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We discuss different methods of calculation of the screened Coulomb interactionU in transition metals and
compare the so-called constraint local-density approximation(LDA ) with the GW approach. We clarify that
they offer complementary methods of treating the screening and therefore should serve for different purposes.
The analysis is illustrated by calculations for the ferromagnetic Ni. In theab initio GW method, the renormal-
ization of bare on-site Coulomb interactions between 3d electrons(being of the order of 20–30 eV) occurs
mainly through the screening by the same 3d electrons, treated in the random-phase approximation(RPA). The
basic difference of the constraint-LDA method from the GW method is that it deals with the neutral processes,
where the Coulomb interactions are additionally screened by the “excited” electron, since itcontinues to stay
in the system. This is the main channel of screening by the itinerants4spd electrons, which is especially strong
in the case of transition metals and missing in the GW approach, although the details of this screening may be
affected by additional approximations, which typically supplement these two methods. The major drawback of
the conventional constraint-LDA method is that it does not allow us to treat the energy dependence ofU, while
the full GW calculations require heavy computations. We propose a promising approximation based on the
combination of these two methods. First, we take into account the screening of Coulomb interactions in the
3d-electron-like bands located near the Fermi level by the states from the orthogonal subspace, using the
constraint-LDA methods. The obtained interactions are further renormalized within the bands near the Fermi
level in RPA. This allows the energy-dependent screening by electrons located near the Fermi level, including
the same 3d electrons.
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I. INTRODUCTION

The description of electronic structure and properties of
strongly correlated systems presents a great challenge forab
initio electronic structure calculations. The main complexity
of the problem is related to the fact that such electronic sys-
tems typically bear both localized and itinerant character,
where most conventional methods do not apply. A canonical
example is the local-(spin-)density approximation[L(S)DA]
in the density-functional theory(DFT).1

The DFT, which is a ground-state theory, is based on the
minimization of the total-energy functionalEfrg with respect
to the electron densityr. In the Kohn-Sham(KS) scheme,
which is typically employed for practical calculations, this
procedure is formulated as the self-consistent solution of
single-particle KS equations,

s− ¹2 + VKSfrgdcifrg = «icifrg, s1d

which are combined with the equation for the electron den-
sity:

r = o
i

f iuciu2, s2d

defined in terms of eigenfunctionsscid, eigenvaluess«id, and
the occupation numberssf id of KS quasiparticles.

The LSDA provides an explicit expression forVKSfrg.
However, it is based on the homogeneous electron-gas
model, and strictly speaking applicable only for itinerant
electron compounds.

The recent progress, which gave rise to such directions as
LDA1HubbardU (Refs. 2–4) and LDA1DMFT (dynamical
mean-field theory),5,6 is based on the idea of partitioning of
electronic states. It implies the validity of the following pos-
tulates.

(i) All solutions of KS equations(1) in LDA can be di-
vided (by introducing proper projection operators) into two
subgroups:i [ I, for which LSDA works reasonably well,
and i [L, for which LSDA encounters serious difficulties
and needs to be improved(a typical example is the 3d states
in transition-metal oxides and some transition metals).

(ii ) Two orthogonal subspaces,I andL, are “flexible” in
the sense that they can be defined for a wider class of elec-
tron densities, which can be different from the ground-state
density in LDA. This allows us to “improve” LDA by adding
a proper correctionDŜ (generally, anv-dependent self-
energy) to the KS equations, which acts solely in theL sub-
space but may also affect theI states through the change ofr

associated with thisDŜ. Thus, in the KS equations, theL and
I states remain decoupled even after includingDŜ:
kci[Ifrgus−¹2+VKSfrg+DŜduci[Lfrgl=0. For many applica-
tions, theL states are atomic or Wannier-type orbitals. Then,
the description of electronic states in theL space becomes
equivalent to the solution of a multiorbital Hubbard-type
model, and the formulation of the LDA+U approach is ba-
sically dealing with the question of how to map the LDA
band structure onto this Hubbard model. In the following, by
referring to the LDA+U we will mean not only the static
version of this method, originally proposed in Ref. 2, but
also its recent extensions designed to treat dynamics of cor-
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related electrons and employing the same idea of partitioning
of the electronic states.5,6

(iii ) All physical interactions, which contribute toDŜ,
can be formally derived from LDA by introducing certain
constraining fieldshdV̂extj in the subspace ofL states(i.e., in

a way similar toDŜ). The purpose of including thesehdV̂extj
is to simulate the change of the electron densitydr and to
extract parameters of electronic interactions by mapping the
total-energy differenceEfr+drg−Efrg onto the Hubbard
model. The total-energy difference is typically evaluated in
LDA,7 and the method itself is called the constraint LDA
(CLDA).8–11

However, despite a decade of more or less successful ap-
plications, the central question of LDA+U is not completely
solved and continues to be the subject of various disputes
and controversies.12–17 This question is how to define the
parameter of the effective Coulomb interactionU.

To begin with, the CoulombU is not a uniquely defined
quantity, as it strongly depends on the property for the de-
scription of which we want to correct our LDA scheme. One
possible strategy is the excited-state properties, associated
with the complete removal of an electron from(or the addi-
tion of the new electron to) the system, i.e., the processes
which are described by Koopman’s theorem in Hartree-Fock
calculations and which are corrected in the GW method by
taking into account the relaxation of the wave functions onto
the created electron hole(or a new electron).18,19 However,
the goal which is typically pursued in LDA+U is somewhat
different. Namely, one would always like to stay as close as
possible to the description of the ground-state properties. The
necessary precondition for this, which should be taken into
account in the definition of the CoulombU and all other

interactions which may contribute toDŜ, is the conservation
of the total number of particles. In principle, similar strategy
can be applied for the analysis of neutral excitations(e.g., by

considering thev dependence ofDŜ), for which the total
number of electrons is conserved.6 The basic difference be-
tween these two processes is that the “excited” electron in
the second case continues to stay in the system and may
additionally screen the CoulombU. This screening may also
affect the relaxation effects.20

The purpose of this paper is to clarify several questions
related with the definition of the Coulomb interactionU in
transition metals. We will discuss both the momentumsqd
and energysvd dependence ofU, corresponding to the re-
sponse of the Coulomb potential onto the sitesRd and time

std dependent perturbationdV̂ext, and present a comparative
analysis of the existing methods of calculations of this inter-
action, like CLDA and GW. We will argue that, despite a
common belief, the GW method does not take into account
the major effect of screening of the effective Coulomb inter-
actionU between the 3d electrons by the(itinerant) 4spelec-
trons. This channel of screening is automatically included in
CLDA, though it may be affected by some additional ap-
proximations, which typically supplement the CLDA ap-
proach in order to separate the 3d and 4spstates. In the GW
approach, the absence of the 4sp screening can be compen-
sated, to a certain extent, by a proper choice of the pseudo-

Wannier orbitals, simulating the basis ofL states. On the
other hand, CLDA is a static approach, which does not take
into account thev dependence of effectiveU.21 We will
consider mainly the ferromagnetic(FM) fcc Ni, although
similar arguments can be applied for other metallic com-
pounds. We start with the basic definition ofU for the sys-
tems with the conserving number of particles, which was
originally introduced by Herring,22 and then discuss the con-
nection of this definition with the parameters which comes
out from CLDA and GW calculations.

II. HERRING’S DEFINITION AND CLDA

According to Herring,22 the CoulombU is nothing but the
energy cost for moving anL electron between two atoms,
located atR and R8, and initially populated bynLR=nLR8
;nL electrons:

URR8 = EsnLR + 1,nLR8 − 1d − EsnLR,nLR8d. s3d

In DFT, URR8 can be expressed in terms of the KS eigenval-
ues, «LR=]E/]nLR, using Slater’s transition state
arguments:11

URR8 = «LRSnLR +
1

2
,nLR8 −

1

2
D − «LRSnLR −

1

2
,nLR8 +

1

2
D .

s4d

The final definition

URR8 = U ] «LR

] nLR
U

nLR+nLR8=const
, s5d

which is typically used in CLDA calculations, is obtained
after replacing the finite difference between two KS eigen-
values in Eq.(4) by their derivative. The parameterURR8
depends on the atomic indicesR and R8. This dependence
has a clear physical meaning and originates from the distance
dependence of intersite Coulomb interactions, which contrib-
ute to the screening ofURR8. In the reciprocal(Fourier)
space, it is equivalent to theq dependence ofU.

Owing to the existence of the second subsystemI, the
reaction(3) may compete with another one,

U = EsnLR + 1,nIR − 1,nLR8 − 1,nIR8 + 1d

− EsnLR,nIR,nLR8,nIR8d, s6d

corresponding to independent “charge transfer” excitations at
the sitesR andR8.23 It can be also presented in the form(5),
but with the different constraint imposed on the numbers of
L andI electrons:nLR+nIR=const. Generally, the definitions
(3) and (6) will yield two different interaction parameters.
Since in the charge-transfer scenario any change ofnLR is
totally screened by the change ofnIR located at the same site,
the interaction(6) does not depend onR.

In reality, both processes coexist and the proper interac-
tion parameterU is given by the following equation:

URR8 = EsnLR + 1,nIR − d,nLR8 − 1,nIR8 + dd

− EsnLR,nIR,nLR8,nIR8d,

where the amount of charged redistributed between two sub-
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systems is determined variationally to minimizeURR8. In the
CLDA scheme, it is convenient to work in the reciprocal
(Fourier) space and calculateUq as the response to the
q-dependent constraining field,

dV̂extsq,Rd = VL cosq ·R, s7d

acting in the subspace ofL states under the general condition
of conservation of the total number of particles. The results
of these calculations will strongly depend on how well
L-electrons are screened by theI ones. In the case of perfect
(100%) screening, the reaction(6) will dominate, and the
parameterU will not depend onq. If the screening is not
perfect(e.g., the change of the number of 3d electrons in the
transition metals is screened to only about 50% by the 4sp
electrons at the same atom10), it is reasonable to expect a
strongq dependence of the effectiveU, because two differ-
ent channels of screening, given by Eqs.(3) and (6), will
work in a different way for differentq’s. Since the excess(or
deficiency) of L electrons caused by a uniform shift of the

external potentialdV̂ext can be only compensated from the
system ofI electrons, the charge-transfer mechanism(6) will
always dominate for smallq. The mechanism(3) becomes
increasingly important near the Brillouin zone(BZ) bound-
ary, and will generally compete with the charge-transfer ex-
citations(6), depending on the distribution of theI-electron
density.10

III. GW METHOD

It was recently suggested by several authors(e.g., in Refs.
4, 15–17, and 24 that the CoulombU in the LDA+U ap-
proach can be replaced by the screened Coulomb interaction
W taken from theab initio GW method. The latter is calcu-
lated in the random-phase approximation(RPA):15–17

Ŵsvd = f1 − ûP̂svdg−1û. s8d

We adopt the orthogonal atomiclike basis of linear muffin-tin
orbitals(LMTOs) hxaj,25 which specifies all matrix notations
in Eq. (8). For example, the matrix of bare Coulomb inter-
actions e2/ ur −r 8u has the form kabuûugdl
=e2edredr 8xa

* sr dxb
* sr 8dur −r 8u−1xgsrdxdsr 8d, and all other

matrices are defined in a similar way. The diagonal part ofû
for the 3d states is totally specified by three radial Slater’s
integrals:F0, F2, andF4. In the following we will identifyF0

with the parameter of bare Coulomb interaction, which has
the same meaning as the CoulombU after taking into ac-
count all screening effects.F2 andF4 describe nonspherical
interactions, responsible for Hund’s rule.

The first advantage of RPA is that it allows us to handle

the v dependence ofŴ, which comes from thev depen-

dence of the polarization matrixP̂. The most common ap-

proximation forP̂, which is feasible forab initio GW calcu-
lations, is that of noninteracting quasiparticles:18,19

PGWsr ,r 8,vd = o
i j

sf i − f jdcisr dci
*sr 8dc j

*sr dc jsr 8d
v − « j + «i + idsf i − f jd

, s9d

which is typically evaluated starting with the electronic
structure in LSDA(here the spin indices are already included
in the definition ofi and j). Generally speaking, the use of

P̂GW is an additional approximation, which yields a new in-

teractionŴGW. At this stage, it is not clear whether it has the
same meaning as the effectiveU derived from CLDA and
whether Eq.(9) includes all necessary channels of screening.
It may also include some other effects, which should be ex-
cluded from the final definition ofU, in order to avoid the
double counting. One is the self-screening arising from local
(on-site) interactions between localized electrons. These in-
teractions are not accurately treated in RPA.26 Therefore the
basic idea is to exclude these effects from the definition of

ŴGW and to resort this part to the interaction term of the
Hubbard model.24 In this respect, the second important prop-
erty of RPA is that it allows us to easily partition different

contributions toP̂ andŴ. If P̂= P̂1+ P̂2 andŴ1 is the solu-

tion of Eq. (8) for P̂= P̂1, the totalŴ can be obtained from

the same equation after substitution ofP̂ by P̂2 andû by Ŵ1.

For example, ifP̂2= P̂LL is the part ofP̂GW which includes all

possible transitions between the localized states, andP̂1= P̂r

is the rest of the polarization matrix, the matrixŴr corre-

sponding toP̂r, can be used as the interaction part of the
Hubbard model.16,17

GW story for fcc Ni

The ferromagnet fcc Ni is the most notorious example
where LSDA encounters serious difficulties, especially for
description of spectroscopic properties. There are three major
problems:19 (i) the bandwidth is too large(overestimated by
,30%); (ii ) the exchange splitting is too large(overesti-
mated by,50%); and(iii ) the absence of the 6-eV satellite.
The ab initio GW approach corrects only the bandwidth(al-
though with a certain tendency to overcorrect), whereas the
other two problems remain even in GW.19,27 Therefore, be-
fore doing any extensions on the basis of the GW method, it
is very important to have a clear idea about its limitations. In
this section we would like to clarify several confusing state-
ments about screening ofW in GW. We argue that the main
results of theab initio GW method can be explained, even
quantitatively, by retaining, instead of the full matrixû in Eq.
(8), only the site-diagonal blockûLL of bare Coulomb inter-
actions between 3d electrons, in the atomiclike LMTO basis
set. An intuitive reason behind this observation is the form of
the polarization matrix(9), which can interact only with the
matrix elements ofû of the exchange type. The latter are
small unless they are calculated between orbitals of the same
type, corresponding to the self-interaction. The values of ra-
dial Slater’s integrals calculated in the basis of atomic 3d
orbitals areF0=24.9,F2=11.1, andF4=6.8 eV, respectively.
All other interactions are considerably smaller. Hence it
seems to be reasonable to adopt the limitûLL→`, which
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automatically picks up in Eq.(8) only those matrix elements
which are projected onto the atomic 3d orbitals, in the
nearly-orthogonal LMTO representation(Ref. 25). In this
sense theab initio GW method for transition metals can be
regarded as the RPA solution of the Hubbard model with the
bare on-site interactions between 3d electrons defined in the
basis of pseudoatomic LMTO orbitals. In the GW method,
these interactions are practically not screened by outer elec-
trons. Note, however, that the LMTO basis in the transition
metals is generally different from the Wannier basis, which
should be used for the construction of the Hubbard Hamil-
tonian. As it will become clear in Sec. VII, the Wannier
representation has several additional features, which may
modify conclusions of this section to a certain extent.

Results of these model GW calculations are shown in Fig.
1. In this case, the energy scale is controlled by the bare
interactionF0, which predetermines the asymptotic behavior

ReWs`d (with W denoting the diagonal matrix element ofŴ)
and the position of the poles of ImWsvd (the so-called “plas-
mon structure”) at ,22 eV, which is related to the sharp
increase of ReWsvd at around 25 eV via the Kramers-Kronig

transformation. At smallv, the behavior ofŴsvd is well
consistent with the strong-coupling regimeF0→`: namely,

Ŵsvd,−P̂−1svd, which is small(W,1.8 eV atv=0) and
does not depend on F0 (though it may depend onF2 andF4).
All these features are in a good semiquantitative agreement
with results of GW calculations.15–17,19

The self-energy in GW is given by the convolution ofŴ

with the one-particle Green functionĜ:

Ŝsvd =
i

2p
E dv8Ĝsv + v8dŴsv8d. s10d

Therefore thev dependence ofŜ should incorporate the

main features ofŴsv8d. Indeed, the low-energy part ofŜ
(close to the Fermi energy or the chemical potentialm) is

mainly controlled by ImŴ. Since the main poles of ImŴ and

ImĜ are well separated on thev axis (thev range of ImĜ is
limited by the 3d bandwidth,,4.5 eV in LSDA for fcc Ni,
whereas the “plasmon peak” of ImW is located only at
,22 eV), one has the following relation:

u ] S/] vuv=m <
1

p
E

0

`

dv ImWsvd/v2. s11d

This yields the renormalization factor Z=s1
− u]S /]vuv=md−1,0.5, which readily explains the reduction
of the 3d bandwidth as well as of the intensity of the valence
spectrum inab initio GW calculations(Fig. 2).19,27

Away from the Fermi energy(i.e., for energiesuvu which
are much larger than the 3d bandwidth), one has another
relation ReSsvd,−ReWsvd, which readily explains the ex-
istence of the deep minimum of ReSsvd near230 eV (see
Fig. 1) as well as large transfer of the spectral weight into
this region(shown in the inset of Fig. 2). The latter is ex-
pected when

v < «i + ReSsvd,

which is the standard precondition for the appearance of the
satellite structure in the GW approach.19 Therefore it is not
quite right to say that the satellite structure is missing in the
ab initio GW calculations for Ni. It may exist, but only in the
wrong region ofv.

FIG. 1. Characteristic behavior of site-diagonal element of the screened Coulomb interactionW=kxy xyuŴR=0uxy xyl and the matrix

element of the self-energyS=kxyuŜq=0
↑ uxyl betweenxy orbitals of thet2g manifold in theG point of the Brillouin zone obtained in the GW

approach with the bare Coulomb interactions between 3d electrons in the atomiclike LMTO basis set. The inset shows amplifiedSsvd near
v=m. Matrix elements betweeneg orbitals show a similar behavior.

FIG. 2. The spectral functionAsvd=−s1/pd Im TrĜsvd sgnsv
−md for fcc Ni in LSDA and two GW schemes with bare electronic
interactions and parameters extracted from constraint LDA. The
inset shows the satellite structure inAsvd at the G point of the
Brillouin zone in the bare-GW approach.
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Thus, even besides RPA, the major problem of the GW
approach for the transition metals is thewrong energy scale,
which is controlled by the bare on-site Coulomb interaction
F0s,20–30 eVd between the 3d electrons. In summarizing
this section we would like to stress again the following
points:

(i) The major channel of screening of Coulomb interac-
tion in the GW method for the transition metals originates
from the 3d→3d transitions in the polarization function(cal-
culated in the atomiclike LMTO basis). The screening by the
4sp electrons is practically absent;

(ii ) At small v, the deficiency of the 3d-4sp screening is
masked by the strong-coupling regime realized in RPA equa-
tions for screened Coulomb interaction, which explains a
small value ofWs0d obtained in the GW calculations;

(iii ) The main features of thev dependence ofŜ andŴ
in GW also comes from the 3d→3d transitions.

Different conclusions obtained in Refs. 16 and 17 are re-
lated with the use of different partitioning into what is called
the “3d” and “non-3d” (pseudo-)Wannier orbitals.28 In light
of the analysis presented in this section, the strong
v-dependent screening by the “non-3d” pseudo-Wannier
states obtained in Refs. 16 and 17 means that in reality these
states had a substantial weight of 3d character of the LMTO
basis, which mainly contributed to the screening. We will
return to this problem in Sec. VII.

The next important interaction, which contributes to the
screening ofF0 in GW, is due to transitions between states
with the same angular momentum: i.e., 3d→nd sn
=4,5,…d (see also comments in Sec. V A). In the lowest-
order (non-self-consistent RPA), these contributions can be
estimated as

DWsvd < k3d3duûu3d4dlav
2 PGWsv,3d → 4dd + shighernd,

s12d

where k3d3duûu3d4dlav.6.1 eV is the spherical part of the
exchange integralk3d3duûu3d4dl, corresponding toF0.29 Re-
sults of these calculations are shown in Fig. 3. The region of
3d→4d transitions strongly overlaps with the “plasmon

peak” of ImWsvd (Fig. 1). Therefore, in the GW calcula-
tions, these two effects are strongly mixed.15–17,19The v de-
pendence ofDW will also contribute to the renormalization
of the low-energy part of the spectrum. In GW, this contri-
bution can be estimated using Eq.(11), which yields
u]S /]vuv=m,0.06. This contribution is small and can be ne-
glected.

IV. GW VERSUS CLDA

What is missing in theab initio GW method, and what is
the relation between GW and CLDA? Let us consider for

simplicity the static case, wheredV̂ext does not depend on
time (the generalization to the time-dependent case is rather
straightforward).

Eventually, both methods are designed to treat the re-
sponsedrsr d of the charge density(1) to the change of the

external potentialdV̂ext, which can be calculated in the first

order of the regular perturbation theory. Then,dV̂ext will af-
fect both eigenvalues and eigenfunctions of the KS equations
(1). The corresponding corrections are given by the matrix

elementskciudV̂extuc jl with i = j and i Þ j , respectively. If two
(or more) eigenvalues are located near the Fermi level, their
shift can lead to the repopulation effects when some levels
become occupied at the expense of others. This is a direct
consequence of the conservation of the total number of par-
ticles, which affects the occupation numbers. Therefore, very
generally, the total responsedrsr d in metals will consist of
two parts,drsr d=d1rsr d+d2rsr d, describing the change of
the occupation numbers,d1rsr d=oidf iucisr du2, and the relax-
ation of the wave function,d2rsr d=oi f id ucisr du2, respec-
tively. Then, the polarization functionP, defined as

drsr d =E dr 8Psr ,r 8,0ddVextsr 8d, s13d

will also consist of two parts,P1 andP2, which yieldd1r and
d2r after acting ondVext. Then, it is easy to verify by con-
sidering the perturbation-theory expansion forhcij with re-
spect todVext that the GW approximation corresponds to the
choice P1=0 and P2=PGW. It yields d2rsr d, which further
induces the new change of the Coulomb(Hartree) potential
d2VHsr d=e2edr 8d2rsr 8d / ur −r 8u. By solving this problem
self-consistently and taking the functional derivative with re-
spect to d2r one obtains the GW expression(8) for the

screened Coulomb interactionŴGWs0d. Therefore it is clear
that theab initio GW method takes into account only one
part of the total responsedr, describing the relaxation of the
wave function with the fixed occupation numbers. Another
contribution, corresponding to the change of the occupation
numbers(or the charge redistribution near the Fermi level) is
totally missing.

This result can be paraphrased in a different way, which
clearly illustrates its connection with the definition of or-
thogonal subspaces,L and I, discussed in the introduction,
and the partitioning of the polarization functionP (Sec. III),
which is used in the definition of the Hubbard model.16,17

First, recall that according to the main idea of the LDA+U

FIG. 3. Thev dependence of on-site Coulomb interaction asso-
ciated with the relaxation of the 3d wave functions in the region of
the 3d→4d transitions. The 3d→5d transitions have also been
taken into account. They contribute to the region above 100 eV,
which is not shown here.
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method(see postulates(i) – (iii ) of the Introduction), dV̂ext
should be a projector-type operator acting in the subspace of
theL states. Then, the result of the action of the polarization

function PGW; P2, given by Eq.(9), onto this dV̂ext will

belong to the sameL space. Therefore the projectiondV̂ext
will generate only that part of the polarization function,
which is associated with the transitions between localized

states(P̂LL in Sec. III). Meanwhile, this polarization effect
should be excluded from the final definition of the parameter
U in the Hubbard model to avoid the double counting.16,17

However, if P̂LL is excluded, there will be nothing left in the

polarization function(9) that can interact withdV̂ext and
screen the change of the electron density in theL subspace.
Therefore the GW scheme should correspond to the bare
Coulomb interaction, that is totally consistent with the analy-
sis presented in Sec. III.

Basic difficulties for transition metals

There is certain ambiguity in the construction of the Hub-
bard model for the transition metals, which is related with
the fact that their LDA electronic structure cannot be de-
scribed in terms of fully separatedL and I states without
additional approximations. In this section we briefly review
two such approximations, which will explain the difference
of our point of view on the screening of Coulomb interac-
tions in the transition metals from the one proposed in Refs.
16 and 17.

The GW approach employed in Refs. 16 and 17 implies
that all electronic structure near the Fermi level can be de-
scribed in terms ofonly fivepseudo-Wannier orbitals of pre-
dominantly 3d character, which serve as theL states in the
considered model. Generally, suchL states are not the same
as the LMTO basis functions and take into account the ef-
fects of hybridization between 3d and 4spstates. An example
of such electronic structure, obtained after elimination of the
4sp states near the Fermi level through the downfolding
procedure,30 is shown in Fig. 4. Other possibilities of defin-
ing these pseudo-Wannier functions, which have been actu-
ally used in Refs. 16 and 17, are summarized in Ref. 28.
Then, the remaining electronic states, which are orthogonal
to these pseudo-Wannier orbitals, represent theI states. By
the construction, theI states are expected to be far from the
Fermi level. This may justify the use of the GW approxima-
tion for the screening of Coulomb interactions in the
3d-electron-like bands, formed by the pseudo-Wannier orbit-
als near the Fermi level, by the remoteI states. The param-
eters of Coulomb interactions, constructed in such a way,
correspond to the original Herring definition(3) in the basis
of pseudo-Wannier orbitals. Formally, it should also include
the charge redistribution effects near the Fermi level. How-
ever, in this case the charge redistribution goes between
pseudo-Wannier orbitals of the samesLd type, which consti-
tutes the basis of the Hubbard model. Therefore the effects of
the charge redistribution can be taken into account by includ-
ing the intra- as well as intersite Coulomb interactions in the
Hubbard Hamiltonian. The latter can be evaluated in the GW
approach, provided that the relaxation effects are not very

sensitive to whether the excited electron is placed on another
L orbital of the same system, or completely removed from it,
like in the GW method.

The model employed in CLDA calculations is obtained
after neglecting the hybridization between 3d and 4sp states
(the so-called canonical-bands approximation—Ref. 25). It
consists of the pure 3d band, located near the Fermi level and
representing theL states of the model, which is embedded
into the free-electron-like 4sp band, representing theI
states.31 Formally, these bands are decoupled and the free-
electron-line 4sp band can be eliminated from the basis in
the process of construction of the Hubbard Hamiltonian.
However, in this case the definition of the screened Coulomb
interaction in the 3d band should take into account the pro-
cesses corresponding to redistribution of electrons between

FIG. 4. Two approximate views on the electronic structure of
(paramagnetic) fcc Ni underlying different schemes of calculation
of the screened Coulomb interaction. The original LDA bands are
shown by light color. The GW calculations are based on model(a),
which implies thatall electronic structure near the Fermi level(lo-
cated at zero) can be described in terms of onlyfivepseudo-Wannier
orbitals of predominantly 3d character, simulating theL states. The
dark bands show an example of such electronic structure obtained
after elimination of 4sp states through the downfolding procedure
(Ref. 30). The remaining electronic states are theI states, which are
orthogonal to the pseudo-Wannier orbitals and allowed to screen the
Coulomb interactions in these bands. The screening is treated in
RPA. Model (b), which is used in constraint-LDA calculations, is
obtained after neglecting the hybridization between 3d and 4sp
states[the so-called canonical-bands approximation(Ref. 25)]. It
consists of the 3d band(representing theL states and shown by dark
color), embedded into the free-electron-like 4sp band(representing
the I states and shown by dash-dotted line). The coexistence of two
different groups of states near the Fermi level gives rise to the
charge redistribution, which contribute to the screening of Coulomb
interactions in the 3d band.
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3d and 4sp bands at the low-energy cost, which is traced
back to Herring’s scenario of screening in the transition
metals,22 and which is missing in the GW method.

However, we would like to emphasize again that both
considered models areapproximationsto the real electronic
structure of fcc Ni. Even in the first case[model (a) in Fig.
4], the free-electron-like 4sp band lies near the Fermi level
(especially around theL point of the Brillouin zone). There-
fore the charge redistribution effects are expected to play
some role even in the basis of Wannier orbitals. On the other
hand, because of strong hybridization between 3d and 4sp
states in the transition metals, there is a substantial difference
of electronic structure used in CLDA calculations[model(b)
in Fig. 4] from the real LDA electronic structure of fcc Ni.
Strictly speaking, all partial contributions to the screening of
Coulomb interactions, which we will consider in the next
section, will be evaluated for this particular model of the
electronic structure. The values of these parameters can be
revised to a certain extent after taking into account the hy-
bridization between 3d and 4spstates. For example, with the
better choice of the Wannier basis for the five
3d-electron-like bands in model(b) one could still possibly
try to incorporate the main effects of model(a) and merge
these two approaches.

V. CLDA FOR TRANSITION METALS

How important are the relaxation of the wave functions
and the change of the occupation numbers in the definition of
the Coulomb interactionU? For the transition metals, both
contributions can be easily evaluated in CLDA. For these
purposes it is convenient to use the Hellman-Feinman theo-
rem, which relates the staticU with the expectation value of
the KS potentialVKS=VH+VXC:11

U = k3du
] VKS

] n3d
u3dl.

Then, the exchange-correlation(XC) part is small.dVH can
be expressed throughdr. Hence the CLDA scheme provides
the self-consistent solution fordr associated with the change
of the number of 3d electrons,dn3d. The latter is controlled
by dVext. Therefore the procedure is totally equivalent to the
calculation of the polarization functionP and the screened
Coulomb interaction forv=0.

A. Conventions

We use a rather standard setup for the CLDA calculations.
Namely, the 3d band of Ni should be well separated from the
rest of the spectrum(otherwise, the LDA+U strategy dis-
cussed in the Introduction does not apply). For fcc Ni this is
not the case. However, this property can be enforced by us-
ing the canonical bands approximation in the LMTO
method.25 We employ even cruder approximation and replace
the 3d band by the atomic 3d levels embedded into the 4sp
band (in other words, we switch off the hybridization be-
tween 3d orbitals located at different atomic sites as well as
the 3d and 4sp states).10 Then, each 3d orbital can be as-
signed to a single atomic site. By changing the number of 3d

electrons at different atomic siteshRj in supercell calcula-
tions, one can mimic theq dependence of the external po-
tential (7). Other atomic populations(of the 4sp states) are
allowed to relax self-consistently onto each change of the
number of 3d electrons. Hence the contribution of the
charge-transfer excitation(6) to the screening ofU is unam-
biguously defined by the form of the external potential and
details of the electronic structure of the 4sp states. Some
aspects of treating the 3d states beyond the atomic approxi-
mation will be considered in Sec. VII.

The LMTO method is supplemented with an additional
spherical approximation forVKSsr d inside atomic spheres,
which bars small exchange interactions between 3d and 4sp
electrons from the screening ofU. By paraphrasing this
statement in terms of the polarization function in the GW
method, the spherical approximation forVKSsr d in the CLDA
calculations is equivalent to retaining inPGW only those con-
tributions which are associated with transitions between
states with the same angular momentum(e.g., 3d→4d, etc.).

B. Screened Coulomb interaction in theG point

First, we evaluate the pure effect associated with the
change of the occupation numbers, without relaxation of the
wave functions. This mechanism is directly related with the
conservation of the total number of particles, and simply
means that the excess(or deficiency) of the 3d electrons for
q=0 is always compensated by the 4spelectrons, which par-
ticipate in the screening of 3d interactions. The correspond-
ing contribution to the screening ofF0 is given by11

Ds1dF0 = o
iÞ3d

df i

dn3d
k3diuûu3dilav.

In transition metals,Ds1dF0 is very large and takes into
account more than 70% of screening of the bare Coulomb
interactionF0 (Table I). This contribution is missing in the
GW method. The second largest effect(,25% of the total
screening) is caused by relaxation of the 3d orbitals onto the
change of the Hartree potential associated with the change of
these occupation numbers(Ds2dF0 in Table I). The remaining
part of the screening(,5%) comes from the relaxation of
other orbitals(including the core ones) and the change of the
XC potential. In principle, the relaxation effects should be
taken into account by the GW calculations. However, this

TABLE I. Partial contributions to the screening of the 3d inter-
actions in theG point extracted from constraint-LDA calculations
(in eV): (i) bare Coulomb integralF0, (ii ) the screening ofF0 by the
4sp electrons associated with the change of occupation numbers,
without relaxation of the wave functionssDs1dF0d, (iii ) the addi-
tional screening ofF0 associated with relaxation of the 3d orbitals
sDs2dF0d, and (iv) the total value of U obtained in CLDA
calculations.

Compound F0 Ds1dF0 Ds2dF0 U

bcc Fe 22.2 213.6 23.5 4.5

fcc Ni 24.9 214.2 25.2 5.0
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procedure strongly depends on the way it is implemented.
For example, the CLDA approach is based on a direct solu-
tion of KS equations supplemented with aflexible atomic
basis set, like in the LMTO method.25 Then, the change ofF0

caused by relaxation of the 3d orbitals can be easily evalu-
ated as11

Ds2dF0 =
n3d

2

] F0

] n3d
.

Sincen3d is large in the fcc Ni, this contribution is also large.
The situation can be different in the GW scheme, based on
the perturbation theory expansion, which requires a large ba-
sis set.32 For example, in order to describe properly the same
relaxation of the 3d wave functions, the polarizationPGW
should explicitly include the excitation from the occupied 3d
to the unoccupied 4d (and probably higher) states.19

C. q dependence of CoulombU

Since the change of the number of 3d electrons in transi-
tion metals is not totally screened by the 4spelectrons at the
same atomic site,10 it is reasonable to expect an appreciable
q dependence of the effectiveU. Results of CLDA calcula-
tions for the high-symmetry points of the Brillouin zone are
summarized in Table II. The effectiveU appears to be small
in the G point due to the perfect screening by the 4sp elec-
trons. At the Brillouin-zone boundary this channel of screen-
ing is strongly suppressed as is reflected in the larger values
of the CoulombU. The screening by intersite Coulomb in-
teractions, which takes place in theX point of the BZ, is
substantially weaker and cannot fully compensate the lack of
the 4spscreening. In theL point of the BZ for the fcc lattice,
the modulation of the 3d-electron density in the CLDA cal-
culations is such that the number of nearest neighbors with
an excessive and deficient number of 3d electrons is the
same. Therefore the contributions of intersite Coulomb inter-
actions to the screening are canceled out, resulting in the
largest value of the effectiveU.

VI. GW STARTING WITH CLDA

In this section we discuss some relevance of parameters
of effective Coulomb interactions extracted from CLDA for
the analysis of electronic structure and properties of fcc Ni.
We consider the “renormalized GW approach,” in which,
instead of bare Coulomb interactions, we use parameters ex-
tracted from CLDA. The main difference is that the latter
incorporates the screening by the 4spelectrons, including the
effects of charge redistribution beyond the GW approxima-
tion. This strategy can be well justified within RPA, because
it allows us to partition the polarization function and treat the
screening effects in two steps:

(i) We take into account the screening by “non-3d” elec-
trons using CLDA. This yields the new(“renormalized”) ma-

trix of screened Coulomb interactionsûLL between the 3d
electrons.33 As it was discussed in Sec. V C, the obtained

interactionûLL is q dependent, and this dependence is fully
taken into account in our calculations.

(ii ) We evaluate the screening caused by 3d→3d transi-
tions in the polarization function(9) using Eq.(8) in which

the matrix of bare Coulomb interactionsûLL is replaced by

ûLL. This yields the new interactionW
ˆ svd, which is used in

subsequent calculations of the self-energy(10). It is reason-

able to expect that the mainv dependence ofW
ˆ

will come
from the 3d→3d transitions(see closing arguments in Sec.
III ), which are taken into account in the second step. The
screening by “non-3d” states can be treated as static.

Results of these calculations are shown in Fig. 5. The
main effect of the 4sp screening, beyond the standard GW
approach, is the change of the energy scale, which is now
controlled by theq-dependent Coulomb interactionU, being
of the order of 5.0–7.3 eV. It changes the asymptotic behav-
ior ReWs`d as well as the position and the intensity of the
“plasmon peak” of ImWsvd, which is shifted to the lower-
energies region and becomes substantially broader in com-
parison with the case of bare Coulomb interactions consid-
ered in Sec. III. On the other hand, the static limit ReW
.1.9 eV is practically not affected by details of the 4sp
screening, due to the strong-coupling regime realized in the
low-v region. The ReW exhibits a strongv dependence at
around 7 eV, which is related with the position of the plas-
mon peak of ImWsvd. All these features are well reflected in
the behavior ofSsvd.

The main effect of the 4sp screening onto the spectral
function in RPA consists in a somewhat milder reduction of

TABLE II. Coulomb interactionU (in eV) for fcc Ni in three
different points of the Brillouin zone:G=s0,0,0d, X=s2p ,0 ,0d,
and L=sp ,p ,pd (in units of 1/a, where a is the cubic lattice
parameter).

G X L

5.0 6.8 7.3

FIG. 5. The same as Fig. 1 but
with parameters of Coulomb inter-
actions extracted from CLDA.
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the bandwidth, which is also related with the spectral weight
transfer(Fig. 2): the new renormalization factor isZ,0.7
against Z,0.5 obtained with bare Coulomb interactions.
However, the exchange splitting does not change and the
6-eV satellite structure does not emerge.

VII. SUMMARY AND REMAINING QUESTIONS

We have considered several mechanisms of screening of
the bare Coulomb interactions between 3d electrons in tran-
sition metals. We have also discussed different methods of
calculations of the screened Coulomb interactions. Our main
results can be summarized as follows.

(i) The processes which mainly contribute to the screen-
ing of Coulomb interactions between 3d electrons are essen-
tially local, meaning that the on-site Coulomb interactions
are most efficiently screened by the 3d and 4sp electrons
located at the same site.9,10,13The most efficient mechanism
of screening is basically the self-screening by the same 3d
electrons, evaluated in some appropriate atomiclike basis,
like that of the LMTO method employed in the present work.
The v dependence of the effective Coulomb interactionU
also originates mainly from the self-screening.

(ii ) We have clarified a fundamental difference between
constraint-LDA and GW methods in calculating the effective
Coulomb interactionU. The GW approximation does not
take into account a screening of the on-site Coulomb inter-
actions by the itinerant 4sp electrons, taking place via redis-
tribution of electrons between 3d and 4sp bands.

In a number of cases, the GW approach may be justified
by using Wannier basis functions, representing the bands
near the Fermi level. If these bands are well isolated from the
other bands, the redistribution of electrons between Wannier
orbitals for the bands near the Fermi level and those far from
the Fermi level must be negligible. Then, the remote bands
can participate in the screening of Coulomb interactions in
the “near-Fermi-level bands” only via virtual excitations,
which can be treated on the RPA level.

However, in the case of Ni, such separation of bands is
not complete, and it is essential to consider additional
mechanisms of screening beyond the GW approximation. In
the present work, the 4sp screening is automatically taken
into account in the CLDA approach, which is complementary
to the GW method. Due to the strong-coupling regime real-
ized in RPA equations for the screened Coulomb interaction,
the static limit appears to be insensitive to the details of the
4sp screening. However, from the viewpoint of the present
approach, the 4sp screening becomes increasingly important
at finitev and controls both the asymptotic behavior and the
position of the plasmon peak of the screened Coulomb inter-
action in RPA. The latter effect can be especially important
as it predetermines the position of the satellite structure.

Finally, we would like to make several comments about
implication of the parameters of screened Coulomb interac-
tion obtained in our work for the description of electronic
structure and properties of transition metals. We will also
discuss some future directions and make a comparison with
already existing works.

(i) Our results clearly show that RPA is not an adequate

approximation for the electronic structure of fcc Ni. Even
after taking into account the additional screening of the 3d
-3d interactions by the itinerant 4sp electrons, beyond the
GW approximation, and theq dependence of the effectiveU,
we obtain only a partial agreement with the experimental
data. Namely, only the bandwidth is corrected in this “renor-
malized GW approach,” in a better agreement with the ex-
perimental data. However, there is only a tiny change of the
spectral weight around 6 eV(Fig. 2), i.e., in the region where
the satellite structure is expected experimentally. Even as-
suming that our parameters of Coulomb interactions may be
still overestimated(due to the reasons which will be dis-
cussed below), and the satellite peak can emerge for some
smaller values ofU,17 one can hardly expect the strong spin
dependence of this satellite structure as well as the reduction
of the exchange splitting, which are clearly seen in the
experiment,34 on the level of RPA calculations. Therefore it
is essential to go beyond.

(ii ) Even beyond RPA, do the parameters of screened
Coulomb interactionU,5.0–7.3 eV, obtained in the atomic
approximation, provide a coherent description for the elec-
tronic structure and properties of fcc Ni? Probably this is still
an open question because so far not all of the possibilities in
this direction have been fully investigated. One interesting
aspect suggested by our calculations is theq dependence of
the effectiveU. On the other hand, all previous calculations
suggest that the Coulomb interaction of the order of 5.0–7.3
eV is probably too large; for example, the value ofU, which
provides a coherent description for a number of electronic
and magnetic properties of fcc Ni on the level of DMFT
calculations is about 3 eV,6 which is well consistent with the
previous estimates based on thet-matrix approach.26 There-
fore is it reasonable to ask if there is an additional mecha-
nism which further reduces the effectiveU from 5.0–7.3 to
3.0 eV? One possibility lies in the atomic approximation
which neglects the hybridization effects between 3d and 4sp
states, and which is a rather crude approximation for the
transition metals.31 The hybridization will generally mix the
states of the 3d and 4sp character, and therefore will affect
the form of the Wannier orbitals constructed from the atomic
wave functions. Since the 3d, 4s, and 4p states belong to
different representations of the cubic symmetry group, they
cannot mix at the same site. However, the 4s (or 4p) orbital
can have tails of the 3d character at the neighboring sites
(and vice versa). These tails will additionally screen the Cou-
lomb interactions between the(nominally) 3d electrons. The
screening is expected to be very efficient because it operates
between orbitals of the sames3dd type. It should explain
further reduction of the staticU obtained in the atomic ap-
proximation. Another feature of this screening is thev de-
pendence of the effectiveU, which comes from the 3d
→3d transitions in the polarization function(namely be-
tween tails of the 4sp orbitals and the heads of the wave
functions of the 3d character). In RPA, thisv dependence is
directly related with the static limit of screening via the
Kramers-Kronig transformation.19 We believe that the
screening by the tails of the pseudo-Wannier functions was
the main physical mechanism underlying the strong renor-
malization of the effective Coulomb interaction in Refs. 16
and 17, in the framework of theab initio GW method. The
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effect of charge redistribution between different states lo-
cated near the Fermi level, which is not taken into account in
the GW approximation, is also expected to be smaller with
the proper choice of the Wannier orbitals.

Another problem is that the 3d and 4spbands are strongly
mixed in the case of pure transition metals. Therefore the
construction of the separate Wannier functions of the “3d”
and “non-3d” type will always suffer from some
ambiguities.28 In this sense, the transition-metal oxides,
whose physical properties are mainly predetermined by the
behavior of a limited number of 3d bands, located near the
Fermi level and well separated from the rest of the spectrum,

are much more interesting systems for the exploration of the
idea of screening of Coulomb interactions, formulated on the
basis of Wannier functions. For example, being based on the
above argument, one can expect a very efficient screening of
Coulomb interactions in the 3d band by the Wannier states
constructed from the oxygen 2p orbitals, which have appre-
ciable tails of the 3d character at the transition-metal sites.
An attempt to consider this screening has been undertaken in
Ref. 13, on the basis of the constraint-LDA method. A simi-
lar scheme can be formulated within RPA, which takes into
account thev dependence of the screened Coulomb interac-
tion U. This work is currently in progress.
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