensor com-
ponents are given by15

exx
001= eyy

001= ei =
a2 − a1

a1
, s12d

ezz
001= − 2

C12

C11
ei, s13d

exy
001= eyz

001= ezx
001= 0, s14d

wherea1 anda2 are the lattice constants of epilayersGaAsd
and substrate materials, andC11, C12, andC44 are the stiff-
ness constants. One can see that for thes001d-oriented zinc-
blende crystal,H= I =0 and the strain HamiltonianfEq. s7dg
has only the diagonal terms. Therefore the strain does not
induce any extra spin mixing, but adjusts the relative posi-
tions of the heavy-hole and light-hole energy levels.

When the growth direction of the quantum wellsz axisd is
along s111d direction, the hole Luttinger HamiltonianHh is
the same as that in Eq.s2d, but with the matrix elements
being replaced by13
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P ± Q = sg1 ± g3dfPx
2 + Py

2g + sg1 7 2g3d
"2p2nz

2

a2 dnz,nz8
,

s15d

S=
Î6

3
sg2 − g3dfPx + iPyg2 −

2Î3

3
s2g2 + g3d

3
4i"nz8nz

afsnz8d
2 − snzd2g

s1 − dnz,nz8
dfPx − iPyg, s16d

R= −
Î3

3
sg2 + 2g3dfPx − iPyg2 +

2Î6

3

3Fsg2 − g3d
4i"nz8nz

afsnz8d
2 − snzd2g

s1 − dnz,nz8
dfPx + iPygG .

s17d

Moreover vh
001, vl

001, mli
001, and mhi

001 in Eq. s3d should be
replaced byvh

111, vl
111, mli

111, andmhi
111, which are given by

vh
111=" / smhi

111d2d, vl
111=" / smli

111d2d, mhi
111=m0/ sg1+g3d and

mli
111=m0/ sg1−g3d, respectively. From Eqs.s15d–s17d, one

finds that differing from the previouss001d case, hereS and
R are nonzero even for the single-subband case. This means
when the growth direction is along thes111d crystal direc-
tion, there is always mixing between the spin-up and -down
heavy-hole states and the spin-up and -down light-hole
states.

The strain HamiltonianHstrain for the s111d-oriented zinc-
blende crystal is the same as that in Eqs.s7d–s11d, but now
the strain tensor components are given by15

exx
111= eyy

111= ezz
111=

1

3
s2 – 1/s111dei, s18d

exy
111= eyz

111= ezx
111= −

1

3
s1 + 1/s111dei, s19d

s111=
C11 + 3C12 + 4C44

2C11 + 4C12 − 4C44
. s20d

Substituting Eqs.s18d–s20d into Eqs. s7d–s11d, one getsF
=G and the off-diagonal elementsH and I are no longer
equal to zero. Consequently when one applies a strain on a
s111d-oriented zinc-blende quantum well, the changes of en-
ergy levels of the light and heavy holes are almost the same,
however the strain introduces additional spin mixing be-
tween the spin-up and -down heavy and light holes.

Hph in Eq. s1d is the Hamiltonian of acoustic phonons and
is given byHph=oQl "vQlaQl

† aQl with vQl standing for the
phonon energy spectrum of branchl and momentumQ. Two
different hole-phonon scattering mechanisms contribute to
the spin relaxation for the temperatures we consider here.
One is hole-phonon scattering due to piezoelectric coupling,
which is given by

Hint
pie = o

Ql

MQlsa−Ql
† + aQldexpsiQ · r d, s21d

with MQl being the scattering matrix elements. For longitu-
dinal acoustic phonons

MQpl
2 =

32p2e2e14
2

«2rvsl

s3QxQyQzd2

q7

and for two transverse acoustic phonons

o
j=1,2

MQptj
2 =

32p2e2e14
2

e2rvstq
5 FQx

2Qy
2 + Qy

2Qz
2 + Qz

2Qx
2

−
s3QxQyQzd2

Q2 G .

Herer is the GaAs volume density,e14 represents the piezo-
electric coupling constant, and« denotes the static dielectric
constant. The acoustic phonon energy spectravQl are given
by vQl =vslQ for the longitudinal mode andvQpt=vstQ for
the transverse mode withvsl and vst standing for the corre-
sponding sound velocities.Q=ÎQx

2+Qy
2+Qz

2. It is noted that
this kind of scatteringdoes notflip hole spin and therefore
only when the hole wave function itself contains spin mixing
can Hint

pie contribute to spin relaxation. The other is hole-
phonon scattering due to the deformation potentialHint

def. Hint
def

can be derived fromHstrain fEq. s7dg by substitutingei j in
Eqs. s8d–s11d by ei j =ei j

0 +ei j8 , and splittingHstrain into two
parts, one contains all terms proportional toei j

0 and the other
contains all terms proportional toei j8 .11 The second part is
thereforeHint

def if ei j
0 represent the strain tensor components

caused by the sample andei j8 are the tensor components
caused by the interaction between holes and lattice vibra-
tions. ei j8 can further be written in terms of normal-mode
coordinates as laid out in detail in Ref. 11. It is pointed out
that Hint

def is spin-flip scattering as it contains nonzero off-
diagonal partsH and I, and therefore can cause spin relax-
ation even for the spin-up and -down states with no spin
mixing in the wave functions.Hint=Hint

pie+Hint
def.

We diagonalize the Luttinger HamiltonianHh in the Hil-
bert spaceun, l ,nz,sl constructed byH0 which is the diago-
nal part ofHh:

uC,l = o
nlnzs

Cnlnzs
, un,l,nz,sl. s22d

HereH0un, l ,nz,sl=En,l,nz,s
j un, l ,nz,sl with

kr un,l,nz,sl = Nn,lsÎardul ue−ar2/2Ln
ul usar2deilu

3Î2

a
sinSnzp

a
zD , s23d

E
n,l,nz,±

3
2

j
=

m0

mhi
j f"Vs2n + ul u + 1d − "vBlg ±

3"eBk

2m0

+
m0

mhz
j

"2p2nz
2

2m0a
2 , s24d
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E
n,l,nz,±

1
2

j
=

m0

mli
j f"Vs2n + ul u + 1d − "vBlg ±

"eBk

2m0

+
m0

mlz
j

"2p2nz
2

2m0a
2 . s25d

In these equationsn=0,1,2, . . . andl =0, ±1, ±2, . . . are
quantum numbers;j denotes the growth direction which can
be s001d or s111d; mhz

j andmlz
j stand for the effective masses

of heavy and light holes in thez direction, which are given
by m0/mhz

001=g1−2g2, m0/mhz
111=g1−2g3, m0/mlz

001=g1+2g2,
andm0/mlz

111=g1+2g3; V=Îv0
2+vB

2 with v0=" / sm0d
2d and

vB=eB/ s2m0d; and

Nn,l = S an!

psn + ul ud! D
1/2

with a=m0V /". Ln
ul u is the generalized Laguerre polynomial.

The eigenfunctionuC,l in Eq. s22d is a mixture of four
components: spin-up and -down heavy-hole and light-hole
states. We assign an eigenstate, to be spin up if the spin-up
components are larger than the spin-down ones. A hole at
initial state i with energyei and a spin polarization can be
scattered by the phonon into another statef with energye f
and the opposite spin polarization. The rate of such scattering
can be described by the Fermi golden rule:

Gi→f =
2p

"
o
Ql

uMQlu2fn̄Qldse f − ei − vQld

+ sn̄Ql + 1ddse f − ei + vQldg, s26d

with n̄Ql representing the Bose distribution of phonon with
model and momentumQ at the temperatureT and MQl

being the corresponding matrix elements. For hole-phonon
scattering due to the piezoelectric coupling,uMQlu2
= zMQlkf ueiQ·r uilz2. It is noted that only when the eigenstates
uil andufl contain spin mixing canMQlÞ0 be possible. For
hole-phonon scattering due to the deformation potential,
uMQlu2= zkf uHQluilz2 with HQl the matrix for the hole-
deformation potential. AsHQl itself contains spin mixing, it
is therefore not necessary to have spin-mixed initial and final
states to ensureMQlÞ0. The total SRTt can be written as

1

t
= o

i

f io
f

Gi→f , s27d

in which f i =C expf−ei / skBTdg denotes the Maxwell distri-
bution of theith level with C being a constant. It is pointed
out that thet calculated by this scheme well represents the
SRT when there is no significant mixing between spin-up
and -down states, which is the ordinary case where the heavy
hole and light hole are far away from each other. However,
under certain strains in thes001d quantum well, the light-
hole and heavy-hole states can be very close to each other
and there is a significant mixing between spin-up and -down
eigenstates.t calculated by Eq.s27d then measures the state
lifetime and one should use other approaches such as the
kinetic equation approach16 to evaluate the SRT.

III. NUMERICAL RESULTS

It is seen from our previous discussion that hole spin re-
laxation in QD’s is very complicated and is affected by many
effects. When the quantum well is alongs001d direction, for
small well width swith only the lowest subbandd only hole-
phonon scattering due to the deformation potential contrib-
utes to the spin relaxation; for big well widthswith multi
subbandsd the hole-phonon scattering due to both deforma-
tion potential and piezoelectric coupling contributes to the
spin relaxation. Strain itself in this case cannot bring addi-
tional spin relaxation but influences it by changing or even
reversing the relative positions of energy levels of the heavy
hole and light hole. Especially when a minus strain makes
the energy levels of the heavy hole and light hole very close
to each other, spin mixing between spin-ups-downd heavy
hole and spin-downs-upd light hole can no longer be ne-
glected and therefore the hole-phonon scattering due to pi-
ezoelectric coupling may contribute to spin relaxation also.
Nevertheless, when the quantum well is alongs111d direc-
tion, regardless of the well width, there exists spin mixing
between spin-up and -down heavyslightd holes in the eigen-
functions of the Luttinger Hamiltonian. Therefore hole-
phonon scattering due to both deformation potential and pi-
ezoelectric coupling contributes to the spin relaxation.
Moreover, strain itself in this case makes additional spin
mixing and induces additional spin relaxation. In this section
we perform a comprehensive investigation to find out the
relative importance of above-mentioned effects under vari-
ous conditions such as temperature and QD radius. The pa-
rameters used in the computation are listed in Table I.14,17,18

In order to ensure the convergence of the energy spectra
e,, we use sufficient basis functions to diagonalize the hole
Hamiltonian Hh. For example, in a QD withB=1 T, a
=5 nm, d=20 nm, and without strain we have to use 100
basis functions to converge the lowest 40 levels; neverthe-
less, whena=20 nm we have to use 484 basis functions to
converge the same levels.

A. QD’s in (001) quantum well

1. Small well width without strain

We first consider QD’s in a smalls001d quantum well
sa=5 nmd without any strain. In this case the lowest eigen-
states ofH0 are heavy holes and the separation between the
heavy and light holes is around 0.1 eV. Due to the small well
width, only the lowest subband is needed in the calculation.
Therefore, as pointed out above, only the hole-phonon scat-
tering due to the deformation potential contributes to the spin
relaxation.

TABLE I. Parameters used in the calculation.

r 5.33103 kg/m3 e 12.9 g1 6.85

vst 2.483103 m/s Da −6.7 eV g2 2.1

vsl 5.293103 m/s Db −1.7 eV g3 2.9

e14 1.413103 V/m Dd −4.55 eV k 1.2

C11 11.81 C12 5.32 C14 5.94
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In Fig. 1 we plot the SRT as a function of the QD diam-
eter for two temperatures.B=1 T in the calculation. The
curves with • are the results obtained by the exact diagonal-
ization method with the energy levels sufficiently converged.
Unexpectedly, differing from intuition as well as the results
of an electron spin in QD’s,10 it shows in Fig. 1sad that the
SRT increaseswith the QD diameter.

To understand and check this result, we compare the re-
sults from the exact diagonalization method with those from
the perturbation approach widely used in the literature,5,8,9

however with the proper modification by including the
second-order corrections to the energy spectra as pointed out
in our previous work.10 Here we treat the off-diagonal part of
the Luttinger HamiltonianHh as a perturbation and calculate
the SRT between the lowest two energy levels composed by
two lowest heavy-hole and two lowest light-hole states of
H0: u0,0,1,sl with s= ± 3

2 and ±1
2. The wave functions can

be written as

kr uC↑l = kr u0,0,1,32l − Akr u0,0,1,−1
2l ,

kr uC↓l = kr u0,0,1,−3
2l − Bkr u0,0,1,12l , s28d

in which

A = −
Î3g3"eB

4g2"2sp2/a2 − ad − 4"eBk
, s29d

B = −
Î3g3"eB

4g2"2sp2/a2 − ad + 4"eBk
. s30d

With the second-order correction to the energy included, the
energy difference between the spin-upuC↑l and spin-down
uC↓l states can be written as

DE =
6"eBk

2m0
+ uAu2sE0,0,1,3/2− E0,0,1,1/2d

− uBu2sE0,0,1,−3/2− E0,0,1,−1/2d

=
6"eBk

2m0
−

3kg3
2s"eBd3/s4m0d

fg2"2sp2/a2 − adg2 − s"eBkd2 , s31d

in which the first term represents Zeeman splitting. The SRT
t can therefore be written as

1

t
= o

l

Dd
2DE3nQl

−

2ps"vsld4vslr
E

0

p/2

duKlsudsA − Bd2

3expS−
q2

2a
DI2sqzd, s32d

with Q=DE/ s"vsd, q=Q sin u, qz=Q cosu, and Isqzd
=8p2 sinsaqz/2d / haqzf4p2−saqzd2gj. l stands for the
branches of phonon: for longitude modeKlsud
=sin3sudcos2sud and for two transverse modesKt1sud
= 1

4sinsudcos2s2ud and Kt2sud= 1
4sinsudcos2sud, respectively.

The SRT’s calculated from Eq.s32d are plotted as the curve
with 3 in Fig. 1sad, which coincides with the curve withs
obtained from the exact diagonalization method but with ex-
actly the same four basis functions used in the perturbation
method as basis. One can see that the SRTt doesincrease
with the QD diameter atT=0.2 K. From Eqs.s29d–s32d one
finds that the SRT depends on the diameter only througha,
which can be approximated intoa=1/d2 in the casev0
@vB. Moreover, the mixture of wave functions and the en-
ergy differenceDE hardly change withd for p2/a2@1/d2.
Therefore only the exponential term exps−q2/2ad in Eq. s32d
fast decreases withd. As a result larger QD diameter corre-
sponds to longer SRT at low temperature.

As shown in our previous work that the right perturbation
approach with the lowest few levels ofH0 as basis functions
may lead to a totally opposite trend.10 In order to rule out this
possibility in the present analysis, we plot in Fig. 1sad the
SRT calculated from exact diagonalization method but with
16 eigenfunctions ofH0 as basis functions, i.e.,u0,0,1,sl,
u0,1,1,sl, u0,−1,1,sl, and u0,2,1,sl with s=±1

2 and ±3
2.

It is seen from the figure that it produces the samet-d de-
pendence.

In Fig. 1sbd we plot the same curves but atT=4 K. It is
seen that at this temperature the SRT produces a maximum
versus the diameterd. This is because at high temperatures
the scattering between the higher-energy levels becomes im-
portant. These high-energy levels are arrayed very close to
each other. The increase of diameters makes more levels into
the scattering channel and thus induces a faster spin relax-
ation if it overcomes the tendency described above. The per-
turbation approach here only includes the lowest two heavy-
hole and light-hole energy levels and therefore cannot obtain
the maximum feature here.

In Fig. 2sad we plot the SRT as a function of the tempera-
ture for a QD witha=5 nm andd=20 nm under three dif-
ferent magnetic fields. From the figure one finds that the SRT
decreases with the temperature as higher temperature leads to
larger number of phononsnQl and consequently a larger

FIG. 1. SRT vs the diameterd. Curve with •: exact diagonaliza-
tion result with the energy sufficiently converged. Curve with3:
perturbation result. Curve withs: exact diagonalization result but
with only the lowest two heavy-hole and the lowest two light-hole
levels used as basis functions. Curve withj: exact diagonalization
result but with only the 16 energy levels ofH0 as basis functions.
sad T=0.2 K andsbd T=4 K.
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transition probability. Moreover, as pointed out in our previ-
ous work,10 a smaller magnetic field makes the SRT drop
faster with the temperature due to the fact that a small mag-
netic field makes small spaces between different energy lev-
els and hence leads to a faster response to the temperature. In
Fig. 2sbd we further specify the contributions from different
branches of phonons. It is stressed again that only the hole-
phonon scattering due to the deformation potential contrib-
utes to the spin relaxation here. As the temperature is below
4 K, the scattering from spin-up to spin-down states, in
which phonons are emitted, is much larger than that from the
reverse process, in which phonons are absorbed. Therefore,
unless specified, the scattering rate 1/t is defined to be the
scattering from spin-up to spin-down states throughout this
paper. It is seen from the figure that the SRT here is deter-
mined by the transverse modes.

2. Small width with strain

As pointed out in the preceding section, strains ons001d
quantum well can change or even reverse the relative posi-
tions of energy levels of heavy and light holes. Now we turn
to investigate QD’s under different strains ins001d quantum
well with a=5 nm, d=20 nm, andB=1 T at T=4 K. The
strain is adjusted by changing the strain tensor componentei

in Eqs.s12d ands13d. We plot the SRT versusei /ei
0 in Fig. 3

with ei
0 obtained by substituting the lattice constants of GaAs

and InAs fora2 and a1, respectively, in Eq.s12d. It is seen
from the figure that whenei .0. the SRTt increases with
applied strain. This is because the positive strain enhances
the gap between the heavy hole and light hole. Nevertheless,
in order for a spin-up heavy hole to flip to the spin-down
heavy hole, it has to go to a light-hole state first. Increasing
the gap between the heavy and light holes greatly reduces the
spin relaxation and leads to the increase of SRT. When we
apply a negative strain, as the gap decreases, the SRT de-
creases as shown in the figure. Particularly atei /ei

0=−0.3
there is a crossing of energy spectrum as shown in the same

figure that the two lowest-energy states change from the
heavy-hole states to the light-hole ones, and correspondingly
the SRT shows a minimum. Whenei /ei

0,−0.3 the initial
spin states are light holes and increasing strain along the
negative direction enhances the gap of light hole and heavy
hole again and therefore the SRT is increased again.

SRT aroundei /ei
0=−0.3 needs more discussion. Around

this point, the energy levels of the heavy hole and light hole
are close to each other and therefore as said before that the
hole-phonon scattering due to piezoelectric coupling is able
to contribute to the spin relaxation. This can be seen in the
inset of Fig. 3 where SRT due to the piezoelectric coupling is
plotted as a chain curve and that due to deformation potential
is plotted as a dashed one. The solid curve is the total SRT.
Very close toei /ei

0=−0.3, the SRT is determined by the hole-
phonon scattering due to piezoelectric coupling. However,
the contribution of piezoelectric coupling decays dramati-
cally with little deviation of the strain from −0.3. When
ei /ei

0,−0.29 or.−0.284, the SRT is totally determined by
the hole-phonon scattering due to the deformation potential.

3. Large width

Now we turn to investigate the SRT in a QD ofa
=20 nm,d=20 nm andB=1 T at T=4 K. For such a well
width, one has included states withnzù2. From Eqs.s2d–s5d
one can see that the scattering between different subbands
makes ±32 states mix with ±12 states. Therefore, hole-phonon
scattering due to the piezoelectric coupling makes contribu-
tion to the spin flip scattering with or without strain.

In Fig. 4, we plot the SRT as function ofei /ei
0. It is seen

from the figure that the SRT shows a minimum around
ei /ei

0,−0.01. This is because for large quantum well, the lift
of the G-point degeneracy is very small and the lowest
heavy-hole and light-hole states are very close to each other.
Again, the SRT increases with the applied positive or nega-
tive strain due to the separation of the heavy-hole and light-

FIG. 2. SRT vs temperatureT for QD with a=5 nm andd
=20 nm.sad Results under different magnetic fields. Curve withj:
B=0.2 T. Curve withm: B=0.6 T. Curve with •:B=1 T. sbd Re-
sults at B=1 T with contributions from different branches of
phonons specified. Curve withj: contribution from longitudinal
phonons. Curve withm: contribution from the transverse phonons
of first branch. Curve withl: contributions from the transverse
phonons of the second branch. Curve with •: The total SRT.

FIG. 3. SRT and the energy spectrum of the lowest two heavy-
hole sdashed curved and light-holessolid curved states vs strain for
a QD in s001d quantum well ata=5 nm,d=20 nm, andB=1 T at
T=4 K. Note the scale of the energy spectrum is on the right-hand
side of the figure. Inset: solid curve, total SRT; chain curve, SRT
induced by the hole-phonon scattering due to piezoelectric cou-
pling; dashed curve, SRT induced by the hole-phonon scattering
due to deformation potential.
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hole states. Differing from the case of single subband, here
the hole-phonon scattering due to the piezoelectric coupling
makes a strong contribution to the SRT even without strain.
Nonetheless it is shown in the figure that for the case of
larger strain the SRT is mainly determined by the hole-
phonon scattering due to deformation potential.

In Fig. 5 we plot the SRT as a function of QD diameterd
whena=20 nm under different strains with solid curves for
the strain-free case, chain curves for positive strain cases and
dashed curves for negative strain cases. Similar to the case of
small well width without strain in Fig. 1, for large well width
without strain here the SRT also increases with the diameter
for low temperaturesT=0.2 Kd fFig. 5sadg and shows a
maximum for higher temperaturesT=2 Kd fFig. 5sbdg.
Strains keep these trends. Nevertheless for small negative
strain −0.2,ei /ei

0,0 the variations become smoother. This
feature can be understood as follows: For negative strain the
heavy-hole states intercept with the light-hole ones at high
energies. The states around these intercepting points are par-

ticular efficient in the spin relaxations. As said in the preced-
ing section, the high-energy states are aligned very close to
each other. The increase of diameter drives more states into
the scattering channel and partly compensates the decreasing
tendency. For larger negative strainsei /ei ,−0.2d, the heavy
and light holes are separated again and the change of the
SRT with the diameter becomes fast again as shown in the
figure.

The SRT as a function of magnetic fieldB under different
strains atT=4 K is plotted in Fig. 6. As shown in Eqs.s29d
and s30d, the spin mixing is enhanced with the increase of
the magnetic field. Thereforet decreases withB. Moreover,
similar to the case of the diameter dependence of the SRT,
one finds that thet-B dependence becomes weak when a
negative strain is in the range −0.2,ei /ei

0,0. This is be-
cause when the heavy-hole states intercept the light-hole
ones, the Zeeman splitting, which appears in the denomina-
tors of the spin mixing coefficientsfe.g., in the denominators
of Eqs. s29d and s30dg, becomes important, which partially
compensates the increase of the spin mixing with the mag-
netic fieldsi.e., B in numerators of spin mixing coefficientsd.
Therefore, the SRT changes withB slowly. However, for a
larger negative strain which makes a big separation between
the heavy-hole and light-hole states, thet-B dependence be-
comes stronger again.

B. QD’s in the (111) quantum well

We now turn to investigate QD’s under different strains in
s111d quantum well. As pointed out before, differing from the
case ofs001d quantum wells, there always exists spin mixing
between spin-up and -down heavyslightd holes in the eigen-
functions of the Luttinger Hamiltonian ofs111d-oriented
quantum wells. Therefore, hole-phonon scattering due to
both deformation potential and piezoelectric coupling con-
tributes to the spin relaxation even there is no strain on QD.
Moreover, the effect of strain ons111d-oriented crystal is also
different from thes001d case: The strain hardly changes the
relative position of energy levels of heavy and light holes,

FIG. 4. SRT vs strain for a QD ins001d quantum well ata
=20 nm,d=20 nm, andB=1 T at T=4 K. Solid curve: total SRT.
Chain curve: SRT induced by the hole-phonon scattering due to
piezoelectric coupling. Dashed curve: SRT induced by the hole-
phonon scattering due to deformation potential.

FIG. 5. SRT vs the diameterd for QD’s at a=20 nm andB
=1 T under different strains. Curve with •,ei /ei

0=0, 3, ei /ei
0

=0.07; h, ei /ei
0=−0.07; n, ei /ei

0=−0.09; l, ei /ei
0=−0.3. sad T

=0.2 K; sbd T=2 K.

FIG. 6. SRT vs the magnetic fieldB for a QD in s001d quantum
well at a=20 nm, d=20 T, and T=4 K under different strains.
Curve with •, ei /ei

0=0; j, ei /ei
0=0.01; l, ei /ei

0=0.03; s, ei /ei
0

=−0.01;h, ei /ei
0=−0.02;3, ei /ei

0=−0.03; +,ei /ei
0=−0.2.
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but introduces additional spin mixing, which leads to addi-
tional spin relaxation.

In Fig. 7 we plot the SRT versusei /ei
0 in a QD of a

=5 nm,d=20 nm andB=1 T at T=4 K. It is seen from the
figure that in opposition to thes001d case as shown in Figs. 3
and 5, here the SRTdecreasesrapidly with the increase of
strain in both positive and negative directions. This is be-
cause the additional spin mixing introduced by the strain is
the main effect in the present case, which makes the scatter-
ing rate increase with strain. Moreover, one finds that for
small strain, the SRT is determined by the hole-phonon scat-
tering due to deformation potential but afteruei /ei

0u.0.1,
hole-phonon scattering due to the piezoelectric coupling
starts to contribute to the spin relaxation and afteruei /ei

0u
.0.3 it takes over the scattering due to the deformation cou-
pling and becomes the leading contribution. However, both
contributions should be included in the calculation when
strain is presented ins111d quantum wells.

We discuss the diameter and magnetic field dependence of
SRT under different strains. In Fig. 8 the SRT is plotted
against the QD diameterd for different strains. As the SRT
with positive and negative strains are almost symmetrical,
we only show the case withei /ei

0ù0. It is noted that when
ei /ei

0=0.12 the hole-phonon scattering due to the deforma-
tion potential is dominant but when it is 0.28 the scattering
due to the piezoelectric coupling becomes more important.
Similar to the cases in the preceding sections, the SRT in-
creases with diameter monotonically whenT=0.2 K fFig.
8sadg and has a maximum whenT=4 K fFig. 8sbdg.

In Fig. 9 we show the magnetic field dependence of the
SRT under different strains. When there is no strain or very
small strain, similar to the case of QD in thes001d quantum
well and our previous investigation on electron spin in
QD’s,10 the SRT decreases with the magnetic field. However,
for a little larger strain the SRTincreaseswith magnetic
field. This is understood as the spin mixing induced by strain
in the s111d quantum well makes a major contribution to the
spin relaxation for sufficient big strain. Nevertheless, this

mixing decreaseswith B. This can be seen as follows: In the
case when there is no intersubband spin mixing and the
heavy- and light-hole states are separated from each other,
then almost all the spin mixing comes from the off-diagonal
terms of the strain HamiltonianfEqs. s10d and s11dg. Using
the perturbation method, and adopting the lowest four states
of H0 as basis, the wave functions are written as

kr uC↑l = kr u0,0,1,32l + Ckr u0,0,1,12l + Dkr u0,0,1,−1
2l ,

kr uC↓l = kr u0,0,1,−3
2l + Ekr u0,0,1,12l + Fkr u0,0,1,−1

2l ,

s33d

in which C=m0H / s"eBk+Ded, D=m0I / s2"eBk+Ded,
E=−m0I

* / s2"eBk+Ded, and F=m0H
* / s"eBk+Ded with

De=2g2"V−4g2"2p2/m0a
2. H andI are the matrix elements

of strain HamiltonianfEqs. s10d and s11dg, which are inde-
pendent of the magnetic field. Consequently the SRT in-
creases withB here.

FIG. 7. SRT vs strain ata=5 nm, d=20 nm, B=1 T, and T
=4 K. Solid curve: total SRT. Chain curve: SRT induced by the
hole-phonon scattering due to piezoelectric coupling. Dashed curve:
SRT induced by the hole-phonon scattering due to deformation
potential.

FIG. 8. SRT vs the diameterd for a QD in s111d quantum well
at a=5 nm andB=1 T under different strains. Curve with •:ei /ei

0

=0; j: ei /ei
0=0.12;m: ei /ei

0=0.28.sad: T=0.2 K, sbd T=4 K.

FIG. 9. SRT vs the magnetic fieldB at a=5 nm, d=20 T, and
T=4 K under different strains. Curve with •,ei /ei

0=0; 3, ei /ei
0

=0.01; +,ei /ei
0=0.02;j, ei /ei

0=0.12;m, ei /ei
0=0.28.
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C. Well width dependence of the SRT

Finally we investigate the quantum well dependence of
the SRT of QD’s withd=20 nm andB=1 T at T=4 K. The
SRT’s of QD’s in s001d s111d quantum wells are plotted as
function of quantum well widtha in Fig. 10. It is seen that
for both cases the SRT’s decrease with the well width, which
is totally opposite to the cases of electron spin in QD’s10 and
quantum wells.19 This difference originates from the fact that
for electron spin the spin-orbit coupling decreases dramati-
cally with the well width.10,19 Nevertheless, for hole spin
although the spin-orbit coupling also decreases witha fsee
Eqs.s5d ands16dg, the decrease of the space between differ-
ent energy states is fasterfsee Eqs.s4d and s15dg. Conse-
quently more states are included in the spin-flip scattering
channel andt decreases with the well width.

IV. CONCLUSIONS

In conclusion, we have performed a comprehensive inves-
tigation on hole spin relaxation in GaAs QD’s confined in
quantum wells alongs001d and s111d directions by exactly
diagonalizing the hole Luttinger Hamiltonian. We find that
for QD’s in s001d quantum wells with small well width
where only the lowest subband is involved, the SRTin-
creaseswith the QD diameter at very low temperaturese.g.,
0.2 Kd or first increases until it reaches a maximum and then
decreases at higher temperaturese.g., 4 Kd. These features
are opposite to those of electron spin in QD’s. Moreover,

unlike the case of electron spin where the SRT is mainly
determined by the electron-phonon scattering due to the pi-
ezoelectric coupling, here only the hole-phonon scattering
due to the deformation potential contributes to the spin re-
laxation. Strain changes the relative positions of energy lev-
els of the heavy hole and light hole. A positive strain in-
creases the energy gap between the heavy hole and light hole
and enhances the SRT. A negative strain decreases the gap
and reduces the SRT until the interchange of the lowest-
energy states from heavy hole to light hole. After that the
SRT increases again. Moreover, very close to the transition
point, as the energy levels of the heavy hole and light hole
are very close to each other, the hole-phonon scattering due
to piezoelectric coupling contributes to the spin relaxation
too. For large well width where the multisubband effect is
important, the hole-phonon scattering due to the piezoelec-
tric coupling contributes to the spin-flip scattering with or
without strain. Nevertheless the SRT is still mainly deter-
mined by the scattering due to deformation potential except
at the transition point. The magnetic field dependence of the
SRT is also discussed.

For QD’s in s111d quantum well things are quite different
from those for QD’s ins001d quantum well: Hole-phonon
scattering due to both piezoelectric coupling and deformation
potential contributes to the spin relaxation and should be
both included in the calculation, regardless of the well width.
Strains can hardly change the relative positions of energy
levels of the heavy hole and light hole but introduceaddi-
tional spin mixing. Therefore the SRT decreases rapidly with
strain; The SRT decreases with magnetic field as in the case
of QD’s in a s001d quantum well and in our previous inves-
tigation on electron spin in QD’s when there is no strain or
very small strain. However, for strain that is large enough
that the spin mixing is mainly determined by the strain, the
SRT increaseswith B. Finally we show that the hole SRT
decreases with well width for QD’s in boths001d and s111d
quantum wells, which is totally opposite to the cases of elec-
tron spin in QD’s and quantum wells.
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