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A large nonlinear response of a single crystal of ZrB12 to an ac fieldsfrequency 40–2500 Hzd for H0

.Hc2 has been observed. Direct measurements of the ac wave form and the exact numerical solution of the
Ginzburg-Landau equations, as well as the phenomenological relaxation equation, permit the study of the
surface superconducting state dynamics. It is shown that the low-frequency response is defined by transitions
between the metastable superconducting states under the action of an ac field. The relaxation rate that deter-
mines such transition dynamics is found.
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I. INTRODUCTION

Nucleation of the superconducting phase in a thin surface
sheath in a magnetic field parallel to the sample surface was
predicted by Saint-James and de Gennes four decades ago.1

They showed that for type-II superconductors, for magnetic
field higher thanHc2, a superconducting phase could exist in
a thin sheath near the sample surface. Since that time a lot of
experimental and theoretical work has been devoted to this
problem.2–8 All experiments that were performed after the
Saint-James and de Gennes publication confirmed the main
conclusion of Ref. 1 that nucleation of the superconducting
phase occurs in a magnetic fieldHc3=2.39kHc, whereHc is
the thermodynamic critical field andk the Ginzburg-Landau
sGLd parameter. ac measurements showed that in the surface
superconducting statesSSSd the superconductor becomes
nonlinear and losses are larger than in the normal and mixed
states.8

This surface superconductivity has attracted renewed in-
terest from various directions.9–14 Paramagnetic effects in a
superconducting disk,9 stochastic resonance,10 and the perco-
lation transition in the fieldH0=0.81Hc3 sRef. 11d have been
observed. It was proposed to use low-frequency response for
testing the quality of superconducting resonators in
accelerators.12 Surface states were observed also in single
crystals of MgB2.

13 A different theoretical approach for the
study of the SSS based on a generalized form of the GL
functional was developed in Ref. 14.

Recently, high-quality superconducting ZrB12 single crys-
tals with transition temperaturesTc=6.06 K have been
grown. Investigation of their physical properties, including
electron transport, tunnel characteristics, and critical fields,
has shown that the Ginzburg-Landau parameterk is only
slightly larger than the boundary between the type-I and
type-II superconductor values.15,16 In this paper we are con-
cerned with the low-frequency response of a ZrB12 crystal
when the dc external magnetic fieldH0.Hc2 is parallel to
the sample surface. In spite of the fact that the sample is in
the SSS,1 no static magnetic moment is observed, while the
ac response in this regime is large and nonlinear, even for an
ac amplitudeh0!H0. Indeed, at equilibrium the total surface
current equals zero in the SSS, the internal dc magnetic field

in the bulk equalsH0, and the magnetic moment of the speci-
men is small. On the other hand, the ac magnetic field drives
the sample into a metastable SSS where the total surface
current reaches a finite value. The internal magnetic field
deviates from the external one, and as a result, the ac re-
sponse becomes large. The low-frequency response of super-
conductors in the SSS was the focus of intensive experimen-
tal investigations4,5,8 since the first prediction of the
existence of the SSS in Ref. 1. The observed8 wave form of
the ac response, corresponding to the flux passing through
the specimen, explicitly invoked a model similar to the Bean
model.17 Our experimental results presented here show that
in a ZrB12 single crystal, the Bean critical model of the sur-
face sheath does not give an adequate description of the ob-
served wave form which corresponds to the flux passing
through the sample. In the framework of the Ginzburg-
Landau theory we calculated the surface current in meta-
stable SSS’s which exists under an ac magnetic field. Ob-
serving the wave forms, we studied the metastable SSS
dynamics and determined the relaxation rate under an ac
field. We found that the relaxation time for transition to the
equilibrium state is not constant and depends on the surplus
of the free energy. This relaxation time is decreased with
increasing dc magnetic field, and depends on the driving
field frequency.

II. EXPERIMENT

The measurements were carried out atT=5 K on a ZrB12
single crystal. The sample was grown in the Institute for
Problems of Materials Science, Ukraine. Its dimensions are
10.333.231.2 mm3 and it was cut by an electric spark from
a large crystal of 6 mm diameter and 40 mm length. The
surface of the sample was polished mechanically and then
chemically etched in boiling HNO3-H2O s1:1d for 10 min.
X-ray pictures showed that the sample was single-phase ma-
terial with the UB12 structure fspace groupFm3m, a
=7.407 Å sRef. 18dg. The tunnel characteristics of this
sample were described earlier.16 The dc magnetic moment
was measured using a superconducting quantum interference
device magnetometer. A block diagram of the ac linear and
nonlinear setup is shown in Fig. 1.
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The ac magnetic fieldhstd=h0 sinsvtd was supplied by the
magnetometer copper solenoid. The ac response was mea-
sured by an inductive pick-up coil method.19 The sample was
put into one coil of a balanced pair of pick-up coils and the
induced voltageVstd~dMstd /dt was measured with an oscil-
loscope. HereM is the magnetic moment of the sample. The
lock-in amplifier was used in order to measure simulta-
neously in-phase and out-of-phase signals of the first and
third harmonics of the driving frequency. An oscilloscope
measured the wave form of the signal in one channel. The
second channel of the oscilloscope measured the time deriva-
tive of the excitation field.

III. EXPERIMENTAL RESULTS

Figure 2sad shows the real part of the ac susceptibility at
the fundamental frequencyx8 and the zero-field-cooled
sZFCd dc susceptibilityxdc=M /H0 as a function of dc field
H0. The inset to Fig. 2sad presents the ZFC magnetization
curve at 5 K. The field dependencies of the ac susceptibility
imaginary part at fundamental frequency,x9, and the ampli-
tude of the third harmonic,A3v are shown in Figs. 2sbd and
2scd, respectively. The amplitude dependence of the third
harmonic,A3vsh0d for H0=180 Oe is presented on the inset
to Fig. 2scd. It is clear that this dependence is far from cubic
as the perturbation theory predicts. Experiment shows that
the amplitude dependence ofA3vsh0d is not cubic at any dc
field H0.

It is clear that the observed large signal ofA3v and maxi-
mum ofx9 located in a magnetic fieldHc2,H0,Hc3, i.e., in
a surface superconducting state, although the zero dc signal
indicates that bulk of the sample is in the normal state. The
absorption in the SSS exceeds the losses in the mixed and
normal states.

Figure 3 shows the time derivative of the magnetic mo-
ment of a sample at different applied magnetic fields atT
=5 K. Note thatsid only in the SSS does the signal not have
the sine form;sii d the amplitude dependence of the third

harmonicA3vsh0d presented in the inset to Fig. 2scd does not
exhibit any cubic dependence.

The experimental data presented in Figs. 2 and 3 are com-
plex and the theoretical model that explains these observa-
tions is given in the next section.

IV. THEORETICAL MODEL

Our theoretical approach is based on the numerical solu-
tion of the two Ginzburg-Landau equations22 for the order

FIG. 1. sColor onlined Block diagram of the experimental setup.
LFG, low-frequency generator; LCK, lock-in amplifier; OSC,
oscillograph.

FIG. 2. sColor onlined sad x8 and xdc=M /H0 magnetic field
dependencies atT=5 K. Inset: magnetization curve after ZFC.sbd
Magnetic field dependence ofx9. scd Field dependence of the am-
plitude of the third harmonicA3v. Inset: amplitude dependence of
A3vsh0d at H0=180 Oe. ac measurements were carried out at fre-
quencyv /2p=170 Hz andh0=0.4 Oe.
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parameter and vector potential, which in the normalized form
are as follows:

− si ¹ /k + AW d2C2 + C − uCu2C = 0,

− curl curlAW = AW uCu2 + i/2ksC* ¹ C − C ¹ C*d. s1d

The order parameterC is normalized with respect to its
value in zero magnetic field, the distances with respect to the

London penetration lengthl, and the vector potentialAW with
respect toÎ2Hcl, whereHc is the thermodynamic critical
field, k=l /j is the Ginzburg-Landau parameter, andj is the
correlation length. In the second equation for the vector po-
tential we neglected the normal current, assuming that the
skin depth exceeds both the London penetration length and
the sample thickness. It is assumed that the sample form is a
slab with 2d thickness and that the external magnetic field is
parallel to its surface. The chosen coordinates are thex axis
normal to the slabsthus the symmetry plane isx=0d, and the
z axis directed along the magnetic field. It is assumed that the
external magnetic fieldH.Hc2=k.

Assuming the surface solutions have the form of

Csx,yd = fsxdexpsikkyd; s2d

therefore, Eqs.s1d reduce to

−
1

k

]2f

]x2 + sA − kd2f − f + f3 = 0,

]2A

]x2 = f2sA − kd, s3d

wherek is constant. The boundary conditions atx= ±d are
]fs±dd /]x=0, ]As±dd /]x=H; at x=0, fs0d=0 andAs0d=0;
H=H0+h0 sinsvtd. An additional condition for the surface
states]fs0d /]x=0 is satisfied only asymptotically ford→`.
For the equilibrium state the value ofk=keq can be obtained
by minimizing the Gibbs free energy defined as

F̃ =E dVH1

2
uCu4 − uCu2 + ui ¹ C/k + ACu2 + B2 − 2BHJ ,

s4d

whereB is the magnetic induction. Using Eq.s3d one then
obtains

F̃ = − HAsdd −E
0

d

dxH1

2
f4sxd + AsxdfAsxd − kgf2sxdJ .

s5d

The two coupled Eqs.s3d can be solved by numerical
methods. The order parameter for surface solutions deviates
from zero only near the sample boundary, and we can con-
sider comparatively smalld/lø10. The actual sample thick-
ness exceedsl by four or five orders of magnitude. The
solutions for larged could be found from the ones for small
d by the transformation k=ks+Hisd−dsd, where Hi

=Hss0,H ,Kd is the magnetic field atx=0 in the problem for
d=ds>10l. The indexs corresponds to the solution for this
small d. This choice ofds is sufficient for numerical calcu-
lations and provides the solutions withfss0d=0, ]fss0d /]x
=0. The free energy is transformed as

F̃ = F̃s − Hisd − dsdSH −E fAssxd − ksgfs
2sxddxD . s6d

To simplify the calculations we use below variableks and
omit the indexs. The properties of the equilibrium solutions
for a semi-infinite half space have been discussed in Ref. 20.
The order parameter, the supercurrent, and the internal mag-
netic field were calculated. In these states the total surface
current equals zero and the free energy reaches a minimum
value. The ac magnetic field drives the superconductor into a
metastable state. These states correspond to the solutions of
Eqs.s3d for kÞkeq. The solution of Eqs.s3d shows that sur-
face states exist in a wide range ofk nearkeq as shown in the
upper panel of Fig. 4, but only foruk−kequ!keq is the free
energy of these states lower than the energy of the normal
state. Moreover, this range shrinks with increasing sample
thicknesssFig. 5d.

This is due to the increase of the contribution of the first
term in Eq.s5d which is on the order of the Gibbs energy of

the normal stateF̃0=−H2d. The total surface current equals
zero for equilibriumk and increases with increasinguk−kequ
as is shown in the lower panel of Fig. 4. For a givenk, the
free energy versus magnetic field does not exhibit any mini-
mum in the equilibrium. Only the difference between the
Gibbs energy of the superconducting and normal states ex-
hibits a minimum near equilibrium field as was discussed in
Ref. 8, but for such a representation the reference point
moved with the changing field.

The magnetic moment of the sample actually depends on
the total surface currentJ, because the current is localized in
a thin surface layer. This current is a function of the external
magnetic fieldH and k, J=JsH ,kd. The response of the
sample to the ac magnetic field depends on the dynamics of
k. A priori, one can assume that the equation that governs the
dynamics is

FIG. 3. sColor onlined Oscillogram ofdM /dt for three different
magnetic fields in the Meissner statesH0=0d, in surface supercon-
ducting state sH0=180 Oe,Hc3d, and in normal statesH0

=300 Oe.Hc3d at h0=4.75 Oe.
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dk

dt
= − nfk − keqsHdg, s7d

where keqsHd is k in the equilibrium corresponding to the
instantaneous value of the magnetic fieldH and n=nsk
−keqd is the relaxation rate. The functionkeqsHd has to be
found from Eqs.s3d and for uH−H0u!H0 is well approxi-
mated by a polynomial of the third order ofh=H−H0. Using
the functionJsh,kd calculated from Eqs.s3d ands7d one can
obtain the time evolution of the surface current in an ac field
and compare with observed wave forms. The time derivative
of the surface current is proportional to the observed signal
V. The coefficienta=s1/Vd / sdJ/dtd depends on the experi-
mental apparatus parameters. Actually we can obtainkstd di-
rectly from experimental data and test the correctness of Eq.
s7d. We may write

]Jsh,kd
]h

dh

dt
+

]Jsh,kd
]k

dk

dt
= aVstd. s8d

This expression permits us to obtainkstd from the ob-
served wave form. It is a first order differential equation for
kstd. To evaluatekstd we have to knowk at t=0 anda, since
the derivatives]J/]h and]J/]k can be calculated from Eqs.
s3d. Theks0d value can be found from the condition when the
maximal current value during the period is minimal. In order
to find a we calculatedJstd assuming thatn in Eq. s7d is
constant. Then, we choose then value in order to minimize
the difference between the calculated and experimental data.
This procedure gives bothn and a. To be sure thatn is
actually constant, one has to collect the weak ac field data.
The observed signal during one period of the ac field and the
result of a simulation with Eqs.s3d ands7d are shown in Fig.
4. The data in this figure were collected in a dc field of
130 Oe, and an ac field with amplitude 1.78 Oe and fre-
quency v /2p=733 Hz. In our calculations we tookn /v
=0.05 and the Ginzburg-Landau parameterk=0.75.16 The
good correlation between the calculated and experimental
data permits one to find the scale coefficienta that is used
below.

V. DISCUSSION

As was shown above the losses are small in both the
mixed and normal states and have a maximum atH0.Hc2
fsee Fig. 2sadg. Hc2=126 Oe is determined from the dc mag-
netization curvefinset to Fig. 2sadg. The oscillogram, Fig. 3,
in both the Meissner and normal statessH0=0 and 300 Oed
has a sine shape, and forHc2,H0,Hc3 the wave form de-
viates from a sine shape. We do not observe any clear plateau

FIG. 5. sColor onlined Free energy of the surface superconduct-
ing states relative to the free energy of normal statesF0d in mag-
netic field H0=1 and k=0.75 for two values of the sample
thickness.

FIG. 6. sColor onlined The time derivativedk/dt plotted as a
function of k−keq for H0=130 Oe andv /2p=733 Hz. sad h0

=1.78 Oe andsbd 5.9 Oe. The linear fit of the experimental curve
sad givesn /v=0.051. The hysteresis at large amplitudessbd shows
that, generally speaking,dk/dt depends onk and the instantaneous
magnetic field not only throughk=keq.

FIG. 4. Upper panel: The maximal value of the order parameter,
fmax, as a function ofk. Lower panel: Total surface currentJ as a
function of thek parameter. The equilibrium value ofk=8.8 corre-
sponds to zero surface current.
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for dM /dt in the ac period. Such a plateau is a peculiarity of
the Bean model when it is applied to surface currents.8,21

Using the experimental data and the model developed in the
previous section one can calculatedk/dt as a function ofk
−keq. Figure 6 showsdk/dt plotted as a function ofk−keq
obtained from the wave forms that were observed forH0
=130 Oe andv /2p=733 Hz. The linear fit ofdk/dt at h0
=1.78 Oe yieldsns0d /v=0.051 which agrees well with the
n /v=0.05 used in Eq.s7d when the scale coefficient has
been found. The visible hysteresis in Fig. 6sbd indicates that
at a high amplitude of excitation the relaxation rate in Eq.s7d
n depends onk and on the instantaneous value ofhstd not
only throughk−keqshd.

The expression fornsk−keqd can be found from fitting of
dk/dt by the polynomial ofk−keq. The approximation ex-
pression, which has the form

nsxd/v = 0.051 – 0.117x + 1.323x2 + 0.184x3 − 0.747x4,

s9d

provides the calculated data, which with an accuracy of bet-
ter than 10% reproduce the experimental data for a dc field
of 130 Oe and a frequency of 733 Hz as is shown in Fig. 7.

Increasing the dc field leads to the increasing of the relax-
ation raten. We found that forH0=138 and 180 Oe, the
relaxation parameters for weak ac amplitudes arens0d /v
=0.145 and 4.725, respectivelyssee Fig. 8d.

The calculated wave forms with the help of the proposed
model reproduce experimental data only for a weak ac field
as shown in Fig. 9. This is due to the increase in the differ-

FIG. 7. sColor onlined The observed and calculatedssolid linesd
oscillogram for H0=130 Oe, v /2p=733 Hz at h0=1.78 Oe and
5.9 Oe.

FIG. 8. sColor onlined dk/dt as a function ofk−keq at v /2p
=733 Hz. sad H0=138 Oe, h0=0.59 Oe; sbd H0=138 Oe, h0

=5.9 Oe; scd H0=180 Oe, h0=0.59 Oe; sdd H0=180 Oe, h0

=5.9 Oe. Linear fit at low amplitude of excitationfsad andscd pan-
elsg gives n /v=0.144 for H0=138 Oe andn /v=4.73 for H0

=180 Oe.

FIG. 9. Calculatedssolid linesd and experimentalstriangled os-
cillograms at v /2p=733 Hz. sad H0=138 Oe, h0=0.59 Oe; sbd
H0=138 Oe, h0=5.9 Oe; scd H0=180 Oe, h0=0.59 Oe; sdd H0

=180 Oe,h0=5.9 Oe.

FIG. 10. sColor onlined dk/dt as a function ofk−keq at H0

=130 Oe andh0=4.75 Oe for different frequencies.
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ence between the two values ofdk/dt for the samek−keq at
larger ac amplitudesfsee Figs. 8sbd and 8sddg.

Figure 10 shows thedk/dtsk−keqd dependence for differ-
ent frequencies atH0=130 Oe andh0=4.75 Oe. One may
conclude from this figure that the relaxation raten fif Eq. s7d
could be appliedg increases with excitation frequencyv.

It is clear that the model equations7d, where the relax-
ation raten depends on the one variablek−keq, is valid only
for small ac amplitudes. A transition from the surface state
with onek to anotherk requires changing the order param-
eter in the whole sample. Possibly, this happens through the

nucleation of a new phase. This process is governed by ex-
cess energy. In general the relaxation constant in Eq.s7d may
depend on the energy of the state. Approximately it could be
taken into account by the assumption that the relaxation con-
stant depends onk−keq. We see that for small ac fields and
not far away fromHc2, this assumption is correct. But in-
creasing the ac amplitude and/or the dc field results in the
explicit dependence on bothk and the instantaneous value of
the magnetic fieldH0. The straightforward calculations of the
Gibbs energyF, exhibited in Fig. 11, shows that when this
energy is a single-valued function ofk−keq, the simulation
with Eq. s7d gives acceptable results.

When F becomes a multivalued function, the calculated
wave forms differ from the experimental data. In order to
obtain a proper theoretical description, one has to take into
account that the energy of the SSS is not expressed only
throughk−keq.

VI. CONCLUSION

We experimentally investigated the dynamics of the sur-
face metastable superconducting states of ZrB12 in ac fields
at low frequenciess40–2500 Hzd. It was shown that for low
ac amplitudes of excitation this dynamics is governed by a
simple relaxation equation. The relaxation rate depends on
the deviation from the equilibrium state. Decreasing the fre-
quency of the applied ac field results in increasing the relax-
ation time.
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