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It is well known that a left-handed-mediumsLHM d slab with negative permittivit1y −e0 and negative
permeability −m0 in the free space can be made as a perfect lensfJ. B. Pendry, Phys. Rev. Lett.85, 3966
s2000dg, which produces a perfect image of the excitation current source at the perfect-imaging point. In this
paper, we first show that such a lossless LHM slab can localize the electromagnetic energy completely through
an exact analysis. When two linear sources with opposite current directions are placed at the perfect-imaging
points of the LHM slab, we have demonstrated that all electromagnetic waves are confined in a region between
the two sources and there is no power radiating outwards the region. In such a region, the propagating modes
behave like standing waves, and the field patterns can be controlled by changing the source positions. The
evanescent waves which behave like strong plasma surface waves, however, tend to infinity. In practical cases,
the perfect lens does not exist and there is usually a mismatch where both the relative permittivity and
permeability are different from −1. In the second part of the paper, the mismatch effect has been considered on
the energy localization. We have shown that strong surface waves exist along the two surfaces of the slab, and
both the propagating and evanescent waves are nearly confined within the region between the two sources
under the mismatch. Such localizations of electromagnetic waves and energies may find important applications
in microwave and optical devices.

DOI: 10.1103/PhysRevB.71.045114 PACS numberssd: 78.20.Ci, 41.20.Jb, 42.25.Bs, 63.20.Pw

I. INTRODUCTION

In 1968, Veselago introduced the concept of left-handed
material sLHM d with simultaneously negative permittivity
and negative permeability,1 which exhibits a lot of unusual
properties different from the normal right-handed material
sRHMd, such as negative refraction index, reversed Doppler
shift, and backward Cerenkov radiation. However, such a
LHM does not exist naturally and, hence, it has not received
much attention until recently. When the artificial LHM was
realized using periodic structures since 1996,2–6 intensive
study of LHM has been conducted in the theory, experi-
ments, and potential applications.7–14

As predicted by Veselago, a LHM slab could refocus the
electromagnetic waves from a point source.1 Later, Pendry
extended Veselago’s idea and further predicted that evanes-
cent waves could be amplified through the LHM slab, and
the source information can be reconstructed in the perfect
imaging point without the loss of amplitude15 if the permit-
tivity is −e0 and the permeability is −m0. It is well known
that evanescent waves carry subwavelength information of
an object, hence, the LHM slab could break the Rayleigh
diffraction limit of conventional imaging systems. As a con-
sequence, a flat LHM slab with negative permittivity −e0 and
negative permeability −m0 can be made as a perfect lens to
achieve super-resolution. The perfect lens has been numeri-
cally verified in Ref. 16. However, the artificial LHM is al-
ways lossy, and the lossy effect on the perfect image has
been studied in Refs. 17–21.

The perfect lens produces a perfect image of the excita-
tion current source at the perfect-imaging point. If another

current source with the same amplitude and opposite current
direction is placed at the perfect-imaging point, we have
shown that in this paper electromagnetic waves are confined
completely in a region between the two sources and the elec-
tromagnetic fields outside the region are zero. Hence, the
LHM slab can be used to localize electromagnetic or optical
waves in another way besides the light localization due to
structural defects introduced to the regular structure of the
photonic crystals22 and the microwave localization using a
three-dimensional fractal cavity, the Menger sponge.23 Actu-
ally, the localization of electromagnetic waves could find ap-
plications in a variety of optical and microwave devices due
to the high quality factor of the localized modes, such as in
narrow-band filters and low-threshold lasers.24

However, it is rather difficult to realize a perfect lens be-
cause of the mismatch of the relative permittivity and perme-
ability from −1 and the lossy effect. Hence, in the second
part of the paper, we will study the localization of electro-
magnetic waves using a mismatched perfect lens. When two
current sources with opposite directions are placed at the
perfect imaging points of the slab symmetrically, we show
that strong surface waves exist along the two surfaces of the
slab, and both the propagating and evanescent waves are
nearly confined within the region between the two sources
under the mismatch. Numerical experiments validate the
above conclusions.

II. LOCALIZATION OF ELECTROMAGNETIC ENERGY
USING A PERFECT LENS

Let us consider a general case when a linear sourceI1 is
located before a perfect lens with negative permittivity −e0
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and negative permeability −m0. Suppose that the LHM slab
has a thickness ofd=d2−d1, and the linear source is sepa-
rated from the left side of slab at a distance ofd1. Under the
coordinate system shown in Fig. 1 where the source is posi-
tioned at the origin, there will be perfect images at the loca-
tions of z=2d1 and z=2sd2−d1d.15 From the exact electro-
magnetic analysis, the electric fields in different regions can
be generally written as

Ex
s1d = −

vm0

4p
I1E

−k0

k0 1

k0z
Ẽxp

s1deikyydky

−
vm0

4p
I1E

ukyu.k0

1

ia0z
Ẽxe

s1deikyydky, s1d

where the first integral corresponds to the propagating
waves, the second integral corresponding to the evanescent
waves,k0=vÎm0e0 is the wave number in free space, and

k0z = Îk0
2 − ky
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2 − k0
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while Ẽxe
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If there is another linear sourceI2 which is located at the
perfect-imaging pointz=2sd2−d1d, we easily obtain the elec-
tric fields in different regions as
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Ẽxp

s2deikyydky

−
vm0

4p
I2E

ukyu.k0

1

ia0z
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whereẼxp
s2d corresponds to propagating waves in the spectral

domain
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andẼxe
s2d corresponds to evanescent waves in the spectral do-

main
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Now we consider a special case whenI1=−I2= I0. Based
on the addition theorem, the total electric field produced by
I1 andI2 can be easily determined by the summation of Eqs.
s1d and s4d. For propagating waves, we have

Expsy,zd = −
ivm0

p
I0E

0

k0 1

k0z
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where
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0, elsewhere.
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For evanescent waves, we have

Exesy,zd = −
ivm0

p
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1

a0z
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in which

Ẽxe=5
sh a0zz, 0 ø z, d1

sh a0zs2d1 − zd, d1 ø z, d2

sh a0zsz− 2d2 + 2d1d, d2 ø z, 2sd2 − d1d
0, elsewhere.

s10d

From above formulations, we clearly see that:s1d all elec-
tric fields are confined in a region between the two sources;
s2d the propagating waves behave like standing waves;s3d
the evanescent waves behave like plasma surface waves;s4d
the electric field is continuous in all positions along thez
axis; ands5d all electric fields are always imaginary.

Using the Maxwell’s equation, we know that the magnetic
field has bothz and y components. For propagating waves,
they are written as

FIG. 1. Two linear currentsftwo-dimensional s2Dd point
sourcesg located at the perfect-imaging points of a LHM slab with
negative permittivity −e0 and negative permeability −m0. The two
currents have opposite directions.
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For evanescent waves, they are written as
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whereH̃ze has the same expressions asẼxe in most regions

except thatH̃zp=−sha0zs2d1−zd whend1øz,d2, and
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Similar to the electric field, we observe that:s1d all magnetic
fields are confined in the region between the two sources;s2d
the propagating waves behave like standing waves;s3d the
evanescent waves behave like plasma surface waves;s4d the
normal components of magnetic fieldsHz are discontinuous
at the slab boundaryz=d1 and z=d2 but Bz are continuous
which satisfies the boundary condition;s5d the tangential
components of magnetic fieldsHy are discontinuous atz=0
andz=2sd2−d1d due to the existence of linear sources; and
s6d the magnetic fields are always real.

Because the electric fields are always imaginary and the
magnetic fields are always real, the complex Poynting vec-
tors defined byS= 1

2E3H* are always imaginary. Hence, the
time-averaged power density ResSd is always zero, which
implies that there is no power radiating outside and no power
transmitting inside. All electromagnetic energies are stored
within the region between the two sources. The factor ImsSd
is a measure of difference of the electric and magnetic ener-
gies.

Physically speaking, when the RHM background and the
LHM slab are exactly matched, the field radiated by the
source −I goes through the LHM slab, and experiences “time
reversed” at the origin which forms a perfect image. In the
left region of the sourceI, the field radiated by the currentI

has the same amplitude but opposite direction as that by the
source −I. Such two fields cancel each other, and the total
field in this region is zero. So is it in the right region of the
source −I.

In order to observe the field distributions between the two
sources, we have computed the propagating-wave patterns
for a LHM slab whend1=150 mm andd2=450 mm. At the
frequency of 1 GHz, the electric and magnetic field patterns
are illustrated in Fig. 2 when the sourceI1=1 mA is located
at z=0 and the sourceI2=−1 mA is located atz=600 mm.
Apparently, both electric and magnetic fields are confined
between the two sources and no power radiating outside the
region. From Fig. 2, we clearly see that the field patterns
behave like standing waves. Both the electric and magnetic
fields are symmetrical along the axisy=0. With respect to
another axisz=300 mm, the electric field is anti-symmetrical
and the magnetic field is symmetrical.

For evanescent waves, they tend to infinity due to the
divergence of the integration. However, we can plot the eva-

FIG. 2. sColor onlined The field patterns of propagating waves
within and outside the LHM slab when the frequency is 1 GHz and
d1=150 mm andd2=450 mm.sad Electric field Exp. sbd Magnetic
field Hyp.
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nescent fields in the spectral domain. Whenky=3k0 and y

=0, the evanescent electric fieldẼxe is shown in Fig. 3,
where we clearly observe strong plasma surface waves on

two sides of the LHM slab. Also,Ẽxe is continuous alongz
axis.

We can change the field patterns by moving the source
positions. Whend1=0 andd2=300 mm, i.e., the sourceI1 is
located at the left edge of the slab and the sourceI2 is located
at z=600 mm, the electric and magnetic field distributions of
propagating waves are illustrated in Fig. 4. In such a case,
both the electric and magnetic fields are symmetrical along
the axesy=0 andz=300 mm. Generally, we can control the
field patterns for a given LHM slab by changing the source
positions.

In above examples, the thickness of LHM slab is only one
wavelength. If the frequency increases to 10 GHz, the same
LHM slab has a thickness of ten wavelengths. In such a case,
the electric and magnetic field patterns of propagating waves
are depicted in Figs. 5 and 6 when the sources have different
positions. From these figures, we clearly see that the sym-
metrical property of the patterns is completely the same as
that in Figs. 2 and 4. However, more cycles of standing
waves are observed at the high frequency.

III. MISMATCH EFFECT OF THE PERFECT LENS ON
THE ENERGY LOCALIZATION

In practical cases, however, the perfect lens is hardly re-
alized and there is always a mismatch or loss. In this section,
we will study the mismatch effect of the perfect lens on the
energy localization. Without losing generality, we consider
the case thatmr2=−s1+dd and er2=−1/s1+dd to keep the
wave numbers in different regions as a constant.25 Here,d is
a real parameter.

For the evanescent waves wherekz is a pure imaginary,
kz= ig, the transmission coefficientT of waves propagating
from the left region to the right region shown in Fig. 1 can be
written in a simple form whend is small

T =
4s1 + dd

− d2 + s2 + dd2e−2gd . s17d

Clearly,T=e2gd for any evanescent spectra ifd=0, which
amplifies the evanescent waves to generate a perfect image at
the perfect-imaging pointz=2d=2sd2−d1d. If dÞ0, how-
ever, the second item of the denominator approach 0 when
g→`. Then the transmission coefficientT becomes a con-
stant. It is obvious that evanescent waves cannot be ampli-
fied for large g. This feature also makes the integrals in
evanescent waves be integrable. In other words, the mis-
match or loss prevents the lens from perfect imaging, as
indicated in Refs. 26–29. Hence, the evanescent-wave parts
corresponding to Eqs.s9d, s14d, ands15d have finite values,
which represent strong surface waves.

First we consider a slight mismatch whenudu=10−8. In
order to observe the propagating and evanescent waves
clearly, we have computed the electric and magnetic field
distributions inside and outside the LHM slab whend

FIG. 3. The evanescent fieldsẼxe in the spectral domain when
the frequency is 1 GHz andd1=150 mm,d2=450 mm,ky=3k0, and
y=0.

FIG. 4. sColor onlined The field patterns of propagating waves
within and outside the LHM slab when the frequency is 1 GHz and
d1=0 and d2=300 mm. sad Electric field Exp. sbd Magnetic field
Hyp.
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=10−8, in which d1=150 mm, d2=450 mm, I1=1 mA, I2
=−1 mA, and f =1 GHz. The propagating and evanescent
parts of the fields are depicted separately for details, as
shown in Figs. 7 and 8. Obviously, the thickness of the slab
is 300 m, which is equal to the free-space wavelength. The
computational domain is chosen as −700øyø700 and
−150øzø900 sunit: mmd to include the source locations
and the perfect-imaging points. Near the source locations,
only field values at a small vicinity of 10−4 m around the
sources are computed due to the singularity.

From Fig. 7, for the propagating waves, we clearly ob-
serve that the real part of electric field is much smaller than
the imaginary part, and the imaginary part of magnetic field
is much smaller than the real part. Comparing with the case
of perfect lens shown in Fig. 2, the field distributions are
nearly the same. Hence, the slight mismatchd=10−8 has
little effect on the propagating waves. All electromagnetic
fields and energies are nearly confined in the region between
the two sources.

For evanescent waves, the slight mismatch will result in
strong surface waves along two boundaries of the slab, as
shown in Fig. 8. From the simulations of single source lo-
cated at origin, we notice that the slab boundaries are alter-
nated with wave crests and wave troughs. Such wave crests
and wave troughs can be either enhanced or cancelled when
the other current source at the perfect-imaging point has an
opposite direction. In the case ofd.0, the wave-crestsor
wave-troughd positions of two sources are coincident to-
gether except in a small region close to the sources, which
yields an enhancement of surface waves, as shown in Fig. 8.
Clearly, the evanescent waves are highly concentrated near
the boundaries of the slab, and they are also confined in the
region between the two sources.

In the case ofd=−10−8, the propagating waves have simi-
lar behaviors to those ofd=10−8. In evanescent waves, how-
ever, the wave-crest/trough positions of one source are just
the wave-trough/crest positions of another except in a small
region close to the sources for both electric and magnetic

FIG. 5. sColor onlined The field patterns of propagating waves
within and outside the LHM slab when the frequency is 10 GHz
andd1=150 mm andd2=450 mm.sad Electric fieldExp. sbd Mag-
netic fieldHyp.

FIG. 6. sColor onlined The field patterns of propagating waves
within and outside the LHM slab when the frequency is 10 GHz
andd1=0 andd2=300 mm.sad Electric fieldExp. sbd Magnetic field
Hyp.
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FIG. 7. sColor onlined Field distributions of propagating waves excited by two current sources with opposite directions by a LHM slab,
whered=10−8, d1=150 mm,d2=450 mm, andf =1 GHz. The left figures are electric field and the right figures are magnetic field distribu-
tions, indicating the real and imaginary parts from the top to the bottom.

FIG. 8. sColor onlined Field distributions of evanescent waves excited by two current sources with opposite directions by a LHM slab,
whered=10−8, d1=150 mm,d2=450 mm, andf =1 GHz. The left figures are electric field and the right figures are magnetic field distribu-
tions, indicating the real and imaginary parts from the top to the bottom.
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FIG. 9. sColor onlined Field distributions of evanescent waves excited by two current sources with opposite directions by a LHM slab,
where d=−10−8, d1=150 mm, d2=450 mm, andf =1 GHz. The left figures are electric field and the right figures are magnetic field
distributions, indicating the real and imaginary parts from the top to the bottom.

FIG. 10. sColor onlined Field distributions of evanescent waves excited by two current sources with opposite directions by a LHM slab,
whered=10−3, d1=150 mm,d2=450 mm, andf =1 GHz. The left figures are electric field and the right figures are magnetic field distribu-
tions, indicating the real and imaginary parts from the top to the bottom.
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fields. Hence, the surface waves far from the sources will be
cancelled each other, and strong surface waves are only con-
fined in small regions near the sources, as illustrated in Fig.
9. This is obviously a localization of electromagnetic waves.
From Fig. 9, we also notice that the imaginary part of the
electric field is much larger than its real part, and the real
part of the magnetic field is much larger than its imaginary
part. As a consequence, the Poynting vectorS=E3H* has a
much larger imaginary part than the real part. This means
that the power radiation is much less than the exchange of
electric and magnetic energies. Therefore, the energy is
highly concentrated in the small region, which will be very
useful in engineering such as the design of medical equip-
ments.

When the LHM slab has a larger mismatch to the RHM
background withudu=10−3, the simulation results of electric
and magnetic fields excited by two current sources located at
the perfect-imaging points are shown in Figs. 10 and 11, in
which Fig. 10 illustrates the case of positived,and Fig. 11
illustrates the case of negatived. Here, only the evanescent
waves are plotted because the propagating waves have simi-
lar behaviors to those ofd=10−8. Comparing Figs. 10 and 11
with Figs. 8 and 9, we observe similar physical phenomena
except the following two differences.s1d When udu is larger,
the frequency of surface waves along slab edges becomes
smaller. In other words, the wavelength of surface waves
becomes longer, which is consistent with the analysis in
Refs. 25–27.s2d Whenudu is larger, the evanescent waves are
less concentrated around the two surfaces of the slab, in
which the field values are much lower than those forudu

=10−8. This is coincident with the earlier perfect-matching
analysis, where the evanescent waves tend to infinity when
d=0.

As a comparison, we consider the radiation of the same
current sources at the same positions by a RHM slab where
mr2=1+d and er2=1/s1+dd. Figure 12 demonstrates the
field distributions whend=−10−3. We observe that the sur-
face waves do not exist at all for RHM slab because the poles
of integrands are located in the lower Riemann sheet in thekz
plane, and none of them is located on the integration path.
Note that in Fig. 12 the real part of magnetic field is not very
clear since the large values near the sources submerge other
information of the field. But the localization of electromag-
netic waves is not observed. In other words, only the LHM
slab can localize electromagnetic waves.

Finally, we study the effect of different phase differences
between two sources on the energy localization. Consider an
extreme case when the two currents have the same direc-
tions, i.e., the in-phase case. Then the simulation results of
electric and magnetic fields for propagating and evanescent
waves are illustrated in Figs. 13 and 14, whered=10−3. From
Fig. 13, we notice that the propagating waves cannot be con-
fined in the region between the two source, and hence, the
propagating energies cannot be localized. For evanescent
waves, however, the strong surface waves are mainly con-
fined in the small region although a small amount energies
are radiated out, as shown in Fig. 14.

Figure 14 also demonstrates that the real part of electric
field is much smaller than the imaginary part, and the imagi-
nary part of magnetic field is much smaller than the real part.

FIG. 11. sColor onlined Field distributions of evanescent waves excited by two current sources with opposite directions by a LHM slab,
where d=−10−3, d1=150 mm, d2=450 mm, andf =1 GHz. The left figures are electric field and the right figures are magnetic field
distributions, indicating the real and imaginary parts from the top to the bottom.
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FIG. 12. sColor onlined Field distributions excited by two current sources with opposite directions by a RHM slab, whered=−10−3,
d1=150 mm,d2=450 mm, andf =1 GHz. The left figures are electric field and the right figures are magnetic field distributions, indicating
the real and imaginary parts from the top to the bottom.

FIG. 13. sColor onlined Field distributions of propagating waves excited by two current sources with the same directions by a LHM slab,
whered=10−3, d1=150 mm,d2=450 mm, andf =1 GHz. The left figures are electric field and the right figures are magnetic field distribu-
tions, indicating the real and imaginary parts from the top to the bottom.
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FIG. 14. sColor onlined Field distributions of evanescent waves excited by two current sources with the same directions by a LHM slab,
whered=10−3, d1=150 mm,d2=450 mm, andf =1 GHz. The left figures are electric field and the right figures are magnetic field distribu-
tions, indicating the real and imaginary parts from the top to the bottom.

FIG. 15. sColor onlined Field distributions of evanescent waves excited by two current sources with the same directions by a LHM slab,
where d=−10−3, d1=150 mm, d2=450 mm, andf =1 GHz. The left figures are electric field and the right figures are magnetic field
distributions, indicating the real and imaginary parts from the top to the bottom.
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It is interesting to see Fig. 14 is quite similar to Fig. 11. This
is because similar cancellation happens in surface waves
when the source currents have the same directions andd
.0 to the case when the currents have opposite directions
and d,0. Using the same principle, similar enhancement
occurs in surface waves when the source currents have the
same directions andd,0 to the case when the currents have
opposite directions andd.0. The simulation results of eva-
nescent waves are shown in Fig. 15. Although the electro-
magnetic energies are mainly confined in the region between
two sources, there are notable energies radiated out.

IV. CONCLUSIONS

Through an exact analysis, we have shown that a lossless
LHM slab with negative permittivity −e0 and negative per-
meability −m0 can highly localize the electromagnetic energy
in a small region completely. When two linear sources with
opposite current directions are placed at the perfect-imaging
points of the LHM slab, all electromagnetic waves are con-
fined in the region between the two sources and there is no
power radiating outside and no power transmitting inside.
The propagating modes of such electromagnetic waves be-
have like standing waves, and the evanescent modes behave

like plasma surface waves. The filed patterns inside the re-
gion can be controlled by changing the source positions.

When the LHM slab has a slight mismatch with the free-
space background, i.e.,mr2=−s1+dd ander2=−1/s1+dd, we
have demonstrated that such a LHM slab can also localize
electromagnetic waves, where both the propagating and eva-
nescent parts of electromagnetic waves are nearly confined
within the region between the two sources. Ifd,0, the eva-
nescent waves are even confined in a small region around the
sources and inside the slab. Numerical experiments have
verified the above conclusions. Such localizations of electro-
magnetic waves may find important applications in new mi-
crowave and optical devices.
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