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The electronic structures of quantum dots with 6, 9, and 13 electrons under the influence of a strong
magnetic field together with a positive impurity has been studied. By diagonalizing the Hamiltonian and by a
detailed analysis of the wave functions, both crystal-like and liquidlike states were found. The crystal-like
states have clear core-ring structures. The effect of impurity and the effect of symmetry constraint on these
structures has been clarified. Based on the symmetry constraint, the states can be well classified, and the
candidates of magic angular momenta can be predicted.
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I. INTRODUCTION

It is well known that the quantum dots as a kind of arti-
ficial microstructures are important and attractive from both
the application and academic points of view.1–12 The superi-
ority of quantum dots arises mainly from the fact that their
properties can be controlled. Various kinds of dots can be
made for various purposes. Due to the diversity, very rich
physics is involved. In the theoretical aspect, there are a
number of effective theoretical methods, e.g., the Hartree-
Fock method,13 the “exact diagonalization” method,14 and
the density-functional approach.10,15 When the number of
electronsN in a dot is neither few nor manyssay, 6øN
ø50d, the core-ring model of electronic structure is believed
to be reasonable.16–19 The existence of such a picture has
been revealed by numerical calculation and studied in detail
in recent works.20–22

On the other hand, electric and magnetic field are usually
used for controlling. In addition, the deposition of an impu-
rity can affect the electronic structures severely, therefore
this is also a way for controlling. The effect of the electronic
and magnetic field has already been widely studied, but the
effect of impurity is less studied.23–27

Furthermore, since each quantum state is required to
transform in a specific way under rotation, inversion, and
particle permutation, the structure of the wave function is
therefore constrained by this requirement. It turns out that
the symmetry constraint might lead to the appearance of in-
herent nodes, thus the stability of the quantum state is seri-
ously affected. This fact imposes a strong impact on low-
lying spectra, in particular, the series of magic angular
momenta is decisively affected. However, the combined ef-
fect of symmetry constraint and impurity has not yet been
concerned.

As a continuation of the previous study, this paper is dedi-
cated to study further the effect of impurity on the core-ring
structures. A positive impurity is placed at the center of the
dot, and a strong magnetic field is applied. Only the polar-
ized states with the filling factornø1 are concerned. By
diagonalizing the Hamiltonian with the basis functions in-
cluding not only the lowest Landau levelsLLL d but also
higher levels, and by a detailed analysis of the wave func-
tions, the combined effect of impurity and symmetry con-
straint has been exhibited.

II. HAMILTONIAN AND THE APPROACH

Let the electrons be confined in aX-Y plane by a para-
bolic confinement. The Hamiltonian reads
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wherem* =0.067me is the effective electron mass for a GaAs
dot,L is the total orbital angular momentum,Ze is the charge
of the impurity sZ=1 is assumed in the followingd, B is the
magnetic field perpendicular to theX-Y plane sB=10 T is
assumedd, «r =12.4 is the background dielectric constant, and
r j the position vector of thej th electronsr jk= ur j −r kud. "v0

=3 meV measures the strength of the parabolic confinement.
The small Zeeman term has been neglected. Since only the
polarized states are considered, the spatial wave functions
are completely antisymmetrized and the spin-part can be
omitted.

The Schrödinger equation was solved using the same
method as stated in Ref. 21. Comparing with other methods
of diagonalizing the Hamiltonian, our method has three fea-
tures.s1d The basis functionssBFsd contain a variational pa-
rameter, thereby they can be optimized.s2d The BFs are or-
dered in such a sequence so that the one with a smaller index
is more important to low-lying states. With such a sequence,
the Hamiltonian matrix can be enlarged step by step until a
satisfactory convergency has been achieved.s3d In addition
to the BFs belonging to the lowest Landau levels, a part of
higher levels are included. Thus our method is in general an
improvement of those suffering the LLL limitation.

Let a series of states having the sameL be denoted assLdi,
where thei =1 state is the lowest and is called a first state.
The corresponding eigenenergy is denoted asEfsLdig. To
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show the convergency of our calculation, examples forN
=6 and 13 systems are given in Table I.

From Table I, one can see that the convergency is not very
good. However, it was found that the densities, as defined
later, extracted from the wave functions obtained by using
10 000, 11 000, and 12 000 BFs are nearly indistinguishable.
Since we are only interested in the qualitative aspect, the
accuracy achieved by using 12 000 BFs is sufficient for our
purpose.

It is noted that, for a first state, if the Coulomb interaction
sthe last two terms inUd is removed from the Hamiltonian,
all the electrons will fall in the LLL with the energy
sL+Nd"v−s"vc/2dL. Let us define

«sLd ; EfsLd1g − sL + Nd"v +
"vc

2
L. s2d

This quantity is a measure of the Coulomb repulsion in the
first states.

Let the eigenwave functions be denoted asCL. For study-
ing the electronic structures, we define the one-body density
as

r1sr 1d =E uCLu2dr 2dr 3 ¯ dr N s3d

and the two-body density as

r2sr 1,r 2d =E uCLu2dr 3dr 4 ¯ dr N. s4d

These functions will be inspected.

III. CORE-RING STRUCTURES AND SYMMETRY
CONSTRAINTS

It was found that the core-ring structures of electrons are
realistic,20,21 whereNout electrons are contained in the ring
outside while the restNin=N−Nout are contained in the core
inside. It can be further assumed that the ring contains an
angular momentumlout while the core containsl in=L− lout.
Obviously, bothNout andlout are not good quantum numbers.
Therefore, in general, the spatial wave function can be ex-
panded as

CL = Ã o
b,lout,Nout

Clout,Nout

b Fl in,Nin

b,coreFlout,Nout

b,ring , s5d

where Flout,Nout

b,ring is itself an antisymmetrized function of the
Nout electrons with the angular momentumlout, and is mainly
distributed in the ring.b is introduced to respond to the
possibility that this function may not be unique. Whereas

Fl in,Nin

b,core is for theNin electrons mainly distributed in the core.

Clout,Nout

b are the coefficients of combination andÃ is the an-
tisymmetrizer. Although neitherlout nor Nout is a good quan-
tum number, a specific pair of them might be dominant, as
we shall see.

Let us first study the symmetry constraints imposing on
the componentFlout,Nout

b,ring . When theNout electrons turn out to
form a regular polygon, a rotation by 2p /Nout is equivalent
to a cyclic permutation of electrons. This equivalence leads
to a equation of constraint

e−i2plout/NoutFlout,Nout

b,ring = ± Flout,Nout

b,ring s6d

valid at the polygon, the left side arises from the rotation,
and the right side from the permutation. The plussnegatived
sign would be taken ifNout is oddsevend. Thus, ifNout is odd
sevend and if lout/Nout is not an integershalf integerd, Flout,Nout

b,ring

would be zero at the polygon, i.e., an inherent node would
emerge. In other words, when the requirement

lout = Nouth j + f1 + s− 1dNoutg/4j s7ad

does not holdswherej is an arbitrary integerd, theNout -sided
regular polygon is forbidden, and the inherent node would
cause an increase of energy. In this case the component
Flout,Nout

b,ring is not advantageous to binding, and therefore would
not be important to low-lying states.

Similarly, if

l in = N0h j + f1 + s− 1dN0g/4j s7bd

does not holdswhereN0=Nin or =Nin−1; in the latter case,
an electron stays at the centerd, theN0-sided smaller regular
polygon is forbidden, and accordinglyFl in,Nin

b,core is not impor-
tant.

Equationss7ad and s7bd serve to discriminate the impor-
tant components in the first states. If a couplelout and Nout
can be found fulfilling Eq.s7ad while at the same time the
associatedl in and N0 fulfill Eq. s7bd, and if the associated
core-ring configurationshavingNout electrons in the ring and
Nin in the cored is lower in total potential energyU, then the
associated componentFl in,Nin

b,core Flout,Nout

b,ring would be relatively
more important in the expansion of Eq.s5d. If there is no
other important component to compete, the only important
component alone would be dominant and the first-statesLd1

would have a clear core-ring structure. In particular, if the
associated core-ring configuration is specially low inU, the
associatedL= l in+ lout is a candidate of magic number, and
the associated first state is a candidate of the true ground
state.

The above discussion is a base to understand the follow-
ing results. Incidentally, since the moment of inertia of the
core is much smaller than that of the ring,l in is much smaller
than lout in lower states. Otherwise, the collective rotation
energy will greatly increase. A better choice is to havel in as
least as possiblesallowed by Pauli principled as22

l in = sl indmin = NinsNin − 1d/2. s7cd

It was found that this is the case for all the first-states
unlessL is very large.20–22 In this case the core is said to be

TABLE I. The energiessin meVd of the first statesEfsLd1g. The
first row is the number of basis functions used in the calculation.

10 000 11 000 12 000

Efs21d1g sN=6d 258.390 258.381 258.375

Efs82d1g sN=13d 1069.951 1069.881 1069.842
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inert. It is straightforward to prove thatsl indmin satisfies Eq.
s7bd automatically. In what follows, we shall use Eq.s7cd to
replace Eq.s7bd.

IV. ELECTRONIC STRUCTURES OF DONOR STATES OF
N=6 DOTS

In what follows the results of the first states are given. We
use meV andaM ;Î" /m*v=111.51 Å sif B=10 Td as the
units of energy and length. Let us first inspect«sLd given in
Fig. 1, where Fig. 1sad results from the diagonalization con-
taining only the BFs of LLLsthe number of this kind of BFs
is 1 if L=15,35 if L=25, and 282 ifL=35d. However, in
addition to all the LLL, totally 12 000 BFs are used for Fig.
1sbd. Thus the effect of higher Landau levels is revealed by
comparing Fig. 1sad with 1sbd. It was found that the inclusion
of higher levels leads to a decrease of energy about

5 to 7 meV, thus the effect of the higher levels on energy is
not negligible. Nonetheless, the effect becomes smaller ifL
is larger. In addition, although the curves in Figs. 1sad and
1sbd have the same tendency, some details have been
changed. For example,«s26d is remarkably higher insbd but
not in sad, and «s35d is remarkably lower insbd but not so
much insad, etc. To see the effect of higher Landau levels on
the structure of wave function, let us evaluate the weights of
the LLL sWLLL d in the wave functions obtained from our
calculation with 12 000 BFs. They are listed in Table II for
some selected states.

From this table it is clear that the weights of higher levels
are not very small, therefore the inclusion of higher Landau
levels is necessary, in particular if a positive impurity exists.
In order to understand the physics involved in Fig. 1, we
have to investigate the electronic structures by analyzing the
wave functions. It was found that there are three types of
state. The first type has a clear core-ring structure withNout
=5 sand accordinglyNin=1d, this is called a 1-5 structure and
is marked by a black square in Fig. 1sbd. Examples of this
type are given in Figs. 2sad, 2sbd, 3sad, and 3sbd. The r1 in
Fig. 2sad has a minimum atr =r0=1.14,r0 can be considered
as the border separating the core and the ring. It was found
that

2pNE
ro

`

r1srdrdr = 4.88. s8d

The r1 in Fig. 2sbd has ro=1.52 and the corresponding
integration gives 4.77. Both values are close to 5, thus they
support the suggestion of having the 1-5 structure. Ther2 in
Figs. 3sad and 3sbd have a core, and have one electron to-
gether with two peaks in the upper-half ring, thus they con-
firm directly the existence of the 1-5 structure. Since the
wave function is meanwhile distributed sharply surrounding
a symmetric geometric structuresa centered pentagond, this
structure is said to be crystal-like.

The second type has a 2-4 structure and is marked by a
star in Fig. 1sbd. The r1 in Figs. 2scd and 2sdd have ro
=1.70 and 1.88, the corresponding integrationsfsee Eq.s8dg
give 4.11 and 4.06. These data support the suggestion of
having the 2-4 structure. Ther2 in Figs. 3scd and 3sdd have a
core, and have one electron together with two peaks in the
upper-half ring, thus they confirm directly the existence of
the 2-4 crystal-like structure.

Instead of being crystal-like, the third type is liquidlike
and is marked by a white circle in Fig. 1sbd, they do not have
a clear geometric feature. Examples are given in Figs. 2sed
and 2sfd, where the border between the core and the ring
cannot be well defined. Accordingly, in Figs. 3sed and 3sfd, a
crystal-like picture no longer exists.

TABLE II. Weights of the LLL sWLLL d in the first states withsupper rowd and withoutslower rowd the
impurity

sLd1 s15d1 s20d1 s25d1 s30d1 s35d1

with impurity 0.7002 0.7260 0.7896 0.8174 0.8299

without 0.6839 0.7289 0.8748 0.9007 0.9192

FIG. 1. «sLd sin meVd as a function ofL with N=6, B=10 T,
andZ=1 sa and bd or Z=0 scd. The LLL limitation is imposed insad,
but not insbd andscd. In the two latter cases the number of the basis
function is 12 000.
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It is noted that the impurity acts as an attractive center. If
an electron is close to the center with angular momentum
zero, the attractive electron-impurity interaction will be
strengthened. However, if too many electrons are close to the
center, they will strongly repulse each other. It was found
that, whenN=6, the case withNinù3 is not advantageous to
binding. On the other hand, the 1-5 and the 2-4 structures are
lower in total potential energy, and they would be pursued if
the requirements7d can be satisfied. It turns out that all the
states of type one haveL as a multiple of 5si.e., L=5jd. For
these states if the angular momentum and the particles are
divided aslout=5j and Nout=5, and accordinglyl in=0 and
Nin=1, then the requirements7d can be satisfied. Thus, these
L=5j states are allowed by symmetry to pursue the favorable
1-5 structure, and their first states actually possess this struc-
ture without exception.

All the states withL=4j +3 belong to the second type. For
these states, if the angular momentum and the particles are
divided aslout=4j +2 andNout=4, and accordinglyl in=1 and
Nin=2, then the requirements7d is met. Thus, these states are
allowed by symmetry to pursue the 2-4 structure, and their
first states actually possess this structure without exception.

For the states withL=5j =4j8+3 se.g.,L=15,35,55,…d,
both the 1-5 and 2-4 structures are accessible to them. There
is a competition between these two structures. It turns out
that the 2-4 structure is mostly the winnerswith one excep-
tion as stated belowd. For example, thes35d1 state has a clear
2-4 structure as shown in Fig. 3sdd.

The s15d1 state is very special because it has the filling
factor n=1, accordingly it has only one BF belonging to the
LLL. It is noted that a clear geometric structure arises from
the interference of a number of BFs. Since the one of the
LLL can not interfere effectively with other BFs of higher
levels, the geometric feature ofs15d1 would be ambiguous. It
turns out that this state has an ambiguous 1-5 structure as
shown in Fig. 3sad.

For all the first states withLÞ5j andLÞ4j +3, no supe-
rior structure can be pursued. They might be a mixture of

FIG. 2. r1srd of the first states as a function ofr. N=6, B
=10 T andZ=1 are given. The labels of statesLd1 are marked in the
subfigures.

FIG. 3. Contour diagrams ofr2sr 1,r 2d as a
function ofr 1 plotted in the upper halfX-Y plane.
r 2 is fixed and is marked by a black spot at theX
axis. N=6, B=10 T, and Z=1 are given. The
darker area is larger in magnitude. The labels of
statesLd1 are marked.
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many structures, and appear liquidlike as shown in Figs. 3sed
and 3sfd.

From the above discussion, it is clear that the classifica-
tion of states is closely related to symmetry constraint.28,29

Since the 1-5 and 2-4 structures are associated with a lower
U, accordingly the types one and two are lower in«sLd as
shown in Fig. 1sbd. They are candidates of the ground states,
the L of them are candidates of the magic numbers.

When the impurity is removed, the 2-4 structure is no
more advantageous due to the strong Coulomb repulsion of
the two inner electrons without the overcompensation of the
attraction from the impurity. Instead, the 0-6 structure com-
petes with the 1-5 structure. The«sLd of this case is plotted
in Fig. 1scd, where the associated states are also classified
into three types. The first type has the 1-5 structure, the sec-
ond has the 0-6 structure, while the third is liquidlike.20

Comparing Fig. 1scd with 1sbd, the black squares appear at
the same places, i.e.,L=5j . The black star in Fig. 1sbd does
not appear in 1scd, instead the black triangles appear when
L=6j +3 slout=L andNout=6d. Note that a hexagon is acces-
sible only to theL=6j +3 states. This finding confirms once
more the decisive effect of symmetry constraint. Due to the
appearance of the 0-6 structure to replace the 2-4, the series
of magic numbers in the cases with and without impurity are
different. For example, thes23d1 state is low in Fig. 1sbd but
high in Fig. 1scd.

V. ELECTRONIC STRUCTURES OF DONOR STATES
OF N=9 DOTS

From a consideration of classical dynamics, when a posi-
tive impurity is present, the favorable structures ofN=9 dots

are the 2-7, 3-6, and 4-5sin a sequence of increasingUd.
From a consideration of symmetry constraint, the core-ring
structure is allowed only if Eq.s7d is satisfied. Thus, the 2-7
is allowed if slout=7j and l in=1d, i.e., L=7j +1. The 3-6 is
allowed if slout=6j +3 andl in=3d, i.e., L=6j . The 4-5 is al-
lowed if slout=5j and l in=6d, i.e., L=5j +6. On the other
hand, from an analysis of the wave functions, there are really

FIG. 4. The same as Fig. 3 but forN=9.

FIG. 5. The same as Fig. 1sbd but for N=9 sad and forN=13 sbd.
Each figure has a group of specific types.
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three types of crystal-like states together with a type of liq-
uidlike state. The angular momentaL of each type are ex-
actly as predicted from symmetry consideration. Examples
of the r2 of them are given in Fig. 4, where clear 4-5, 3-6,
2-7, and liquidlike structures, respectively, are shown from
the top to bottom.«sLd and the classification of states are
given in Fig. 5sad, where the crystal-like structures are lower,
and they are candidates of ground states.

VI. ELECTRONIC STRUCTURES OF DONOR STATES
OF N=13 DOTS

The favorable structures from classical consideration are
3-10, 4-9, and 5-8, and they are quite close inU. Among
them, the 3-10 is allowed ifslout=10j +5 and l in=3d, i.e.,
L=10j +8. The 4-9 is allowed ifslout=9j and l in=6d, i.e.,
L=9j +6. The 5-8 is allowed ifslout=8j +4 andl in=10d, i.e.,
L=8j +14. On the other hand, from an analysis of the wave
functions, there are really three types of crystal-like states
together with a type of liquidlike state. Again, the angular
momenta of each type are exactly as predicted. Examples of

r2 are given in Fig. 6, where the 5-8, 4-9, 3-10, and liquid-
like structures, respectively, are shown from the top to bot-
tom. «sLd and the classification are given in Fig. 5sbd. The
crystal-like picture in the ring can be revealed more clearly
via the three-body densities defined as

r3„r 1,r 2,r 3… =E uCLu2dr 4dr 5 ¯ dr N. s9d

Examples are given in Fig. 7.

VII. SUMMARY

The effect of a positive impurity on the electronic struc-
tures of the first states ofN=6,9, and 13dots under a strong
magnetic field has been investigated. By an analysis of the
wave functions, both crystal-like and liquidlike states were
found. The crystal-like states have very clear core-ring struc-
tures, and they can be further classified into types according
to the number of electronsNoutsNind in the ringscored. Amaz-
ingly, it was found that, due to symmetry constraints, both
Nout andNin are matched withlout and l in, respectively. Con-

FIG. 6. The same as Fig. 3 but forN=13.

FIG. 7. The three-body densitiesr3sr 1,r 2,r 3d
as a function ofr 1 for N=13 dots. The givenr 2

andr 3 are marked by two black spots. The darker
area is associated with a largerr3. B=10 T and
Z=1 are assumed.
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sequently, a specific core-ring structure is accessible only to
the states with specificL. Thus, the types of states can be
predicted. This fact demonstrates once more the decisive ef-
fect of symmetry constraint on microstructures. It was found
that the crystal-like states are lower in energy; they are can-
didates for the ground state. Accordingly, theL of them are
candidates for magic numbers.

The core ring structure has already been studied in detail
in Refs. 20–22 without the impurity. With the addition of the
positive impurity, the core ring structure withNin a little
larger would be preferred. For example, forN=6, the favor-
able structures are 0-6 and 1-5 without impurity, but they are
replaced by 1-5 and 2-4 if the impurity is present. Accord-
ingly, the magic numbers would be changed. Furthermore,
when a positive impurity is contained, higher Landau levels

become more important, and therefore they are in general not
negligible in numerical calculation.

This paper deals with the case with a strong magnetic
field. When the field is weak, unpolarized states become im-
portant. Furthermore, when the location of impurity deviates
remarkably from the center, the conservation of angular mo-
mentum breaks down, and the electronic structure becomes
very complicated. This interesting topic is left for further
investigation.
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