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Meintjes, Danielson, and WarrensMDWd have recently reported the results of high-temperature NMR and
Hall effect experiments using samples of Si:P with P concentrations at, and above, the metal-insulator transi-
tion value of 3.731018 cm−3. MDW interpret their measurements of the31P Knight shift sKd and relaxation
rates1/T1d in terms of a model that emphasizes the role of impurity bands for just-metallic samples. We show
that a number of features of the MDW data can be usefully explored by use of a less elaborate approach. An
extension of the Korringa relation, which relatesK and 1/T1, into regimes wherekBT is comparable to, or
greater than, the Fermi energyEF confirms that the electron-nucleus hyperfine interaction does, indeed, control
Knight shift and relaxation rate in this high-T regime. We also explore insights gained by comparison of the
MDW data with the extensive earlier NMR data at 4.2 K and below. The extended Korringa relation provides
a method for analyzing high-T NMR data in other low carrier density systems.
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INTRODUCTION

The metal-insulatorsMI d transition in heavily doped
semiconductors, especially Si:P, has been the subject of in-
tensive investigation for several decades.1–3 Much of the ex-
perimental work has been carried out at temperatures at and
below 4 K because of interest in exploring the possible quan-
tum critical character of the transition. A detailed description
of the electronic structure for samples with impurity concen-
tration just above that of the MI transition remains elusive.
Much of the elusiveness stems from smudging effects caused
by the statistically inhomogeneous impurity atom distribu-
tion. Meintjes, Danielson, and Warren4 sMDWd have re-
cently presented29Si and 31P Knight shift sKd and NMR
relaxation timesT1d data for a number of Si:P samples, with
P concentration ranging fromnp<nc to np=20nc. Their
data, taken in the 100 to 500 K temperature range, signifi-
cantly extend earlier NMR data on this system obtained at
low temperatures.5–8 In degenerate metallic systems the
nuclear spin-lattice relaxation rate is proportional toT. The
MDW 31P data show increasing departures from conven-
tional metallic behavior as the doping level decreases to-
wardsnC. They have analyzed the results in terms of a model
that probes the effects of impurity-derived energy bands well
separated from the Si host conduction band. Exploration of
the model is based on numerical integration of the effects of
thermal excitation from the lowest impurity band to upper
impurity bands and the Si conduction band. The MDW
model is productive, particularly in interpreting the unusual
temperature dependence of the31P T1 data for samples with
values ofnp just above the MI transition.

The general conclusions drawn from the MDW interpre-
tation of the NMR data are consistent with the picture devel-
oped in the far-IR reflectance study by Gayman, Geserich,
and von Löhneysen9 sGGLd. This far-IR work provided one

of the first clean experimental studies of the long-invoked
but seldom-measured impurity bands.

It is important to note that, while valuable information
about the energy level structure, and electron occupation
thereof, can be drawn from NMR data, these data do not
typically provide much information about the evolution of
the electron transport properties in this barely metallic sys-
tem. This assessment also applies to the MDW work.

The MDW model introduces an impurity energy band
formed from the valley-orbit split ground state of the isolated
impurity, with s-function symmetry around the donor core,
as well as two impurity bands at higher energies formed from
the excitedp-symmetry states of the isolated impurityssee
Fig. 10 of Ref. 4d. For samples withnp.1019 cm−3, it seems
likely to us that the assumed integrity of these upper bands,
and a categorization of states on the basis of the symmetry of
wave functions of the isolated donor, is no longer valid. This
conclusion is suggested both by the existence of strong
screening of theP-donor potential by delocalized electrons at
these higher impurity concentrations, and by the optical stud-
ies of GGL which show no evidence of transitions ascribable
to such bands. In their treatment MDW do allow for merging
of the impurity bands with the conduction band as the donor
concentration increases.

As an alternative to the numerical approach involving im-
purity bands adopted by MDW, we decided to approach the
MDW data from the high concentration end using models
appropriate to the metallic state. For metals, the Korringa
relation10,11 connectsK, T1, and the absolute temperatureT.
We introduce an extension of the Korringa relation into tem-
perature ranges wherekBT approaches, or exceeds, the Fermi
energyEF. The Si:P samples with low Fermi temperatures
offer an opportunity for examining the evolution of spin sus-
ceptibility and NMR properties as one moves from the con-
dition T/TF,1 to T/TF.1.

PHYSICAL REVIEW B 71, 035115s2005d

1098-0121/2005/71s3d/035115s6d/$23.00 ©2005 The American Physical Society035115-1



It should be noted that in the statistically inhomogeneous
Si:P samples, we expect there to be a spatial distribution of
values of the locale-n hyperfine coupling constant and of the
31P NMR parametersK andT1. The effects of this distribu-
tion are particularly evident in samples at high impurity con-
centration, where the NMR absorption line is broad and
asymmetric.5–8 The value ofT1 is similarly a function of the
frequency of the RF excitation.12,13 For the lower concentra-
tion samples of MDWssamples 4, 7, and 10d, Fig. 2 in Ref.
4 shows the distribution of values ofK to be significantly
narrowed. One would then expect a matching uniformity of
values ofT1 for the full 31P spin system.

Thus, while in this paper we will refer tovaluesof K
and T1, it should be recognized that there is typically a
distribution of values of both quantities over the NMR
absorption line. The distribution is most pronounced for
sample 80.

SAMPLE PARAMETERS

Table I collects various experimental data and calculated
values of relevant physical parameters for the samples used
by MDW in their experiments.

For samples of Si:P withnp@nc, we calculate values of
TF using the expressionTF=s3p2n/ ld2/3"2/2kBm*, with the
density of states effective massm* =0.33 me and the degen-
eracy factorl =6 to allow for the sixfold degeneracy of the
bottom of the conduction band. If we apply this calculation
to the MDW samples, values ofTF are as given. Calculation
of values ofTF in this fashion gives values progressively
more questionable as we move from sample 80, with most
carriers in the conduction band, to sample 4 where the appli-
cability of the parabolic band model is open to question. We
return later to comments on this point.

The Knight shift for a metal may be written in a standard
form10 as

K =
8p

3
Skuuks0du2xk, s1d

where uuks0du2 is the probability density at the nucleus for
carriers of wave-vectork, with normalization such that

euuks0du2dV=1, andxk is the spin susceptibility contribution
from these carriers. Assuming that the probability density is
not strongly k-dependent and that the system is homoge-
neous, converting the sum to an integral gives

K =
8p

3
SPf

n
Dxs, s2d

wherexs=exs«drs«dd« and settingPf =nuuks0du2 definesPf.
We have noted that in a statistically inhomogeneous, low

density metal such as Si:P, we expect the value ofPf to vary
from site to site. The local susceptibilityxs could also vary
from site to site, as it dramatically does at low temperatures
in samples withnP nearnc.

6 We proceed under the assump-
tion that this low temperature magnetic inhomogeneity,
which may be occasioned by bottlenecks in electron spin
relaxation, is washed out by thermal stirring at 77 K and
above. This assumption is supported by the spin susceptibil-
ity studies.14,15

Combining the MDW data forKpk stheir Fig. 3d with the
experimental spin susceptibility data14 permits one to use Eq.
s2d to extract values ofPf, a measure of the average elec-
tronic probability density at the31P nucleusssixth column of
Table Id. These values then permit useful comparisons with
both the MDW values forPf swhich are used as fitting pa-
rameters in their approachd and the values at low
temperature.5–7

We note that the two values ofPf for sample 80 from our
analysis and from the MDW paper are in full agreement, a
satisfying checkpoint. The drift downward in values ofPf in
Column 6 for samples with lower concentration is qualita-
tively consistent with the low-temperature analysis of Alloul
and Dellouve.6

Secondly, we note from Table I that there is a downward
trend in thePf values at 100 K with decreasingn/nc. For
sample 4, the fitted value of 0.33 from MDW provides sup-
port for their numerical model. It suggests that the low value
of 0.11 from direct use of Eq.s2d stems from failure to rec-
ognize the shift in the nature of the impurity band wave
functions from predominantlys type to substantiallyp type
as the temperature rises. However, for samples with electron
concentration near the valuenc, one would expect to see a

TABLE I. MDW Si:P sample parameters.

Sample n/nc

TF

sKd

Kpk

s100 Kd
ppm

xs fQM sRef. 14dg
s77 Kd

10−8 emu cm−3

Pf

s100 Kd
1024 cm−3

Pf

s4.2 Kd
1024 cm−3

MDW Pf

1024 cm−3

80 21.4 730 2450 8.9 0.26 0.26
sRef. 6d

sfrom kKld

0.24

10 2.7 180 3900 3.8 0.16a <0.22
sRef. 6d

7 1.9 142 4050 2.9 0.12a

4 1.07 98 5000sestd 2.1 0.11a 0.33
ss-band
onlyd

aDenotes thatxs values at 100 K were obtained by extrapolation using data from Ref. 14.
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similar recovery of values ofPf in the low-temperature data
of Alloul and Dellouve,6 where one would expect full occu-
pation of thes-type impurity band. This recovery is not ob-
served. We conclude that the full story of the evolution of
values ofPf remains unresolved.

MODIFICATIONS OF STANDARD NMR THEORETICAL
EXPRESSIONS

In the temperature range of the MDW experiments,
for the low-electron density, just-metallic Si:P samples,
the usual metallic conditionkBT!EF does not hold. It is
therefore necessary to use modified expressions forK and
T1. At temperatures below the Fermi temperatureTF, the
density of states function may be expanded about the
T=0 chemical potential,mo=EF, in powers ofskBT/EFd2 in
the usual way.16,17 The expression for the susceptibility
becomes

xs = Sgs
2"2

2
DrsmdF1 +

p2

6
Sd2 ln rs«d

d«2 D
m

kB
2T2 + ¯ G ,

s3d

wheregs is the electron magnetogyric ratio.
For the special case of a noninteracting gas of indepen-

dent electrons

rs«d = S 3n

4«F
3/2D«1/2 s4d

and, forT,TF, Eq. s2d may be written

K = 2pSgs
2"2

2
D Pf

kBTF
F1 −

p2

12
S T

TF
D2G , s5d

with higher order terms in the expansion omitted. Similarly,
for T.TF, we obtain

K =
8p

3
Sgs

2"2

2
D Pf

kBT
F1 −

2Î2p

3
STF

T
D3/2G , s6d

where again higher order terms have been omitted. While not
explicitly denoted, we allow that the value ofPf may carry a
temperature dependence, as mentioned above.

The appearance of a temperature dependence inK signals
the change from Pauli susceptibilitysfor T!TFd to the high-
temperature Curie law formsT@TFd. Using numerical inte-
gration, the complete expressions forxs can be evaluated
over the entire temperature range. MDW have used such a
numerical approach in their analysis.

Expressions for 1/T1 at temperatures such thatkBTøEF
or kBTùEF are given below. Using a fixed value of probabil-
ity density Pf and assuming isotropic properties ink
space similar to those used in the Knight shift case, we
have

1

T1
=

64

9
p3"3gs

2gI
2SPf

n
D2

kBTE
0

`

r2s«dS df

d«
D

m

d«, s7d

wheref is the Fermi function andgI the nuclear magnetogy-
ric ratio. Expanding r2s«d about m and integrating
gives

1

T1
=

64

9
p3"3gs

2gI
2SPf

n
D2

kBTr2smdF1 +
p2

6

skBTd2

r2smd
Sd2r

d«2D
m
G .

s8d

For the independent electron case, forT,TF, this expression
becomes

1

T1
= 4p3"3gs

2gI
2Pf

2 1

kBTF
S T

TF
DF1 −

p2

12
S T

TF
D2G . s9d

Similarly, for T.TF, we obtain

1

T1
=

64

3Îp
p3"3gs

2gI
2Pf

2 1

kBTF
S T

TF
D1/2

3F1 −Î 2

p
SÎ2 − 1

3
DSTF

T
D3/2G . s10d

Higher order terms inT/TF andTF /T are omitted in Eqs.s9d
and s10d, respectively.

The T1/2 dependence of 1/T1 in the high T limit is
consistent with an expression given for relaxation in
semiconductors by Abragam.11 Note that the exponent
value 1/2 is determined by the form of the energy depen-
dence in the density of states function which for an indepen-
dent electron gas isrs«d~«1/2, as given in Eq.s4d. This
T1/2 dependence is not observed by MDW for either the31P
or 29Si spin systems.

Modified Korringa relationship for T comparable to TF.
We have found it useful to use the expressions forK and
1/T1 in Eqs. s5d, s6d, s9d, and s10d to form temperature-
dependent Korringa productsK2T1T. If the electron-nucleus
hyperfine coupling controls both Knight shift and relaxation
rate, the Korringa product does not depend upon the specific
value ofPf.

Using Eqs.s5d and s9d gives the Korringa productk for
temperaturesT,TF

k = K2T1T =
"gs

2

4pkBgI
2FS T

TF
D , s11d

with FsT/TFd=f1−sp2/12dsT/TFd2g, a factor which tends to
unity for T/TF!1.

Similarly, for T.TF Eqs.s6d and s10d give

k = K2T1T =
"gs

2

4pkBgI
2SÎp

3
DGS T

TF
D , s12d

with

GS T

TF
D = STF

T
D3/2 F1 −

2Î2p

3
STF

T
D3/2G2

F1 −
Î2

p

Î2 − 1

3
STF

T
D3G .

The factorGsT/TFd retains a temperature dependence for all
T/TF.

The quantity s"gs
2/4pkBgI

2d=1.61310−6 s K for free
electronssg=2d is the usual Korringa constant applicable to
simple metals at low temperatures. For metals with low car-
rier densities, such as doped semiconductors,TF will be low
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and the correction factors to the Korringa product given in
Eqs.s11d and s12d become important.

APPLICATION OF THE KORRINGA RELATION
APPROACH

Figure 1 displays the31K data from Ref. 4, plotted versus
TF /T, with TF values taken from Table I. We note that for
sample 4, for whichTF /T,1 over the full measurement
range, the temperature dependence ofK is very close to 1/T,
giving support to the basic Knight shift relationship in Eq.
s1d. The measurements ofxs by Quirt and Marko14 show a
similar Curie-like 1/T dependence at high temperatures. The
31K values for samples 10 and 7, for whichTF /T passes
through 1.0, show Curie-likesor Curie-Weiss-liked behavior
asT increases.

This behavior is consistent with the change from Fermi-
Dirac to Boltzmann statistics for the electron system at high
temperatures. The temperature dependence of31K found for
sample 80 shows a departure from conventional metallic be-
havior whereK is independent ofT. This departure signals
the rise ofT towardsTF at the highestT values. The Knight
shift behavior withTF /T for samples 10 and 7 is seen to be
intermediate between that of samples 80 and 4.

In Fig. 2 the31P Knight shift data for sample 80 is plotted
as a function ofT together with adjusted values31Kadj
which are obtained by dividing the measured31K values
by the factorFsT/TFd. This factor is introduced in Eq.s5d
and defined following Eq.s11d. This adjustment process
is found to compensate for the decrease of31K with rising T,
giving a constant value for31Kadj within experimental
uncertainty.

We now examine theT dependence of the Korringa prod-
uct k=K2T1T. Figure 3sbd shows values of this product,
based on the data of MDW, as a function of temperature for

sample 80.sExperimental values for K andT1 are those
given by MDW in Ref. 4. MDW show estimated uncertain-
ties in their values but we have chosen not to give uncertain-
ties in the values ofk plotted in Figs. 3, 4, and 5. The degree
of departure of data points from a smooth curve gives a
measure of the experimental uncertainty.d There is a marked
temperature dependence. In Fig. 3sad, this temperature de-
pendence is eliminated by using the factor 1/F sT/TFd to
adjust the product values, givingkadj. The theoretical single
electron value ofk for the 31P system of 1.61310−6 s K is
indicated. TheT/TF adjusted Korringa productskadj for
sample 80 have an average value of 1.0310−6 s K, which is
significantly lower than the theoretically predicted value for
T,TF.

In the present analysis, the Knight shiftK is represented
by values ofKpk, which are derived from the frequency
position of the peak amplitude of the31P resonance lines.
sThese values are taken from Ref. 4.d For sample 80, and
to a lesser degree for samples 10 and 7, the observed
NMR absorption line is noticeably asymmetric. One can
argue that it would be better to usekKl, the value ofK at the
mean frequency of the absorption line. Previous low-
temperature determinations7 suggest thatkKl is larger than
Kpk by roughly 10 to 15% for sample 80. Thus, usingkKl
might increase the derived value ofK2T1T to about 1.2
310−6 s K. In this low-density, positionally disordered sys-
tem, this discrepancy from the 1.61310−6 s K value could
arise from a variety of sources, which we do not pursue
further herein.

A comparison of the present plots obtained for sample 80
with the plots for this sample given by MDWsFigs. 8 and 9
of Ref. 4d provides a cross check between our analysis and

FIG. 1. 31P Knight shifts as a function of the reduced reciprocal
temperatureTF /T for Si:P samples 80, 10, 7, and 4s31018 cm−3d.
Experimental data forK and T1 were provided by Meintjes and
WarrensRef. 4d.

FIG. 2. 31P Knight shifts versusT for sample 80. Both unad-
justed31K sclosed symbolsd and adjusted31Kadj=

31K /FsT/TFd data
valuessopen symbolsd are shown. The factorFsT/TFd is defined
following Eq. s11d in the text. The curves are to aid the eye. The full
curve is a polynomial fit to the MDWsRef. 4d data and the dashed
curve gives the average of the adjusted Knight shift values31Kadj
for T,175 K.
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that of MDW. The two approaches are found to give consis-
tent descriptions, as might be expected for this most metallic
sample. Table I shows the present value ofPf for sample 80,
in comparison with the value obtained by MDW.

All data for sample 80 lie in theT,TF regime. For
samples 4, 7, and 10, the data fall in a temperature range
such thatTùTF, with TF,200 K for all three concentra-
tions. But the stronger conditionT@TF is not reached in the
MDW measurements for samples 7 and 10, and is only ap-
proached for sample 4 at the highest temperatures used.
However, since the higher order correction terms for the rel-
evant Eqs.s6d and s10d have not been obtained, we investi-
gate the application of the high-temperature, modified Kor-
ringa relation given in Eq.s12d to all three of the lower
concentration samples with the expectation that agreement
between theory and experiment will improve asT/TF in-
creases.

Figure 4sbd shows a plot of the Korringa product
k=K2T1T versusT for samples 7 and 10, while Fig. 4sad
shows adjusted valueskadj=K2T1T/ sTF /Td3/2, for these
samples. The plotted points are for temperatures such that the
conditionTF /T,1 is always satisfied. At high temperatures,
the adjusted valueskadj approach the high-temperature theo-
retically predicted value of 0.95310−6 s K for a parabolic
band. This value is shown as the dashed line in Fig. 4sad. Use
of the high-T asymptotic limit factorsTF /Td3/2 rather than the

expansion expression 1/GsTF /Td is preferred here because,
for these two samples, the conditionT@TF is not realized.
This means that higher order terms than those given in the
expansion in Eq.s12d would be needed to avoid over-
correcting by the adjustment factor. Use ofsTF /Td3/2 leads to
under correction as may be seen in Fig. 4sad. Nevertheless,
the trend towards the theoretically predicted value ofk with
increasingT is clear.

Figure 5 showsk=K2T1T versusT for sample 4 together
with adjusted valuesK2T1T/ sTF /Td3/2 and K2T1T/GsTF /Td.
The overcorrection effect, mentioned above, is clearly dem-
onstrated when the correction factor 1/GsTF /Td fdefined fol-
lowing Eq. s12dg is used rather than the factor 1/sTF /Td3/2.
We note that the two sets of values converge asT/TF in-
creases, as they should. The scatter in this plot is more pro-
nounced than in the plots for the higher dopant concentra-
tions. This scatter reflects the great difficulty of making the
experimental NMR measurements at high temperatures in
this sample with low31P concentration. Achievement of ac-
ceptable values of signal-to-noise for this sample at high
temperatures by MDW is impressive.

Examination of Figs. 4 and 5 shows that at temperatures
exceeding the Fermi temperature, the high-T Korringa-type
relation, given in Eq.s12d, provides a useful basis for inter-
preting the NMR results obtained by MDW for just-metallic
Si:P samples. Our analysis shows that that the Knight shift

FIG. 3. 31P Korringa productsk=K2T1T versusT for sample
80. The plot in sbd gives the unadjusted values, based on the
MDW sRef. 4d data, while sad shows adjusted data values
kadj=

31K /FsT/TFd using the factorFsT/TFd, defined following
Eq. s11d, which compensates for the finiteT/TF ratio. The dotted
line in Fig. 3sad shows the theoretically predicted value for
the Korringa product in the metallic parabolic band model for
T!TF s1.61310−6 s Kd while the dashed line shows the average
value ofkadj.

FIG. 4. 31P Korringa productsk=K2T1T versusT, for samples 7
and 10, at temperaturesT.TF for both. The plot insbd gives the
unadjusted values, based on the MDW datasRef. 4d, while sad
shows adjusted valueskadj=k / fsT/TFd3/2g using the factor
fsT/TFd3/2g, taken from Eq.s12d in the high-T limit. The dotted line
in Fig. 3sad shows the theoretically predicted high-T asymptotic
sT@TFd value for the modified Korringa productK2T1T/GsT/TFd
=K2T1T/ fsT/TFd3/2g="gs

2/4pkBgI
2, in the parabolic band model

s0.95310−6 s Kd.
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and spin-lattice relaxation mechanisms are accounted for in a
metallic description of this system, for alln.nc, provided
allowance is made for the change in electron statistics from
Fermi to Boltzmann. An advantage of the present analysis,
using the generalized Korringa product expressions close to
the MI transition, is that effects of uncertainties in the values
of the probability density factorPf with temperature are
avoided.

CONCLUSIONS

For samples of heavily doped Si with impurity concentra-
tions just abovenc, such as sample 4, the MDW interpreta-

tion of their high-temperature NMR results gives strong
support to the proposition that a separated energy band
of impurity-derived levels exists. As the concentration rises
towards that of sample 80, with phosphorus concentration
nP>20nc, the impurity bands merge with the conduction
band to form a conventional, but disordered, metallic
material. Indeed, the need for the impurity band model
becomes less clear for higher concentrations, near and above
3nc.

We have approached analysis of the high-temperature data
of MDW by introducing temperature-dependent corrections
to the Korringa formulation often used to analyze NMR
properties of metals. These corrections allow for the fact that
the usual assumption for metals, thatT!TF, does not apply
to just-metallic semiconductors. Our development and appli-
cation of appropriate temperature-dependent modifications of
the Korringa relation confirm the implicit assumption of
MDW that the Knight shift and relaxation ratesK andT1d are
controlled by theI ·S electron-nucleus interaction in all four
of the MDW samples, even when one sees the unusualre-
verse temperature-dependence of the31P relaxation rate
shown in Fig. 4 of MDW.

Our approach, which involves modification of conven-
tional Korringa analysis to allow for the low Fermi tempera-
tures that occur in heavily doped semiconductors, sidesteps
the uncertainties in the behavior of the hyperfine coupling
constant as a function of concentration and temperature. The
modified Korringa relations which we introduce should be
applicable to other low electron density metallic systems
when NMR measurements are made at temperatures compa-
rable to the Fermi temperature.
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