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Microwave-field distribution, dissipation, and surface impedance are theoretically investigated for supercon-
ductors with laminar grain boundariessGBsd. In the present theory we adopt the two-fluid model for intragrain
transport current in the grains, and the Josephson-junction model for intergrain tunneling current across GBs.
Results show that the surface resistanceRs nonmonotonically depends on the critical current densityJcj at GB
junctions, andRs for superconductors with GBs can be smaller than the surface resistanceRs0 for ideal
homogeneous superconductors without GBs.
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I. INTRODUCTION

High-temperature superconductors contain many grain
boundariessGBsd, where the order parameter is locally sup-
pressed due to the short coherence length.1 GBs have at-
tracted much interest for their basic physics as well as for
their applications in superconductors,2–4 and play a crucial
role in microwave response and surface resistanceRs of
high-temperature superconducting films.5–13

Electrodynamics of GB junctions can be described using
the Josephson-junction model, and one of the most important
parameters that characterize GB junctions is the critical cur-
rent density Jcj for Josephson tunneling current across
GBs.14–16 The Jcj strongly depends on the misorienta-
tion angle of GBs.17,18 In YBa2Cu3O7−d films, Jcj can be
enhanced19 andRs reduced13 by Ca doping. The investigation
of the relationship betweenRs and Jcj is needed to under-
stand the behavior ofRs andJcj in Ca doped YBa2Cu3O7−d

films. TheJcj dependence ofRs, however, has not yet been
clarified, and it is not trivial whether GBs enhance the mi-
crowave dissipation that is proportional toRs.

In this paper, we present theoretical investigation on the
microwave field and dissipation in superconductors with
laminar GBs. Theoretical expressions of the surface imped-
anceZs=Rs− iXs of superconductors with GBs are derived as
functions ofJcj at GB junctions.

II. BASIC EQUATIONS

A. Superconductors with grain boundaries

We consider penetration of a microwave fieldsi.e., mag-
netic inductionB=m0H, electric fieldE, and current density
Jd into superconductors that occupy a semi-infinite area of
x.0. We investigate linear response for small microwave
power limit, such that the time dependence of the microwave
field is expressed by the harmonic factore−ivt, wherev /2p
is the microwave frequency that is much smaller than the
energy-gap frequency of the superconductors. Magnetic in-
ductionB is assumed to be less than the lower critical field,
such that no vortices are present in the superconductors.sSee
Ref. 20 for microwave response of vortices.d

The GBs are modeled to have laminar structures as in
Ref. 21; the laminar GBs that are parallel to thexz plane are

situated aty=ma, wherea is the spacing between grainssi.e.,
effective grain sized and m=0, ±1, ±2, . . . , ±̀ . The thick-
ness of the barrier of GB junctionsdj is much smaller than
botha and the London penetration depthl and, therefore, we
investigate the thin-barrier limit ofdj →0, namely, GB bar-
riers situated atma−0,y,ma+0.

B. Two-fluid model for intragrain current

We adopt the standard two-fluid model15,16 for current
transport in the grain atma+0,y, sm+1da−0. The intra-
grain currentJ=Js+Jn is given by the sum of the super-
current Js= issE and the normal currentJn=snE, where
ss=1/vm0l2 and sn is the normal-fluid conductivity in the
grains. The displacement currentJd=−iveE with the dielec-
tric constante can be neglected for a microwave range of
v /2p,GHz. Ampère’s lawm0

−1¹ 3B=ssn+ issdE is thus
reduced to

E = − ivLg
2 ¹ 3 B, s1d

whereLg is the intragrain ac field penetration depth defined
by

Lg
−2 = vm0sss − isnd = l−2 − ivm0sn. s2d

Combining Eq.s1d with Faraday’s law,¹3E= ivB, we ob-
tain the London equation for magnetic induction
B=Bzsx,ydẑ for yÞma as

Bz − Lg
2¹2Bz = 0. s3d

For ideal homogeneous superconductors without GBs,
Eq. s3d is valid for −̀ ,y, +` and the solution is simply
given byBzsxd=m0H0e

−x/Lg, and the electric field is obtained
from Eq.s1d asEysxd=−ivm0LgH0e

−x/Lg. The surface imped-
ance Zs0=Rs0− iXs0 for homogeneous superconductors is
given byZs0=Eysx=0d /H0=−ivm0Lg. The surface resistance
Rs0=ResZs0d and reactanceXs0=−ImsZs0d of ideal homoge-
neous superconductors without GBs are given by16

Rs0 = m0
2v2l3sn/2, s4d
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Xs0 = m0vl s5d

for sn/ss!1 well below the superconducting transition tem-
peratureTc.

C. Josephson-junction model for intergrain current

We adopt the Josephson-junction model14–16for tunneling
current across GBs aty=ma. Behavior of the GB junctions is
determined by the gauge-invariant phase difference across
GBs w jsxd and the voltage induced across GBVjsxd is given
by the Josephson’s relation

E
ma−0

ma+0

Eydy= Vj =
f0

2p
s− ivw jd, s6d

wheref0 is the flux quantum. The tunneling current parallel
to the y axis is given by the sum of the superconducting
tunneling currentsi.e., Josephson currentd Jsj=Jcj sinw j and
the normal tunneling currentsi.e., quasiparticle tunneling
currentd Jnj=gnjVj. The critical current densityJcj at GB
junctions is one of the most important parameters in the
present paper, and the resistance-area product of GB junc-
tions corresponds to 1/gnj. We neglect the displacement cur-
rent across GBs,Jdj=−ivCjVj whereCj is the capacitance of
the GB junctions.

Here we define the Josephson lengthlJ and the charac-
teristic current densityJ0 as

lJ = sf0/4pm0Jcjld1/2, s7d

J0 = f0/4pm0l3. s8d

The ratioJcj /J0=sl /lJd2 characterizes the coupling strength
of GB junctions.22 For weakly coupled GBs, namely,Jcj /J0
=sl /lJd2!1 se.g., high-angle GBsd, electrodynamics of the
GB junctions can be well described by the weak-link
model.14–16 For strongly coupled GBs, namely,Jcj /J0
=sl /lJd2*1 se.g., low-angle GBsd, the Josephson-junction
model is still valid but requires appropriate boundary condi-
tion at GBs, as given in Eq.s4d in Ref. 22, as pointed out by
Gurevich; see also Refs. 21 and 23.

In the small-microwave-power limit such that sinw j .w j
=2pVj / s−ivf0d for uw ju!1, theJcj is reduced to

Jsj . Jcjw j = igsjVj , s9d

wheregsj=2pJcj /vf0=1/2vm0llJ
2. The total tunneling cur-

rent across GB is thus given by

U −
1

m0

]Bz

]x
U

y=ma
= Jsj + Jnj = sigsj + gnjdVj . s10d

Integration of Faraday’s law]Ey/]x−]Ex/]y= ivBz yields

Exsx,y = ma+ 0d − Exsx,y = ma− 0d

=E
ma−0

ma+0

dyF ]Eysx,yd
]x

− ivBzsx,ydG =
]Vjsxd

]x
,

s11d

where we used Eq.s6d. The static versionsi.e., v→0d of Eq.

s11d corresponds to Eq.s4d in Ref. 22. Substitution of Eqs.
s1d and s10d into Eq. s11d yields the boundary condition for
Bz at y=ma

U −
]Bz

]y
U

y=ma+0
U +

]Bz

]y
U

y=ma−0
= UaL j

2

Lg
2

]2Bz

]x2 U
y=ma

,

s12d

whereL j is the characteristic length for ac field penetration
into GBs defined by

L j
−2 = vm0asgsj − ignjd = m0as2pJcj/f0 − ivgnjd. s13d

III. SURFACE IMPEDANCE

A. Microwave field and surface impedance

Equationss3d and s12d are combined into a single equa-
tion for x.0 and −̀ ,y, +` as

Bz − Lg
2¹2Bz = aL j

2 o
m=−`

+`
]2Bz

]x2 dsy − mad, s14d

whose solution is calculated as

Bzsx,yd
m0H0

= e−x/Lg +
2

p
E

0

`

dk
coshfKsy − a/2dg
Lg

2K2 sinhsKa/2d

3
k sinkx

s2KLg
2/aL j

2d + k2cothsKa/2d
s15d

for 0,y,a, whereK=sk2+Lg
−2d1/2. The right-hand side of

Eq. s14d and the second term of the right-hand side of Eq.
s15d reflect the GB effects. See the Appendix for the deriva-
tion of Eq. s15d from Eq. s14d.

Electric field in the grains is obtained from Eq.s1d as
Ey= ivLg

2]Bz/]x, and voltage induced across GB is obtained
from Eq. s10d as Vj = uivaL j

2]Bz/]xuy=0. The mean electric

field Ēs at the surface of the superconductor is thus calcu-
lated as

Ēs ;
1

a
E

−0

a−0

dyEysx = 0,yd

=
1

aFVjsx = 0d +E
+0

a−0

dyEysx = 0,ydG
= ivFUL j

2]Bz

]x
U

x=y=0
+ ULg

2

a
E

+0

a−0

dy
]Bz

]x U
x=0
G . s16d

Substitution of Eq.s15d into Eq. s16d yields the surface im-

pedanceZs=Rs− iXs; Ēs/H0 as

Zs

− ivm0Lg
= 1 +

2

p
E

0

`

dk
1

Lg
3K3

3
1

sKLg
2/L j

2d + sk2a/2dcothsKa/2d
. s17d

The surface resistance and reactance are given byRs
=ResZsd andXs=−ImsZsd, respectively.
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B. Microwave dissipation and surface resistance

The time-averaged electromagnetic energy passing
through the surface of a superconductor atx=0 and −0,y
,a−0 is given by the real part of

E =
1

2m0
E

−0

a−0

dysEyBz
*dx=0 =

a

2
ĒsH0

* , s18d

where Ēs=ZsH0 is defined by Eq.s16d, and sBzdx=0=m0H0.
Poynting’s theorem24 states thatE is identical to the energy
stored and dissipated in the superconductor

E =
1

2
E

0

`

dxFE
+0

a−0

dyssn − issduEu2 + sgnj − igsjduVju2

−E
−0

a−0

dy
iv

m0
uBzu2G . s19d

The real parts of Eqs.s18d and s19d show that the surface

resistanceRs=ResĒs/H0d=ResZsd is composed of two terms:

Rs = Rsg+ Rsj. s20d

The intragrain contributionRsg is from the energy dissipation
in the grains, and the intergrain contributionRsj is from the
dissipation at GBs:

Rsg=
1

auH0u2E0

`

dxE
+0

a−0

dysnuEu2, s21d

Rsj =
1

auH0u2E0

`

dxgnjuVju2. s22d

Both the intragrain currentuJgu around GBs and the inter-
grain tunneling currentuJju across GBs are suppressed by the
GBs, and are increasing functions ofJcj. With increasingJcj,
the intragrain electric fielduEu= uJg/ ssn+ issdu also increases,
whereas the intergrain voltageuVju= uJj / sgnj+ igsjdu decreases
becausegsj~Jcj. The dissipation in the grainssnuEu2/2 and
the intragrain contribution to the surface resistanceRsg,
therefore, tend toincreasewith increasingJcj. The dissipa-
tion at GBsgnjuVju2/2 and the intergrain contribution to the
surface resistanceRsj, on the other hand,decreasewith in-
creasingJcj.

The surface reactanceXs=−ImsZsd is also divided into
two contributions

Xs = Xsg+ Xsj, s23d

where the intragrain contributionXsg and the intergrain con-
tribution Xsj are given by

Xsg=
1

auH0u2E0

`

dxE
+0

a−0

dySssuEu2 +
v

m0
uBzu2D , s24d

Xsj =
1

auH0u2E0

`

dxgsjuVju2. s25d

Both Xsg andXsj decrease with increasingJcj.

C. Simplified expressions for surface impedance

The following Eqs.s26d–s34d show simplified expressions
of the surface impedanceZs, the surface resistanceRs
=ResZsd, and the surface reactanceXs=−ImsZsd for certain
restricted cases, assumingsn/ss!1 andgnj /gsj!1 well be-
low the transition temperature.

For small grains ofa!l such that cothsKa/2d.2/Ka,
Eq. s17d is reduced to

Zs . − ivm0sLg
2 + L j

2d1/2. s26d

The right-hand side of Eq.s14d is reduced toL j
2]2Bz/]x2 for

a!l, and the effective ac penetration depth is given by
Leff=sLg

2+L j
2d1/2 as in Ref. 21, resulting in the surface im-

pedance given by Eq.s26d. TheRs andXs for small grains is
obtained as

Rs

Rs0
. S1 +

2l

a

J0

Jcj
D−1/2F1 +

4l2gnj

asn
S J0

Jcj
D2G , s27d

Xs

Xs0
. S1 +

2l

a

J0

Jcj
D+1/2

, s28d

whereRs0, Xs0, andJ0 are defined by Eqs.s4d, s5d, ands8d,
respectively. Equations27d is decomposed into the intragrain
Rsg and intergrain Rsj contributions, as Rsg/Rs0.s1
+2lJ0/aJcjd−1/2 andRsj/Rsg.s4l2gnj /asndsJ0/Jcjd2, respec-
tively.

Equation s26d is further simplified whena!2lJ
2/l for

small grain and weakly coupled GBs as

Zs . − ivm0L j s29d

and we have

Rs

Rs0
.

2gnjl

sn
S2l

a
D1/2S J0

Jcj
D3/2

, s30d

Xs

Xs0
. S2l

a
D1/2S J0

Jcj
D1/2

. s31d

Thus, we obtain the dependence ofRs andXs on the material
parameters asRs~gnja

−1/2Jcj
−3/2 andXs~a−1/2Jcj

−1/2, which are
independent ofl. The Rs given by Eq.s30d for the small
grain and weakly coupled GBs is mostly caused by intergrain
dissipationRs.Rsj@Rsg. For Xs given by Eq.s31d, on the
other hand, both intragrainXsg and intergrainXsj contribute
to the totalXs=Xsg+Xsj.

For large Jcj si.e., strong-coupling limitd such that
KLg

2/L j
2@ sk2a/2dcothsKa/2d, Eq. s17d for the surface im-

pedanceZs is simplified as

Zs . − ivm0sLg + L j
2/2Lgd, s32d

and we have

Rs

Rs0
. 1 −

l

a

J0

Jcj
+

4l2gnj

asn
S J0

Jcj
D2

, s33d
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Xs

Xs0
. 1 +

l

a

J0

Jcj
. s34d

The first and second terms of the right-hand side of Eq.s33d
correspond to the intragrain contributionRsg, whereas the
third term corresponds to the intergrain contributionRsj.

IV. DISCUSSION

Figures 1sad and 1sbd show Jcj dependence ofRs. As
shown in Fig. 1sad, the intergrain contributionRsj is domi-
nant for weakly coupled GBssi.e., small Jcj /J0 regimed,
whereas the intragrain contributionRsg is dominant for
strongly coupled GBssi.e., largeJcj /J0d. The Rsj decreases

with increasingJcj as Rsj~Jcj
−1.5 fsee Eq.s30dg, whereasRsg

increaseswith Jcj. The resulting surface resistanceRs=Rsj
+Rsg nonmonotonicallydepends onJcj and has a minimum,
becauseRs is determined by the competition betweenRsj and
Rsg. As shown in Fig. 1scd, on the other hand,Xs monotoni-
cally decreases with increasingJcj fi.e., Xs~Jcj

−0.5 for weakly
coupled GBs as in Eq.s31dg.

The nonmonotonic dependence ofRs on the grain sizea is
also seen in Fig. 1sbd. For smallJcj /J0 theRs decreases with
increasinga asRs~a−0.5 fsee Eq.s30dg, whereasRs increases
with a for largeJcj /J0.

The Rs for strongly coupled GBs can besmaller thanRs0
for ideal homogeneous superconductors without GBs,
namely,Rs/Rs0,1 for Jcj /J0*1. The minimum surface re-
sistance for lgnj /sn=0.2 is Rs/Rs0<0.97 for a/l=5,
Rs/Rs0<0.86 for a/l=1, and Rs/Rs0<0.59 for a/l=0.1.
The minimum Rs/Rs0 is further reduced whenlgnj /sn is
further reduced.

Theoretical results shown above may possibly be ob-
served by measuringRs, Xs, and Jcj in Ca doped
YBa2Cu3O7−d films. The enhancement ofJcj sRef. 19d and
reduction ofRs sRef. 13d by Ca doping are individually ob-
served in YBa2Cu3O7−d, but simultaneous measurements of
Jcj andRs are needed to investigate the relationship between
Rs and Jcj. The nonmonotonicJcj dependence ofRs for
strongly coupled GBs may be observed in high quality films
with small grainsa,l and with largeJcj on the order of
J0,1010 A/m2 at low temperatures.

V. CONCLUSION

We have theoretically investigated the microwave-field
distribution in superconductors with laminar GBs. The field
calculation is based on the two-fluid model for current trans-
port in the grains and on the Josephson-junction model for
tunneling current across GBs. Results show that the micro-
wave dissipation at GBs is dominant for weakly coupled
GBs ofJcj!J0, whereas dissipation in the grains is dominant
for strongly coupled GBs ofJcj@J0. The surface resistance
Rs nonmonotonically depends onJcj; the Rs decreases with
increasingJcj as Rs~Jcj

−1.5 for Jcj!J0, whereasRs increases
with Jcj for Jcj@J0. The intragrain dissipation can be sup-
pressed by GBs, and the surface resistance of superconduct-
ors with GBs can be smaller than that of ideal homogeneous
superconductors without GBs.
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APPENDIX

Equation s15d is derived by solving Eq.s14d with the
boundary condition ofBz=m0H0 at x=0, as follows. We in-
troduce the Fourier transform ofBzsx,yd and Bzsx,mad
=Bzsx,0d as

FIG. 1. sColor onlined Dependence of surface resistanceRs

=ResZsd and surface reactanceXs=−ImsZsd fi.e., Eq.s17d with Eqs.
s2d and s13dg on critical current densityJcj at GB junctions.Rs is
normalized to the surface resistance without GB, i.e.,Rs0 given by
Eq. s4d, Xs is normalized toXs0 given by Eq.s5d, andJcj is normal-
ized to J0 defined as Eq.s8d. Parameters arev /2p=10 GHz, l
=0.2 mm, sn=107 V−1 m−1, and gnj=1013 V−1 m−2, which yield
Rs0=0.25 mV, Xs0=16 mV, and J0=1.631010 A/m2. sad Total
surface resistanceRs=Rsj+Rsg, intergrain contributionRsj given by
Eq. s22d, and intragrain contributionRsg given by Eq. s21d for
a/l=0.1. sbd Rs and scd Xs for a/l=0.1, 1, and 5.
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b̃sk,qd =E
0

`

dxE
−`

+`

dyBzsx,yde−iqy sinkx, sA1d

b̃0skd =E
0

`

dxBzsx,0dsinkx=E
−`

+` dq

2p
b̃sk,qd, sA2d

respectively. The Fourier transform of Eq.s14d leads to

b̃sk,qd
m0H0

= 2pdsqd
k

K2 +
ak

K2 + q2o
m

e−imqaF1 −
kb̃0skd
m0H0

G ,

sA3d

whereK=sk2+Lg
−2d1/2 anda=aL j

2/Lg
2. Substituting Eq.sA3d

into Eq. sA2d, we have

b̃0skd
m0H0

=
k

K2 + akF1 −
kb̃0skd
m0H0

Go
m
E

−`

+` dq

2p

e−imqa

K2 + q2 ,

sA4d

which is reduced to

b̃0skd
m0H0

=
1

k
−

2

kKLg
2

1

2K + ak2 cothsKa/2d
. sA5d

Bzsx,yd is calculated fromb̃sk,qd given by Eq.sA3d as

Bzsx,yd
m0H0

=
2

p
E

0

`

dkE
−`

+` dq

2p

b̃sk,qd
m0H0

eiqy sinkx

= e−x/Lg +
2a

p
E

0

`

dkksinkxF1 −
kb̃0skd
m0H0

G
3 o

m
E

−`

+` dq

2p

eiqsy−mad

K2 + q2 . sA6d

Substitution of Eq.sA5d into Eq. sA6d yields Eq.s15d.
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