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Theory of spin modes in vortex-state ferromagnetic cylindrical dots
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A theoretical model for the calculation of the quantized spectrum of spin modes frequencies in cylindrical
magnetic dots of radius ranging from the nanometric to the submicrometric scale in the vortex ground state at
zero applied magnetic field is presented. The effective field includes both the surface and the volume dynamic
magnetostatic and exchange fields. We also show that the core energy affects the spin dynamics. The modes at
lower frequencies present as radial eigenvectors Bessel functions of high @mderk), while the axially
symmetric modes at higher frequencies correspond to zero order Bessel functions.
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l. INTRODUCTION viz. M(r,t)=Mg+m(r,t) with m(r,t)=mgr(p)emeekzg ot

In the last decade the study of magnetic nanostructure cylindrical coordinatesp, ¢,2); m, is the dynamic mag-
has been of fundamental importance for the numerous applRetization amplitudeo is the spin mode frequency. We as-
cations in the field of high density magnetic storage. Greagume thak, = +ik with k, andk the perpendicular and the
interest has been also addressed to the experimental studyiofplane wave vector components, respectively. Due to its
the spin dynamics of small particles in the vortex state. Inangular distribution the “curling” magnetizatithin the OC
particular, a series of recent experimental studies usingegion is of the formMy=(0,M%’,0) where ¢ is the azi-
magneto-optical techniques has confirmed the presence of muthal angle andMy/=Mg instead, in the C region a
a vortex state in periodic arrays of magnetic dots. Moreoverz.component arises so thad 0=(0,M$,M,) becomes per-
there is a series of recent measurements performed Withendicular to the dot surface in the very centre of the dot.
magnetic force microscopyspin polarized scanning tunnel- The dynamic part of the magnetization is given in the OC

ing microscop$ and x-ray techniquéspatterns of nano- and region by mo.=(m,,0,m,) wherem, and m, are the radial

micron-sized ferromagnetic dots in the vortex state which : :
have confirmed, as predicted by theory, the formation of and thez-component, respectively. Due to the turning out of

vortex core with the magnetization pointing outside the planghe qurlmg M, in the C reglo_n the precession plane pro-
of the dot. gressively rotates so thamc—(mpjmd,,,mzr) with  my,

Up to now a general theoretical solution to the problem of~ Mz €0S¢ and m, =m; sin § where 6 is the polar angle be-
spin modes in vortex state ferromagnetic cylindrical dotsfween thez-axis andM,. We decompose the effective field
free from limiting assumptions, has not yet been reportedinto a static partHeu(r)=Hgg(r) +Heg(r) including both an
Therefore, in this paper we present a complete analyticaC and a C contributio¥, and a small dynamic one,
model for the calculation of the spin modes eigenfrequencieBex(r ,t), in order to write the linearized equation of motion
of cylindrical ferromagnetic dots, with aspect rafi=L/R  neglecting the second-order contributions and omitting the
<1 and dot radiuRR ranging from the nanometric to the spatial and temporal dependences:
submicrometric scale, in the presence of a vortex and for
zero external magnetic field. We restrict ourselves to arrays 1dm,, . oc
of dots where the interdot distanckis large, so that the T ar - Me X Hegr ¥ Mo X Her + Mo X Rerr, (1)
interdot magnetostatic energy may be considered negligible. Y
Compared to previous recent approachsye have taken pore y is the gyromagnetic ratio. We have made the
into account in the present modé#) the core(C) effective assumption  that dm/dt=(1-7)(dmy./dt + 7(dm./dt)

field, (b) the dynamic exchange field in the whole d@t) _ _ ) :
both volume and surface dynamic magnetostatic field contri-__dmocldt' becausgjm_ocldt—c_imc_/dt, the term 1 with
butions in the out-of-core(OC) region without any 77_—a/R(a core radiu is awelghtmg fa}ctor(:for t_heCOC re-
“ultrathin-dot” approximation to obtain the magnetostatic 9'02- The Stf tic part of C effectlye fielbleq(r)=H gen(r)
Green's function tensor components, ddilthe dependence +ngxpr\(r)+Han(r) lnc!udes the static exchange, the demag-
of the dynamic magnetization on thecoordinate perpen- netizing and the anisotropy C_fleld,_ respectively. The dy-
dicular to the dot plane. The paper is organized as follows. IRaMIC partc of the effective field ishe(r,t)=hexei(r 1)
Sec. Il the theoretical model is presented. Section Il is de+Na (.1 +h(r,t). The nonuniform exchange field in the
voted to the discussion and to the main numerical results. IWhole dot ishe,cr,t)=(1=7)Ngyer , )+ 7Ngyeifr 1) Since
Sec. IV the Conclusions are drawn. inprinciple hge(r,t)=hg,{r,t) it is also hecdr,t)
=hQ(r,t). Therefore we may write hgr,t)
= aV?m(r 1) where «=2A/M? is the exchange constant.
Under the linear approximation we write the total magne-hg® andhg are the OC and C dynamic dipolar field, respec-

tization as a sum of a static part and a small dynamic partjvely. Simplifying the time dependence and omitting the

Il. THEORETICAL MODEL
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spatial dependence the linearized equations of motion irarcsii2ap/(a’+p?)] for p<a. Substituting it into the inte-
terms of the OC dynamic magnetization components take thgrand(p) of Eq. (6) we getl(p)=8a7(a’-p?)/(a®+p?)°].
form Averaging this expression ov&we obtain

_ @ _ _ 20
oM, = Mhgs + Hesem, — Mhg, — aM{V2m, =i0m,, L o 1 -
(2) exch™ — st-
. The averaged$ component is obtained approximatel
HEGm, — M3+ HESym, Sin 6= (H g+ Hen gedp comp PP y

from the simple relationHSJ =H% /(cot6)y, where

+Hg)m, cosf— Mh§,— aMV?m,=-im,, (3) (-4, indicates the average of cétover the f(p) Usov

whereQ=w/y, Hgfch andHZ, are the¢ and thez compo- distribution. The result of this calculation is
nents of the C exchange field averaged over the dot area, 1

respectively. Due to its small effect the contribution of the C Hgfch: 3aMg=;. (8)

m,, component to the torque has been neglected. The effec- R

tive static OC field is composed by both a demagnetizing and \oreover, in the frequency calculation also the uniaxial C
an exchange contribution, i.eHgi(r)=Hge (1) +Heifr).  anisotropy fieldHE (r) has been included. Another non neg-

the direction of the static magnetization, because of the ragynamic dipolar field in the C region defined as(r)

dial symmetry of the vortex state it vanishes if averaged over 3 A , , -
the ¢ azimuthal coordinate. The OC dynamic dipolar field = 1 vedT (R 7" (Melr ") Where<-'- D) |nd’|cates _
gives a great contribution to the spin excitations in the presth€ average of the rotated magnetostatic Green's function

ence of a vortex. It may be expressed as a functionah@f  Gg(r r)=R1G(r,r")R and of the C dynamic magnetization
in terms of the magnetostatic33 tensorial Green’s function m. over theéd(p) Usov distribution in the C regiof\/. is the
G: h§(r)=(1-n[ydr'G(r,r")my(r’) whereV is the vol- ~ C volume; R is the rotation matrix defined by the Euler
ume of the OC region. We have calculated the average oveamngles(0,7/2-6,0). The average overandz’ followed by
the coordinatesz and 7' L<eikLZGa'B(r,r’)eikLZ,>ZZ, (a,8  anintegration ovep’ and ¢’ leads for them=0 modes to
=p,z). This average divided by thecomponent normaliza- c _

tion constant turns out to be proportional to the susceptibility ao(P) = ~ Amnx(KL)m,(p). ©)

. - — k ’
fitted by x(kL)=(1-e ? L)/Z_- The subsequent’ and ¢’ in-  The ¢ radial component for tha# 0 modes has been evalu-
tegrations give for the radial component of tme-0 modes:  gted numerically; instead

oc —~ _ X
"ap(p) = = 4L = (kUM (o). @ Hepd) = - 4mnla 109 2~ 2(4 - ML~ x(KLIm(p)E™.
We have numerically calculated the OC radial component for (10)
them= 0 modes. The result of th€ and ¢’ integrations for
the perpendicular component gives instead The same conclusions concerning the limitations of the

oc ime local dipolar approximation drawn for the derivation of Eq.
hazlp, @) = = 4n(1 = p)[1 - x(kL)Im(p)e™ . (5) () and Eq.(5) have to be extended also to EE) and Eq.
The quality of the local approximation used in Ed) and (10). Morgvoyer, it is known that the dynamic d_ipola_r field in
Eq. (5) deteriorates whes is near to 1, because the static e C region is not homogeneous along the thickheishe
magnetization at the boundary of the cylinder is then ncfYlinder becomes sufficiently thick. _
longer pinned perpendicular to the cylinder axis and can tilt e have assumed that, with the previously calculated ef-
more or less freely in the direction. The C demagnetizing fective field, the radial parts of E¢2) and Eq.(3) allow as
field HS,(r) is one order of magnitude smaller than the solution a combination of tzvo linearly independent Bessel
other two terms of the C static effective field, therefore it hagunctions of the formry(kp)=bJy(kp) +cYn(kp) where the
been neglected in the frequency calculation. The largest en'm@nd theY, are Bessel functions of orden, of the first and
ergy contribution inside the C region comes from the staticecond kind, respectively. We have taken as particular com-
exchange fie|d'|gxch(r)=aV2(0,M,°,,,Mz)- The z component bination of the radial eigenfunctions, fop>1y r(kp)
14 —
averaged over the dot ar& 7R? is < Jm(kp) + o(Klo) Yrn(kp),** wherem=0, £1, £2... . oy(Klo)
is a measure of the scattering of the spin wave modes in the

o _ aMg [, de\? . d%0 1 de OC regiort* due to the presence of the vortex agds the
Hexen™ £ S fd p[cose(dp sin de2+ p sin Hdp ' reduced exchange length. In principle, in our scheme the
6) scattering amplitude should be derived applying a perturba-

tion approach to Eq(2) and Eq.(3). However, we have
where we have takeM:=+Mgcosé(p)*® with the + (=)  found that the effect of the dipolar term is numerically neg-

indicating that the static magnetization points outwérd  ligible. Therefore, it is enough to consider the expression of
ward) the dot surface. on(klp) already derived in Ref. 8 and Ref. 15 for an ex-

In order to carry out explicitly the calculation a form for change Hamiltonian: o= (7/4)(Klg)? In(1/Klg), Opes1
6(p) is needed. We assume the Usov distribufidrg(p)  ==(m/4)kly and o, (Klg)P with p=4 for |m|>1.
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Due to the vortex state symmetry we have considered 20
only radial boundary conditions on the lateral dot surface. L=50nm
The quantized wave numbet,,, has been obtained as solu- 16k m=0,n=1
tion of the equation for then, component of the dynamic § <
magnetizatioh Jr,n(KmrP)"'_O'm(KmnlO)_Yr,n(_Kmnp)+p[Jm(KmnF_)) O] 12W
+ 0 m(Kmrl 0) Y KmnP) 1= 0 with p the pinning parameter given ~ m=+1,n=0 e0Oneo |mM=2n=0
in Ref. 8 andn the number of nodes in the half don é’ o A :
=0,1,--). We have also supposed the component with o \ !
the same quantization condition . From Eq.(2) and Eq. g [m=2n=0 \
. . . 4_
(3) and from the radial boundary condition, an analytical o Iri=3.n=0 =, n=0
expression for the quantized spectrum of the vortex spin ' '
modes can be obtained. One first multiplies E2).and Eq. : : : :
(3) together; multiplying the result of this operation on the 100 200 .300 400 500
left by m; and bym,, assuming the dynamic exchange field Radius A (nm)
uniform along the thicknesk, integrating overd®p, and fi- _ i
nally dividing by the in-plane normalization constahit can FIG. 1. Frequencies of thé,n) with n=0,1 conpared to that
be shown that the diagonal spectrum is given by ‘r;fotc:‘eesqm'*”)‘ with n=0 as a function ofR. |m| labels the :n
Qﬁwn: Q%/I[f("mnl—)z +36+ X(Kan)Cm]
2 _(a_ 2 vortex translational modes. No mode in this frequency range
K&kl )* + ka1 - (3 - 4log 277 was found in our frameworksee discussion about Fig).2
+3¢(4 - m) - 2§2log 2 -1 While the general behavior of the modes shown in Fig. 1
+[1 = x(kem DI = 7) + 7(4 - m)(4 log 2 - 3]]_ (with respect to the mode index) is different from that of

Ivanov and Zaspél,it is similar to that provided by a nu-
(11) merical calculatiotf based on a recently proposed “dynami-
Qu=47Mo, kan=87K,/Q2, is the reduced anisotropy field €al matrix” micromagnetic approacfl.indeed, in Ref. 8 no
constant and=a/ 4R n is the number of radial nodes in Volume dynamic dipolar terms are included in the effective
the half dot. We have calculated, for m=0—4 finding  field and the dynamic exchange contribution is treated in the
co=1 for eachn and c¢;=0.40, ¢,=0.27, c3=0.21, and
¢4=0.15 forn=0. (@)
16}

L=50nm

IIl. DISCUSSION AND RESULTS m=0,n=0

Numerical calculations have been performed for Permal-
loy (Py) which presents a “curling” magnetization using ma-
terial parameters of the continuous fikh47M,=9.5 kOe,
yI27=2.996 GHz/kOe,a/4w=2.42x 10713 cn?; in addi-
tion we have takerk,;=0. Since the rigid vortex model un-
derestimates the C radius especially at snhallwe have , , ,
takena=26 nm for the range of thicknesses investigatesl 100 200 300 400 500
can be determined by the micromagnetic appré3cihe Radius R (nm)
results for the calculated frequency of selected spin modes o
[from Eg.(11)] are given in Fig. 1, as a function of the dot k (b) R =100 nm
radiusR, in the case of thickneds=50 nm. The main find- L
ings are the general decrease of the mode frequency V@rsus
(due to a reduction of the dynamic exchange fieldd the
fact that the frequencies of the axially symmetric modes
(0,n) are higher than those of thgm|,n) modes withm
#0, at least forn=0. This behavior may be explained in
terms of the larger contribution of the volume dynamic dipo-
lar field to the spin dynamics of the=0 modes with respect
to the modes of higher orden. While the decrease of the
mode frequency versuR was also found by Ivanov and
ZaspeP these authors found a different behavior of the mode gg 2. Panel(a): Frequency of them=0, n=0 and of the
frequency with respect to the mode indigasandn. In par-  |y=1, n=0 modes. Full lines: calculated frequencies using Eq.
ticular in Ref 8 a general monotonic increase of the fre-(11). Dotted lines: calculated frequencies neglecting the C field.
quency versusn (at fixed n) has been obtained, with the panel(b): As in panel(a), but as a function of the aspect rafgdfor
important exception of then=+1 modes whose very soft R=100 nm. Full squares: Brillouin light scattering experimental
frequency(less than 1 GHrwas attributed to their nature of frequenciegfrom Ref. 18.

Frequency (GHz)

vy
[22]

o
S\
Il

A
3
1l
o

Frequency (GHz)
[a:)

»

0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
Aspect ratio B

014411-3



R. ZIVIERI AND F. NIZZOLI

PHYSICAL REVIEW B 71, 014411(2005

i 2 30
g 1.5 m= ﬁ 25 L (a)
£ 1 =
o5 T~ ==
g 0 ) 15<"_—_.—’*’4
g —05 g 10+
g -1 g
5 & 5|
0 20 40 60 80 100 ol ‘ . . ‘ .
— ) 0 1 2 3 4 5
g 15 Number of nodes
g 1 m=1
e
5 0.(5) =
I
2 0.5 <]
£ i 5
E c
5 -1.5 _ %
0 20 40 60 80 100 L o5
Z g % 1 2 3 4 5 6 7
5 '1 m=2 Number of nodes
Eel
5 0.5 /—\ FIG. 4. Frequency dispersion as a function of the number of
g 0 nodes of them, component. The lines connecting the points are
2 -05 guides to eye. Pangh): Calculations aR=100 nm and_=15 nm.
e -1 Full squaresi(0,n) modes. Full circles(|m|,0) modes. Panéb):
5 -1.5 Full line: calculations atR=100 nm andL=50 nm. Dash-dotted
line: calculations aR=500 nm and_=50 nm. The meaning of the
0 20 40 60 80 100 symbols is reversed compared to paa!
- 2 the contributions of the C fields given in Eq§)—10) to-
J 15 gether with the numerically calculated C radial component of
g '1 m=3 the m# 0 modes dynamic dipolar field. The effect of the C
g 05 field on them=0, n=0 mode frequency is about 30% f&r
~ '0 T =100 nm and only 5% foR=500 nm. This smaller effect
3 with increasingR is due to a decreasing of the C effective
2 -05 J : :
= ] field in dots of large radius. The C field also affects the
E 15 dynamics of them|=1 mode(as well as that of higher order
) modes in the whole range of radii investigated, increasing
0 20 40 60 80 100 the frequency of more than 25% at smBll The calculated

Radius R (nm)

frequency as a function @8 is shown in pane{b) of Fig. 2
and is compared with the experimental frequencies measured
by Brillouin light scattering technique fog=0.15!® The

FIG. 3. Radial part of them, component for the modes with

m=0.1.2 3calculated for a dot witlR=100 nm and.=15 nm. agreement between the measured and the calculated frequen-

cies for thelm|=1, n=0 andm=0, n=0 modes is very good
framework of the long-wave approximation which gives aprovided that the effect of the C field is included.
frequency linearly proportional to the wave vectar The As far as the pinning of the modes is concerned, we have
(m|,0) family of modes presents a frequency spread for eaclfound that for small dot radius the modes with<1 are
R. Moreover, by increasingr the dynamic exchange field pinned at the dot boundary while the pinning decreases with
becomes less important, with respect to the correspondinigjicreasing the mode ordem. This is shown in Fig. 3 for the
hgq, component of the dynamic dipolar field. Finally, f& case R=100 nm andL=15 nm. The same effect is also
=100 nm the splitting of thém|=1 modes due to the pres- present at largeR, but it occurs at higher mode order. A
ence of the C is about 0.3 GHz. It becomes negligible forsimilar behavior has been reported by Guslieekal2° for
largerR and higher order modes; this result is very similar tothe modes magnetization profiles in thin magnetic stripes. In
that predicted in Ref. 8. both approaches the pinning parameter depends on the ge-
The behavior of the two relevant mod@s=0,n=0, the  ometry of the magnetic element, but from the boundary con-
“fundamental mode” of the systemand (jm|=1,n=0) is  dition it results that only in the present study the pinning
studied in Fig. 2 as a function d® (for fixed thickness_ decreases with increasing the mode nuntbeHowever, in
=50 nm) and B (for fixed radiusR=100 nn). The dotted the case of magnetic stripes the pinning parameter is of
lines represent the frequencies of the above modes calculatgdrely dipolar nature and decreases with increasing the width
according to Eq(11), but without the C field, i.e., neglecting stripe at fixed thickness, whereas in the present study it ex-
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presses the competition between the dipolar and the exminimum in the frequency dispersion of thien|,n) modes is
change energy at the boundary and increases with increasimgm=2 for R=100 nm.
R. It is important to underline that magnetic stripes studied in
Ref. 20 are in a saturated state, while cylindrical dots of the IV. CONCLUSIONS
present study are in a vortex state.

In Fig. 4 the frequency vs the number of nodes for both
(0,n) and(]m|,n) modes is shown. In panéh) we report on

In conclusion, we have investigated the spin excitations of
a cylindrical dot in presence of a vortex including in the
. a effective field a full dependence from the dynamic exchange
the results of the calculations &=100 nm and.=15 nm. and dipolar contributions. We have also shown the role

One notes the similarity of the upper brandill circles)  haved by the exchange core energy in the spin excitations,
with the behavior of the Damon-Eshbach-like modes of theespecially for small radii. The introduction of the

saturated state, i.e. the frequency increases with the n“mbf—rdependence in the dynamic magnetization profile has al-

of nodes. Conversely, due to competition between the eXpyed us to investigate also dots of moderate aspect ratio
change and the dipolar terms, the modes of the lower branghy 1).

show an initial decrease of the frequency with a minimum
for m=2, followed by a successive increase, analogously to
the backwardlike modes of the saturated stéte. panel(b)

are shown the results of the calculationd.&t50 nm and for Work supported by Ministero Istruzione, Universita e
R=100 nm andR=500 nm. Due to a reduction of the dy- Ricerca through Grant No. PRIN 2003025857 and FIRB
namic exchange &Rk=500 nm(dash-dotted lines in Fig.)4 Project No. RBNEO17XSW. The authors acknowledge G.
the frequency increase of tli@,n) modes is less pronounced Gubbiotti and G. Carlotti for the permission to reproduce
with respect to that of th&®=100 nm dots. Moreover, the Brillouin Light Scattering data prior to publication.
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