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Microscopic model for a strongly correlated superconducting single-electron transistor
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We model a Superconducting Single-Electron Transistor operating by repulsive interactions. The device
consists of a ring of Hubbard clusters, placed between electrodes and capacitively coupled to a gate potential.
In each cluster, a pair of electrons at appropriate filling feels a weak effective interaction which leads to pairing
in part of the parameter space. Thus, the system can host many bound pairs, with correlation induced binding.
When the charging energy exceeds the pairing energy, single-electron tunneling prevails; in the opposite
regime, we predict the Coulomb blockade pattern of two-electron tunneling. This suggests that in tunneling
experiments repulsion-induced pairs may behave in a similar way as phonon-induced ones.
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I. INTRODUCTION In the present article we propose a model for a S-SET

In recent years, a variety of transport experiments havdvith a strongly correlated, repulsive Hubbard-like model in-

been reported in molecular size systems, such as quantupie@d OfHecs as the “superconducting” grain Hamiltonian.

dots and nanotubes, as a contribution to the current boodf1at is, we look for a superconducting response entirely
towards of the progress in nanoscale technology. From th@lven by the electronic correlations rather than by the
theoretical side, circuits of several kinds have beerphonon—medlat_ed effectlve attraction. The occurrence of two-
modeledt and in applied electronics the Single-Electron elerc]:tror_l tunr|18el|_ng ml non c?;:AS systen|15 was_obs%rvedl by
Transistordare among the most important devices. These ar&Shoori et al” in a 1um S tunnel capacitor. Purely

realized by connecting a nanoscopic conducting island tglectromc mechanisms were proposed to explain this behav-

metallic leads and to a gate voltage. The energy gaps existi r ar]d J:h; GaAiogr;tjantuE Sgt rgode(ljs Ir?nged fr?lganua semi-
between states with a different number of particles allow u assical descriptionto a Hubbard model framework.n-

to fix the number of electrons in the island very sharply; as lke the systems considered by Refs. 9 and 10, in our

consequence single electrons can tunnel to or from the Coﬂedankenexpenmenﬂ(e in a S-SET, the tunneling current is

ductor. Even more appealing situations arise when the abO\fti,\ue to many bound_ pairs hosted by the device in a wide
range of gate potentials.

scenario is complicated by electron-electron interactions, a . . .
P y The plane of the paper is the following. In the next section

in the case of a Superconducting-Single Electron Transistor . : . ;
(S-SET,. we introduce the microscopic model that we are going to

A S-SET is a mesoscopic device obtained by linking ca-Study. Section Ill is devoted to determine some important
pacitively a superconducting grain to two normal leads an roperties of the_ strongly porrelateq central |s_Ia_nd. We show
to a gate electrode as walThe latter allows one to control hat the electronic correlations provide a nontrivial character-

the numberN of electrons on the grain by tuning the gate istic energy which can be compared with the electrostatic

voltage V, Such a system has been studied bothcharging energy in order to distinguish betweemamal

experimentall§ and theoreticall§” in great detail during the '€9'M€ a?r? a;upgircop?#ctlng)ns. In ]Enartliullar n tfsﬁse two q
past years. In a normal island the parityfoscillates be- €9!Mes the parity of thé number of paricies in the groun

tween even and odd values, by varyiMg conversely in a state oscillates exactly like in a S-SET. In Sec. IV we explic-
superconducting island is L';llways evgn because of the itly calculate the conductance as a function of the gate volt-
\ge by using a master equation approgch.is found that

paired nature of the ground state. Therefore the S-SET tran%e linear response of our strongly correlated device shows
ort properties in the linear regime are governed by Andree o .
port prop g 9 y oulomb blockade pattern. A normal behavior is observed in

reflection under the critical temperatuiie. of the central .
b "~ the noncorrelated and in the very strongly correlated re-

island, while aboveT. single electron tunneling prevails. . ~while in the int diat th ina bet
This leads to well pronounced Coulomb blockade peaks o imes, while In the Intermediate case, the spacing between
he conductance peaks doubles. Finally the conclusions are

the conductanc&= dl/V|y-, as a function of the gate volt- .

age. In particular the parity-controlled tunneling producesdra\’vn In Sec. V.
2e/Cy periodic peaks in the pair-tunneling regime, in con- Il. THE MODEL
trast with thee/ Cy periodicity of the normal systeithereC,

is the capacity of the gate electrod@his behavior is well
reproduced by modets’ using a gate controlled BCS Hamil-
tonianHgcg the connection to free electron leads employs a
tunneling Hamiltonian, usually treated by second-order perHere Hgeyice is an extended Hubbard model of the central
turbation theory. island coupled capacitively to a gate voltagg Hjeags de-

Let us consider the grand-canonical Hamiltonian,

H = uNiot = Hyevicet Hieadst Hr- (1)
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a) (b) FIG. 2. A (in eV) as a function olU/t. The maximum binding

occurs atU ~ 5t whereA =-0.042. For U>34t, A becomes posi-
FIG. 1. (2): Scheme of the strongly correlated S-SET. The de-jye and pairing disappears.

vice consists ofA Hubbard clusters arranged in a ring and linked

symmetrically to one anothefb) A pictorial representation ofl, " A R

andH.. — N=(N) would produce a constant and a linear termNin
that just modifiesu.

scribes the left and right reservoirs, supposed to be identica] Both leads are free electron gases with chemical poten-
free electron gases for simpliciti; is the tunneling Hamil- ~ tials u,, y=I,r; hence
tonian, that connects the central device to the leads;the

Hleads= 2 2 (Sk_,l.l/y)cl‘%o_(:k’%o., (5)

chemical potential and\,, is the total number of particles Lt ko

operator. The carriers are electrons, of chargee> 0. Let ) . )

us examine these three terms in detail. As in previous Wwork, W'th_M:MI:P«r‘eV!le_ whereV is the bias.

the central island consists in a ring df identical 5-site Finally the tunneling Hamiltonian is taken to be
centered-square Hubbard clusters, denoted by the iagex

see Figs. ga) and 1b). Each cluster is descri)ged by the HT= 2 [T of 190+ ) + TO(Cl o Frar2) 5o+ DeC)],
Hamiltonian 7

Ko
, , (6)
L t P . .
H,= D t(PZ,ogpa,ig*‘h-C-HUE Ao i1 ) where thef are eigen-operators of the noninteracting
o,i=1 i=0

term of Ha:‘nzi(rt(pz,otrpa,i(r*- p;ig-pa,O(r)=27],067]f1,1;a-fa,77(r'

We observe that the tunnel junctions connect two opposite
with the creation operators on theth clusterp], o, for the  clusters to the leads; namely the=1 cluster is linked to the
central site, and}, . i=1,...,4 for the remaining 4 sites; |eft electrode and the=[A/2] cluster to the right leachere
Aaio=PhioPaio ando is a spin index. [x] means the integer part &f; see Fig. 1a). Note also that

In the device, each cluster is linked to the two nearest T jg independent ofy; in other terms we are using “white”
neighbors onesdenoted bya+1 anda-1) by the hopping wires, that is, leads that do not filter electrons according to
Hamiltonian H, [see Fig. 1a)] whereby a particle in the the square symmetry of electronic states in each cluster. This

i-th site of thea-th cluster can hop towards theth site of s 3 simple way to ensure the 3D nature of the leads, which is

the f=a+1-th clusters: essential to allow Andreev reflection.
A 4 In the next section we draw some relevant properties of
Hgevice Which mimic the behavior oHgc5 despite the pres-
H = T - +h.c). 3 device . ~riBcs
T Taz::l :33:111 ‘El(p“""pﬁ"" ) 3) ence of strong electronic correlations.
Hgevice &ISO contains an electrostatic charging energy term IIl. PROPERTIES OF THE CENTRAL ISLAND

due to an effective capacitanéz of the central island. Fi-
nally the island is connected capacitively to the gate which is In order to understand the physics of the device that we
at a potentialV, [see Fig. {b)]. Therefore we have propose, it is useful to focus first on propertiesHf, re-
ferred to as a single 5-site cluster. The Hamiltonénis a
- prototype example of electronic pairing from repulsion; this
—e(Vg— wN, (4) is signaled by the propertyh <0, where A=g(4)+&(2)
—-2¢(3) ande(m) is the ground state energy withelectrons.
whereN is total number of particles operator in the centraIThere is pairing am=4 for U/t<34, the minimum value is
P P A=-50 meV att=1 eV andU~5 eV and the binding en-

device. We remark that the capacitive term is e_sseptlall%rgy is|A| (see Fig. 2 The mechanism has been investigated
long-ranged and accounts for the monopole contribution tq

the charging energy, while thel terms depend on the way elsewheré®® and need not concern us here; we just say
the charges are distributed in the island. In all electrostati that broadly speaking it is a lattice counterpart of the Kohn-

- _ Y uttinger mechanisri®
termsN should be referred to an average population corre- \when a negative occurs, its competition wite?/C de-
sponding to a neutral situation; but, actually, any shift termines the parity of the numb&iy of electrons in the

A
Hdevice: 2 Ha+ HT+

a=1

(Ne)
2
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ground state oH y.ice fOor small values of the inter-cluster hopping
Here we are interested in the behavior of the device at low temperatiliresA|. Up to o(7) ando(7?) corrections, the
ground state energi(N) of the central device with a fixed even or odd number of partibles

N Ne)®
Ae(2)+(N=-2A)lp+ (E - A)A + (ZC) —e(Vg-wN,  for evenN;
En= 7
" Ae(2) + (N=2A)l +(N—A—1)A+(Ne)2—e(v— )N, for odd N "
¢ P\ 2 2 2C g™ T !
[
where lp=¢(3)—¢(2). Since one bound pair exists at=4 e
electrons in the 5-site cluster, the first bound pair in the (AVg)n:E*'g*
A-cluster system appears Bt=2A+2 electrons. From Eq.
(7), it follows that in the range 2<N<=4A, Ny is always %0
even if the pair binding energy overcomes the charging en- (AVyse= —=. (8)
ergy. We call the situation whef\|>€?/C the supercon- c

ductingregime. Otherwise the systemriermaland anyNis  The charge fluctuations in the superconducting regime as a

lowest in & range oW, In Fig. 3 we plot the ground state f,nction of the gate voltage are about double spaced with

energy OfHgevice @S @ function ol in both regimes, forr  eqnact to the normal regime, that is the typical condition
=0. It also relevant to focus on the critical values \¢f experimentally realized in a S-SET.

where ground states of differeN cross. We defineAVy), We can also visualize the previous results by plotting the
as the spacing between the critical values in the normal regran-canonical average of the number of particles in the iso-
gime and(AVg)s such a spacing in the superconducting re-jateq central device as a function ‘6. We use the standard

gime; it holds that definition
1~
<N> = —Tr[Ne (Hdevice #N)/kT], (9)
0.15 z
0.1 whereZ=Tr[e Haevice #N/KT]: Tt js dominated by the low en-
o 005 ergy states oHye,iceWith 7=0. In Fig. 4a) one can observe
z 0 the so called Cooper staircase, characteristic of the supercon-
-0.05 ducting regime.
o1 Below, for computational convenience, we assume that
' 7<|A| and deal withH . perturbativelyt? So, the critical val-
015 ues ofVy where level crossing occurs are spread into inter-
vals of width o(7) in the normal regime and(7?) in the
015 sqperconducti_ng regime. Anyway the qualitative behavior is
61 still close to Figs. 3 and 4.
= 0,05
2 0 IV. CALCULATION OF THE LINEAR CONDUCTANCE
= : .
20.05 Next, we consider the effects of small bias voltagep-
01 plied between leads, i.e., the linear conductaGce dl / oV
015 for V— 0, versus the gate voltagg,. In the present article,
' : we follow the approach proposed by Beenakkand get the
0.18 0.2 0.22 0.24 0.26 formula for the conductance from a master equation. We take

Vy TO, T <KT,|A| in order to provide thati) the parity of the
ground state is stable with respect to thermal effg@tsthe
FIG. 3. Ey—Eg, WhereEy is the ground state energy by,ice ~ €/€Mentary tunnel processes between the leads and the cen-
versusV,, for several numberbl of particles.(a) In the supercon-  tral devices involve a few particles at a time and the broad-
ducting regime; (b) in the normal regime. Solid lines are used for ening of the levels oHgg,iccdue to the presence of the leads
evenN and dotted lines for oddtl. In the insets we plot the grand- is smaller than the thermal one. As discussed by Beenakker,
canonical averages o in Hgevice We usedA=4, t=1 eV, 7=0, these limitations characterize the Coulomb blockade regime.

kT=0.001 eV,C=50 e/V; with this choices?/C=0.02 eV. In(a) In the normal regime single-electron tunneling dominates.
U=5eV(A=-0.043 eV and in (b) U=0.2 eV(A=-0.0008 e.  The theory works very much like in Ref. 11 and we calculate
VgisinV, Eyisin eV. the first-order transmission rates,
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16 When|A|>€?/C, only evenN have an important weight
5 in the appropriate range &fy [see Fig. 8y)]; therefore the
14 A - resonance conditio; =E; -u never holds and the first-
order conductanc@“) is hrghly suppressed for any value of
A2 V. In this pair tunneling regimeaccordingly, we must go on
% calculating the conductance up to second-ordeHin>~’
10 Three-body, four-body transitions and so on can be disre-
garded, however, a8 andT") are both small compared to
3 (a) the charging energy. Since electrons can get paired in the
0375 0.4 0.425 045 0475 0.5 0.525 device but not in the leads, we may think of the second-order
16 processes in terms of Andreev reflections. First, one of the
) two electrons tunnels from one lead to the deiaich is
14 |Al< é in the|my_,) statg and forms a virtual excited state. Then the
A second one tunnels into the device and form a bound pair
312 (lin) statg. _
In principle in second-order, one should also take into
account thecotunnelingprocesse& which leave the popu-
10 lation of the central island unchanged. Such processes pro-
) (0) vide a current away from the resonances. Anyway, as long as

our device is in the small bias and low temperature regime,
the cotunneling current is found to be negligible, as in the
case of Ref. 6. Therefore theequential tunneling .,

FIG. 4. (N) versusV,,. (@) In the superconductingegime;(b) in — iy is the major transport mechanism, and it is possible

the normalregime. The parameters are the same as in Fiy, 3 iny at the two-glectron degen_eracy points. The full d_er|va-
in V. tion of the solution of the detailed balance equatidnsill

be presented elsewhere. Setting

0.2 0225 025 0275 03 0325
Ve

27 2 2 L o
o yin= 5 T %<QN—1|faiw|'N> (19 G’ =1z TO* 4 70" (12
, , ) ) one gets for the conductance

from theiy_;-th state of the central device witk particles
(denoted|iy)) to theqy_;-th state of the central device with Gl AAeven _ o
N-1 particles(|gy_1)) via tunneling to the leftl) or right (r) cm ‘ > diN,mN_ze(EiN_Emez_z“) T
lead. Remember that=1 for y=I anda=[A/2] for y=r. In 0 N=2A+2inmMy-p
the actual calculations below, we obtaig) in second-order (Ei\, — Em,_,~ 2uw)/2kT
perturbation theory irH,; we mix the degenerate ground- P(O)(IN)SW[(E “E. - 2u)/2kT]’ (13
state multiplets of energly of Hyevice Which determine the M-z~ K

low-energy properties of the system. By first-order perturbaThe two-electron transition probability
tion theory inH+, one gets the familiar formula 5
Sy, = =12 2 Gf] ||N—l><IN—1‘fT,V|mN—2>

R NORE IN-1 @B v
q q
Gl = KT E > —F(r = 1 “('Dl 2 takes into account the second-order process governing the
N=2A+LiNON-1 © On-piny -+ On-in Andreev reflection. Equatiofil3) predicts Coulomb block-
X PO(i)[1-f(E - Eq )] (11)  ade peaks for everyy such thatk; =Ey, +2u, while the
N N-1

conductance is strongly suppressed elsewhere. Each peak has

O N . . a correlation weight due to the coefficieEtN,mez, contain-
Here, P. (in) is _the Bolt_zmar_m equilibrium probabrlrty fc_)r ing all the microscopic information on the correlated ground
occupying the eigenstati,) with energyEiN; f is the Fermi states of the central device.
distribution function, andp is the density of states at the  Fqr jjjustration, we numerically computed the conduc-
Fermi level in both leads. Each term in H41) depends on  tance for a central device with=4. In the superconducting
Vg through the statistical factd?®(iy)[1-f(E . ~Eq,_)]1and  regime, G as a function of the gate voltage is shown in
produces the well known Coulomb blockade beha%i‘ié? Fig. 5 for t=1 eV, U=5 eV, 7=0.0005 eV,kT=0.001 eV,
The linear conductance is highly suppressed unless the gage=50 e/. Note that 7<|A|=0.043 eV, and|A|>€*/C
voltage is fine tuned af E - u, Where sharp peaks of =0.02 ev. G!" shows neat peaks, with spacin@Vy)s.
G" occur. The second- order COﬂtI’IbUtIOI’lH‘h— depends on  =2¢/C=0.04 V.
o([T"]%) rates which are negligible with respect to the This superconductor-like behavior depends on the exis-
o([T”]?) T coefficients; therefore we can safely avoid work- tence of parrrng As a countercheck, we calculate the linear
ing out the second-order current in this regime. conductances") in the normal regime, wheA=0. We can
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FIG. 5. Linear conductancg") as a function ot in the pair- %5
tunneling regime. We used=4,t=1 eV, U=5 eV, 7=0.0005,kT
=0.001 eV,C=50 e/V,u=0. Vyis in V.
obtain this condition in two ways: namely in the noninteract-
ing case wherd=0 and in the very strongly correlated re-

gime, whenU =34 eV, the other parameters remaining the 0.4 0425 045 0475 05 0525 0.5

same as in Fig. 56" is plotted in Fig. 6; since we are ki 6. Linear conductand®" as a function of/ in the single-

mainly interested in the period of the resonances, we USBlectron-tunneling regimea) U=0; (b) U=34 eV. The other pa-

constant™s and plot the results in arbitrary units. Indeed, for ;gmeters are the same as in FigVg.is in V.

A=0 the period of the resonant peakei€=0.02 eV, i.e.,

a half of the period in the superconducting case. quential tunneling of pairs. The explicit calculations have
been performed for a ring of four 5-site clusters, but a gen-
eral expression for the linear conductance is also derived.

V. SUMMARY AND CONCLUSIONS Our results suggest a systematic way to produce a well

I controlled periodic two-electron pattern, even without any
. We hgve show'n that the Hgmlltom&lﬂ models a S'SET conventional superconductivity; an array of quantum dots
in the linear regime. We pointed out that the repulsion-

) - U ! r similar to the one in Ref. 8 could be designed to this purpose.
induced pairing occurring iflgeyice fixes a characteristic en-  gjnaiy we underline that the model we propose is very
ergy |A| which competes with the electrostatic charging en-qeyiple with respecti) to the size and the shape of the Hub-
ergy€’/C. As in any S-SET, there isgormal regimewhere  pard clustersgii) to the topology of the cluster array forming
|A|<€?/C and asuperconducting regimevhere|A|>€*/C.  the central device. Indeed a wide variety of Hubbard clusters
In the first case the parity of the electron number in theshow theA <0 property at proper fillings, which is actually
ground state oscillates between even and odd values and tfige key feature at the basis of our device; we could construct
transport properties are governed by single-electron tunnemany alternative devices, based on graphs with different to-
ing. Conversely in the superconducting regime the parity ipologies, also in view of possible single-electronics applica-
always even and the major transport mechanism is the sé¢tons to more complex circuits than a transistor.
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