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Spintronic single-qubit gate based on a quantum ring with spin-orbit interaction
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In a quantum ring connected with two external leads, the spin properties of an incoming electron are
modified by the spin-orbit interaction, resulting in a transformation of the qubit state carried by the spin. The
ring acts as a one-qubit spintronic quantum gate whose properties can be varied by tuning the Rashba param-
eter of the spin-orbit interaction, by changing the relative position of the junctions, as well as by the size of the
ring. We show that a large class of unitary transformations can be attained with already one ring—or a few
rings in series—including the important cases of HjeX, and Hadamard gates. By choosing appropriate
parameters the spin transformations can be made unitary, which corresponds to lossless gates.
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The electron spin degree of freedom is one of the prospeaient of the total angular momentutd.also commutes with
tive carrier$:? of qubits, the fundamental units in quantum Sy, =S, sin 6 cose+S, sin 6sin ¢+S, cosé, the spin compo-
information processing. In order to implement quantum op-nent in the direction determined by the anglésand ¢,
erations on electron spins, appropriate gates are necessawpered is given by
that operate on this type of qubits. We note that in the present _

“ ” . tan 0— - w/Q. (2)

context the word “gate” stands for an elementary logical
operatior® In this paper we show that a one-dimensionalOne easily can prove that the commutdtdr S,,]=0; there-
ring* connected with two external leads made of a semiconfore, we may look for simultaneous eigenstateddpK and
ductor structuré, such as InGaAs in which Rashba-t§pe Sy, In the|+), |—) eigenbasis of5, one finds these in the
spin-orbit interaction is the dominant spin-flipping mecha-form

nism, can render such a gate. Conductance properties of this o2

; ; ; P . (e u(k)

kind of ring have been discussed earlier in the case of dia Wk, @) = e%¢| (3)
metrically connected leads™? €% (k)

By taking here a different point of view, we focus explic- obeying
itly on the spin transformation characteristics of this device, Kk, ) = kipl(k, ), (43
and show that those can be appropriately controlled by vary-
ing its geometrical and physical parameters in the experi- Syt Kk, @) =S(K) (K, @), (k)= £1/2, (4b)

mentally feasible rangé® We shall determine the effects of gnq the energy eigenvalues are

changing the radius and the relative positions of the junc-

tions, as well as the influence of varying the strength of the E=hQ[x*— uxw+1/4], u=+1, (5)
spin-orbit interaction via an external electric field. The con- .\ — 1+(w2/Q). In a closed ringc+1/2 must be an
ditions under which the incoming and transmitted spinors ar‘]'enteger \N/vhile if one considers leads connected to the ring
connected unitarily will be determined, leading in prinCiIOIethere is,, no such restriction: the energy is a continuous vari:

to a I_ossless S'”g"?'q“b't gate. By connecting a few .‘Q‘ucgble, and then the possible values«ofire the solutions of
rings in an appropriate manner, one can achieve practlcallgq_ (5), which can be written as

all the important one-qubit gatés. .
We consider a ring of radiua in the x—y plane and as- K'=pW2+(-D'g), j=1,2, wu==1, (6)

sume a tunable static electric fiélih the z direction charac- T 50V2EEI70 .
terized by the parameten. Then, the spin-dependent where q=(w/2Q)?+E/#). The energy eigenvalues are

Hamiltoniar? 1 of a charged particle of effective masg is  fourfold degeneratg:=1, 2 correspond to two distinct values
of |Kf‘|, while the additional degeneracy at a givgliis re-

2 2
H = ﬁﬂ{(_ ii + i(Ux cose + o, Sm@)> _@ ] (1) solved by the sign ofkj*. The components of the eigenvec-

dp 20 402 tors in(3) are related as
where ¢ is the azimuthal angle of a point on the ring, v(kt) Q _
hQ=h?/2m* a2 is the parameter characterizing the kinetic _J_U(KM) =(tan0i2), = Z(l—,uW), (7)
J

energy of the charge, and=«/%a is the frequency associ-

ated with the spin-orbit interaction. Apart from constants, thethus, this ratio depends only on the inde»of . The two
Hamiltonian (1) is the square of the sum of the  possible eigenvalues in E@tb) ares(K]“)z,ulz; accordingly,
component of the orbital angular momentum operatortthe eigenstates for a given energy can be classified by giving
L,=-i(d/d¢), and of (w/Q)S, whereS =0,/2 is the radial the absolute value of}-', together with the sign of the eigen-
component of the spirfboth measured in units of). H value of Sy,.

commutes in a nontrivial way witk=L,+S,, the z compo- The stationary states of the problem, ring plus leads,
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Vy(e)= 2 aly(rl,e); Wile)= 2 byt - e,
j=1,2 j=1,2
u=t u=x

9

respectively. According to Fig. 1 the incoming wave xat
=0 is fitted to¥, at =7y and toV¥, at ¢’ =27 -, while the
outgoing wave ak’=0 is fitted toW, and ¥, at p=¢'=0.
One has to require the continuity of the wave functions, as
, well as a vanishing spin current density at the two
Ti(¢') junctions?1213The resulting set of linear equations leads to
_ a relation between the expansion coefficients in the different
FIG. 1. The geometry of the device and the relevant wave func-domains_ The detailed procedure for the caser was de-
tions in the different domains. : : : . : :
scribed in Ref. 9 using the eigenbasis ), at both junc-
tions. As we will show, the more general geometry shown in
can be determined by fitting the solutions obtained inFig. 1 allows a significantly wider class of spin transforma-
the different domains. Using local coordinates as shownjons to be described now in the fix&lbasis, which is more
in Fig. 1, the incoming waveW(x), and the outgoing suitable to discuss the qubit operations. We focus here on the
wave W (x’), are built up as linear combinations of spinors transmission properties of the ring, and obtain in|t-hg |—>
with spatial dependenceg®* etc., corresponding to basis

= 21,2 %
E=#/2k2/2m (t1>=T(fl>=(Tn T12)<f1) 10

fi\ - r , t\ ., T=|T.|e%/2g717/2 11
¥, (x) = < 1>e|kx+ ( 1>e—|kx, W, (x) = ( 1)e|kx . (8 | 7|e e U, ( *)
f2 2 b where the matrix elements ofU are up= Uy

The wave functions belonging to the same energy in the=[€™ 72 sin?(6/2)+€7? cos(6/2)1e”", Ugp=—Up;

upper and lower arms of the ring can be written as lineaFi sin(8/2)sin 62, |T.| and the phases, and & are ob-
combinations of the corresponding four eigenspinors tained from

is dikaq[sinq(2m — y) + €®= sinqyle P27
%=

" K2a%{cos 2(m - y) - cos 2ym} + 4g¥cosd - cos 2y} + dikaqsin 4’ (12

sin(wy/2)sinq(2m - y) + sinw(m — y/2)sinqy
cosw(m — y/2)sinqy — cogwy/2)sinq(2m - y)

&=6.+6., 6=6,-6_=2arctan (13

where cosb,=cos®_=cos®, with ®,=m(-1+w), the however, thatT is unitary: [T,/=1. We shall turn now to
Aharonov-Casher phasédor the corresponding spin direc- analyze the transformation properties of this device in

tions. more detail.

The important fact is that) is a unitary, unimodular If the incoming and outgoing leads are connected to the
matrix. It is this unitary part that performs a nontrivial ring diametrically, theny=, and as seen frorfiL3) also &
spin transformation in the qubit space. In E41) [T,/ is =7 independently from the energy. The transmission matrix

a non-negative constant witfi,| <1, which can be consid- then takes the form
ered as the efficiency of the gate. Therefore, one has in

general |t,|?+|t,><1; nevertheless, the transmitted ,
amplitudes can be renormalized, and their absolute value T:|T7T|e'(50+”)’2(
squared give the probabilities of having the corresponding

spin direction, if the particle is assumed to be transmitted (14)
at all. In certain cases, to be discussed below, we findwith

cosf -sind

) — |T |ei(50+71')/2U,
sind cosé 4

T |2 = 8ikaq sin(mq)coqd d/2) (15
T k?a?(1 - cos ) + 4g%(cos® — cos 2ym) + dikaqsin 297
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The unitary partJ of the transformation given by E@¢l4) is The present calculation was done for an idealized model
independent of the wave vectéy and it rotates the spin system in which transport is ballistic and one dimensional,
around they axis® by an angle 2. By changing the strength i.e., the finite width of the ring wire was not included. Cur-
of the spin-orbit interactiohw=a/#%a, according to Eq(2) rently, high mobility samples have become available such
the values off| can be varied from 0 up to Q.8/2). Figure  that at cryogenic temperatures transport is found to be bal-
2 shows the gate efficiend¥,| as a function of#| and ofka listic over tens of microns. Similarly, phase coherence and
aroundkea=20.4, corresponding to a ring of radius 0,20  spin coherence lengtihave been found up to 10@m. Our
and a Fermi energy 11.13 meV of InGaAs. One sees alsbarrow ring implies the assumption of single-mode propaga-
that for several values oka and 6 the transformation is tion. Recently, it was found that the finite width of the rings
strictly unitary, with|T,|=1. If one couples such unitary de- has a small effect on the loss of coherence of the spin ¥ate.
vices in series, then obviously the resulting transformatiorSouma and Niko&i? found that in a multichannel system the
will be the product of the corresponding unitary matrices,modulation of the transmitted spin states survives and that
and will be unitary again. under specific conditions the individual eigenchannel trans-

In the language of quantum informati€#he transforma- missions are very similar to the ones found in single-channel
tion (14) above represents a rather general single-qubit gateings. A possible nonideal coupling to the leads can be de-
and it shows that in principle a continuous set of spin rotascribed through effective tunnel barriers. But, in most of the
tions can be achieved with already a single diametricallycurrent experimental systems the leads are connected in a
connected ring. This can be further extended by coupling twaather adiabatic way, which makes the coupling very close to
or more such rings in series. A transformation of the formideal.
(14) with 9==/4 is essentially a so-called Hadamard ghte,
which plays a distinguished role in quantum algorithms,
while two such gates in series results inamate or quan-
tum NOT gate. Strictly speaking, in both cases one has tcg)
introduce an additional relative phase between the compo
nents, in order to have the correct determin@asit) of the
transformations.This is possible withy# 7, to be discussed
below.

In the case of arbitrary, other types of transformations
can be realized. An important particular case is widerd,
which can be achieved by tuning the voltageand thereby |T
w/Q. Then, one has

_ 1 0
Ty(azo):|T7|e|§0I2(O e‘W)’ (19

and the unitary part of the transformation is a phase Yate,
where the phase difference introduced between spin up an
spin down is just the geometrical angje(Fig. 1). Figure 3
shows the curves along which such phase gates can be ree
ized[5=0 in Eqg. (13)] depending on the values &h and

/). The dots on the curves mark the points wh@rg=1, )
and thus the transformation is unitary. In Fig. 4 we show the
gate efficiency of a phase gaté=0) for the special value 1.0
y=l2 as function ofa andka.

We note that in principle a number of other gates can be|Tn| :
constructed by coupling several of those rings. This can be
realized with parameters corresponding to unitary gates, st 05F
that the product of the corresponding spin rotations results
again in a unitary transformation. For instance, two rings
both with y=7/2 in Eq.(16) is aZ gate? If such a gate is
coupled to a diametric ring associated with Efj4) with
6=1/4, one obtains exactly a Hadamard gate. Similarly, two 0.0 —f——T1———f—— 71—
rings with y=/2, plus two of the type corresponding to Eq. 19.0 19.5 ki 20.0 20.5 21.0
(14) with =m/4, yields a NOT gate with the correct phase.

As emphasized earlier, similar rings in the presence of an FiG. 2. (a) Efficiency [T, of the quantum gate with= as a
external magnetic field can be used for spin filtefdfThis  function of the modulus of the half rotation angle —arctanw/Q
points to the possibility to integrate gates and filters that camnd ka. The maximal value ofé| corresponds tas/Q=3.5. (b)
serve as elementary building blocks of a quantum networlCross section of the surface|at= /4, where the transformation is
based on spin sensitive devidés!® essentially a Hadamard gate.
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FIG. 3. (Color onling Lines along which the ring acts asya
phase gate. Points on the curves show where the gates are lossle!
ie.,|T,|=1.

! Y

In conclusion, we have shown that a quantum ring with
Rashba-type spin-orbit interaction can serve as a one-qubi
quantum gate for electron spins. The spin transformation
properties of the gates can be extended by coupling such
rings in series. Different types of gates can be realized by FIG. 4. Efficiency of ar/2 phase gate. Along the gray curve on
tuning the electric field strength and changing the geometrighe top(ka-w/Q) plane the ring acts as@/2 gate. The black lines
position of the junctions connected to the ring, as well as by’h the same plane show where the efficiefity,| equals unity;
fabricating rings with different sizes. The considered paramihus. at the crossing points of the black and gray lines this phase
eters are within the experimentally feasible rah§élin a ~ 9ate s unitary.
ring of radiusa=0.25 um and for INnGaAgm*=0.023 m), «

can be variefup to 2.0x 107 eVm, which corresponds to
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