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Analytic model of phononic crystals with local resonances
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A simple analytic model is presented to describe the low-frequency effective mass densities of three-
component phononic crystals with local resonances. We show that the effective mass densities can turn nega-
tive close to the local resonances. Expressions for the effective mass densities are derived for both three-
dimensional systems with coated spheres embedded in a host matrix, and two-dimensional systems with coated
cylinders embedded in a host matrix.
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I. INTRODUCTION duced by negative response functions at the band-gap fre-

A recent experimedt showed that certain three- quency. Since the sound speed is proportional\idp,
component composites, consisting of hard spheres coatédherex andp are modulus and density, respectively, a nega-
with a soft cladding and dispersed in a stiff host medium tive «/p implies an exponential wave attenuation. Here, we
exhibit complete elastic wave band gaps. These spectral gagéscribe the models for both 3D and 2D systems of such
arise from local vibration resonances of the coated spheresfructures, by calculating their effective mass density, and
and have nothing to do with Bragg scatterintj.the clad- show that EMD becomes negative near the resonance fre-
ding is very soft, the band-gap frequency can be very lowguencies, giving rise to exponential attenuation of wave.
making such a composite an interesting material for blockingVhen the resonance behavior is properly described, we find
low-frequency sound. Such an anomalous response of thibat these structures behave like dispersive media as ex-
system is the consequence of the coupling of the longpected, having frequency dependent EMDs. This is in con-
wavelength elastic wave in the host medium with the localtrast to the ordinary composite structures without local reso-
ized vibrational motion of the spheres. Such behavior ishances. In that case, the EMDs of the structures are simply
rather analogous to the coupling of electromagnetic wavethe arthimatic averages of the mass densities of the compo-
with transverse optical phonons in an ionic crystal, leading tonents. In the long wavelength limit away from the resonance
a polariton gap and an effective negative dielectric constantequencies, the EMDs reduce to the arthimatic averages.
for near the resonance frequendieSimilar results were re- The negative EMD is seen to result from the coupling of
ported for a three-component two-dimensio(2D) system: traveling waves with the local resonances. In particular, the
resonance-induced band gap was observed for rubber-coatktal resonances enable the strong coupling even though the
lead cylinders embedded in an epoxy mafrior 2D struc-  size of the locally resonant unit is much smaller than the
tures formed with rubber-coated square lead rods embeddedavelength in the matrix, in contrast to the Raleigh scatter-
in an epoxy matrix, numerical simulations indicate that theing case. In what follows, we first consider the 3D systems in
transmission coefficient show dips at resonant frequenciesec. Il, followed by the 2D case in Sec. IlIl. A brief summary
Dips in transmission loss spectra of stiff structures containis presented in Sec. IV. The mathematical details for the 2D
ing local resonant units can be modeled by simple onecase are presented in the Appendix.
dimensional harmonic oscillators with frequency-dependent
effective complex massWhile the three-dimension&BD)
system with rubber-coated lead spheres embedded in epoxy
can be described with full mathematical rigor using a mul- Consider a 3D three-component composite model consist-
tiple scattering approachwe show here that the essence ofing of a collection of hard spheres, each coated with a soft
the physics can be captured in a simple analytic model. Suctnaterial, embedded in a matrix material. The basic building
an analytic model is highly desirable for an intuitive under-block is shown schematically in Fig. 1, where the matrix
standing of the problem, as well as offering a quick and yetmedium is labeled 1, the coating medium labeled 2, and the
reasonably good estimate of the effective properties of suchlaard-core sphere labeled 3. The inner and outer radii of the
complex system. This simple physical model is designed ta@oating layer are denoted withandb, respectively. Because
describe the three-component composite material with thef the softness of the coating medium, the hard-core sphere
special configuration: hard spher@s cylinderg coated with  is hardly deformed, and thus can be treated approximately as
soft material distributed uniformlgi.e., randomly or periodi- being rigid. We are interested in wave propagation with a
cally) in a stiff matrix. It turns out that when the spheres andwavelength that is very large compared with the dimension
the matrix are much harder than the coating, analytic formuef the inclusions. Subjected to a long-wavelength incident
lae that describe the effective mass dengEMD) of the  wave(either longitudinal or transvergghe movement of the
material that display resonance can be derived. It has beeapherical coréas well as that of the matrix 1 locajlgan be
shown previously that the low-frequency band gap was in- regarded as a vibration around the center of the sphere. Sup-

II. THREE-DIMENSIONAL SYSTEMS
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FIG. 1. A basic unit in the three component composite material
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sphere and the matrix as almost rigid, continuity across the
interface requires that

Uy|r=p = U cOS 6, (9)
Ugly=p=—U sin 6, (10
Url=a=U cos 6, (11
Ugly=a=—U sin 6, (12

Mediums 1 and 3 are hard materials, and medium 2 is a soft matevhich means that the expansions in E@3.and(8) actually
rial. The arrows indicate the vibration directions for mediums 1 andtruncates fon>1. That leads to a set of linear equations

3, respectively.

pose that the vibration is along taelirection(marked by the
arrow in Fig. 1, the equation of motion for the sphere may
be expressed as

—mnguzf f (1,COS8 - 7, ¢SiNF)a’singdodep, (1)
S

whereU is the displacement of the sphens, is the mass of
the spheres, and r,4 are stress components in medium 2
with r, 6, and ¢, denoting the spherical coordinates. The

integration in the equation is performed on the surface of the
sphere. In medium 2, the motion of the medium satisfies the

elastic wave equatiohgiven by
M\ +2u) V(V-u) =,V X V Xu+p0w?u=0, (2)

wherel\, and u, are the Lamé constants, apglis the mass
density of medium 2. The azimuthal symmetry of the build-
ing block implies that displacements may be expresséd as

3

Ci = urér + Ugé(;,

ﬂé>
a0 %)

where® andW are scalar potential functions, satisfying the
following scalar wave equations:

V2® + 2P =0,

or

G:V<D+V><( (4)

(5
(6)

where a=w\/po/ (N\o+2u,), and B=wp,/ u,. The solutions
for ® and¥ may be written as

V20 + g2 =0,

o0

® = [Anjn(ar) + Byny(ar) P (cos 6), )
n=0
W =D [Cojn(Br) + Dunn(Br)IP,(cos ), (8)

n=0

wherej,(x) is thenth order spherical Bessel function,(x)
is thenth order spherical Neumann function, aRglx) is the
nth order Legendre polynomial. With denoting the local
displacement of medium Gee Fig. 1, by regarding the core

E1sAs + EpoBy + E13Cy + Eq4Dy = bu, (13
E21A1 + EpoBy + Ep3Cy + Dy = bu, (14)
Ez1A; + EgoBy + EgCy + EgD; =aU, (15
Ea1Ar + EgoBy + EgCy + gDy =aU, (16)

whereE;;s are given by

E11=]j1(ab) = abjy(ab),
E1»= ny(ab) — abny(ab),
E13=~ 2j1(Bb),
Eis=—2n(Bb),
Ez1=j1(ab),
Ez=ny(ab),

Ezs= = 2]1(Bb) + Bbja(Bb),
Ez4=— 2n,(Bb) + Bbry(8),
Es1 = ji(ed) - aajy(aa),
Es»= Ny(ad) — cany(aa),
Es3=-2j1(Ba),
Ezs=—2ny(Ba),
Es1=]1(aa),
Es2=ny(ad),
Eas=-2j1(Ba) + Baj(pa),

Eas=—2n,(Ba) + Bany(Ba).
Let us denote the inverse of matiby T, then we get
A= (T + Tbu+ (Tyz+ Tygau, (17)
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By =(To1+ Top)bu+ (Tos+ Tos)aU, 18
1= (Tar+ Toplbu+ (Tog + To) 18 Fos= f f (7,,C08 — 7. Sind)bZ%sinadedp.  (30)
C1=(Tar+ Tap)bu+ (Taz+ Tag)ay, (19 °
After some manipulations, we get
Dl = (T41+ T42)bu + (T43 + T44)a.U. (20) 4 )
. . . Fas= = Zmh?p07Aj1(ab) + Biny(ab)
Since the strain tensor may be expressed in terms of the 3
displacement vector &s — 2C,j4(Bb) - 2Dyny(Bb)]
1 S
e=5(Vu+uv), (21) 4 9(w)
_ = = —70%p007 g1(w) — Golw)——— [u, (31
and the stress tensor and the strain tensor are related by the 3 R(w) - P3
law of elasticity P2
Tee= )\2(6” + €gp T EZZ) 5§§+ 2/1,26{&, (22) where
we can obtainr,, and 7,4, and then the right-hand side of Eq. 01(w) = (T11+ T1p)j1(ab) + (Toy + Too)ny(ab)

(1). Finally, we obtained the displacement of the sphere as (T + Tap)j1(B0) = 2(Tay+ Tayny(BH),

b
29(w) (32
Us-——4 (23) :
R() ps Go(w) = (T13+ Trg)ja(ab) + (Toz+ Tog)ny(ab)

© P2 = 2Ta3+ T34)ja(Bb) = 2(Ty3+ T4y (B0).
where p; is the density of the sphere, and the frequency (33
dependeng(w) andR(w) are given, respectively, as We note that the force between the coated sphere and the

9(0) = (T11+ Tip)je(a@) + (Toy + Tony(ad) embedding medium, as expressedHyy, is a consequence

of the resonance behavior. Far away from the resonance and
= 2(T31+ T5p)ja(Ba) - 2(Tay + Tax)M(Ba), (24)  in the low frequency limit, Fp3 reduces toF9,=—(m,
+mg) U, with m, being the mass of the coating. Obviously
R(w) = (T13+ T1a)j1(@@) + (Tyz+ Toni(@a) F23 is the force acting on the coated sphere by medium 1 if
. we ignore the resonance. We can define the effective mass
= 2ATss* Tadia(Ba) = 2Tz + Tadm(pa). (25) densgi’ty for the coated sphere throuBjy by
Equation(23) relates the displacement of the sphere to the Vo= F (34)
displacement of the embedding matrix and we see that when P23Va3 2
R(w)=p3/ p,, resonance occurs. whereV,;=37b® is the volume of the coated sphere. We thus
The expressions foA;, B;, C;, and D;, which will be  obtain
needed in the following, may be derived by substituting Eq.

(23 into Eqs.(17)420) _ po=p| 010 -2 | @9
o(w) R(w) -
A= |Ty+T—(Tig+Ty)——— |bu,  (26) P2
R(w) - Ps The effective mass density for the whole local unit can be
- P2 ] defined as
[ J(w) ] Pe= P1p1+ (do+ d3)p33
By=|Tor+ Too—(Toa+ T24)—p bu, (27 o)
R(w) - = = ¢1p1+ (o + $3)po| Ga(@) = Qo) —— |,
L p2 | P3
R(w) -
_ _ P2
Ci=|Tart Ta— (T33+T34)& bu, (28 (36)
R(w) - Ps where ¢4, ¢,, and ¢ are the filling fractions for media 1, 2,
L P2 ] and 3, respectively, satisfying,+ @,+ ¢3=1. Since at the
- ©) 1 low-frequency limitF,; reduces td:g , we find that the ef-
- _ 9w fective mass density, reduces topg=p1p1+ doprt+ Paps,
D1=| Tar+ Tap~ (Tag+ Tad P3 bu. 29 \hich is the average density, i.e., the effective mass density
R(w) - E if the local resonance is ignored. It should be noted that the

- - force expressed in Eq31), which is obviously direction
The force acting on the coated sphere by the embeddingdependent, is applicable only when the composite proper-
matrix (medium J is given by ties are isotropic at long wavelength. That requires the build-
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' ' ' ' Kronig relation. For the real part of the EMD, we observe
two frequency regions where it becomes negative, corre-
sponding almost exactly to the two stop bands of the sonic
crystal structures reported in Ref. 1. The static limit of the
EMD, i.e., pg, is recovered at very low frequency far away
from the resonance frequencies of the coated spheres. We
have also calculated the vibrating amplitude of the spheres as
a function of the frequencies,which is also complex as shown
in Fig. 2(b), with the solid line corresponding to the real part
and the dashed line corresponding to the imaginary part. It is
, , , observed that arount=378 Hz, there exists a resonance in
0 400 800 1200 1600 which the displacements of the spheres are very large and
Frequency(Hz) experience a very sharp change from the in-phase state to the
out-of-phase state. The first negative EMD frequency region
Ib in Fig. 2@ corresponds to the out-of-phase region labeled as

—Re (b) B in Fig. 2b). It is also interesting to note that in the in-
5| ----1m - phase resonance region labeled A in Figh)2there exists a
large EMD enhancemeifisee Fig. 2a)]. From Fig. Zb), we
c also observe a big change Ofat f=1333 Hz[inbetween C
— and D in Fig. 2b)], which corresponds to the second nega-
tive EMD region, but the magnitude is small, and thus the
negative EMD effect at the second region cannot be attrib-
uted to the vibration of the spheres. To further clarify the
B physics at the first negative EMD region and the origin of the

L L - second negative EMD region, we calculate the displacement
400 800 1200 1600 field distribution along a general radial directigsay, the
Frequency(Hz) line from a to b at an angled=/4 shown in Fig. 1in the

coating layer, for four frequencies: A d=375 Hz, B at

FIG. 2. () The EMD(s) and (b) the displacement of the core £=380 Hz. C atf=1330 Hz. and D af=1335 Hz. The re-
sphere for rubber-coated lead spheres embedded in an epoxy ma ' y )

trix. The solid line and dashed line represent the real part and imagl§ur[S are shown in Figs(8-3(d), with the solid lines denot-

nary part, respectively. The filling fraction for coated spheres ising the real parts and the dashed "”E? denoting the imaginary
47%, the radius of the sphere is 5.0 mm, and the coating thicknesgarts' We observed that at frequencies labeled A and B, the

is 2.5 mm. The displacement fields for the four frequencies Iabeleccj;pheres are ylbratlng W'th_ big :_amphtude, and the C(,)at'ng
A, B, C, and D will be shown in Fig. 3. around them just follow their motion; while at frequencies C
and D, there are obviously resonant modes inside the coating
ing blocks to be randomly distributed, or arrayed with highwith displacement amplitude taking maximum values locally
symmetries, e.g., with cubic symmetries, so as to guaranteg the coating medium, while the vibration of the spheres is
the effective medium’s isotropy at long wavelength. Mean-yery small. We see that all the physics brought out by the

while, since the wavelengths in the matrix at the resonangimple model is consistent with that by the exact multiple-
frequencies are much greater than the size of the resonagtattering calculation as was done in Ref. 1.

unit, the longitudinal motiorfwhen subjected to a longitudi-
nal incident wave and the transverse motiofwhen sub- I1l. TWO-DIMENSIONAL SYSTEMS
jected to a transverse incident waa# the unit are identical

locally, so the same dispersion relation for the effective mass We now consider a 2D three-component composite mate-
Y, S o P T rlal model that is formed with hard cylinders concentrically
density is exhibited for the longitudial wave and the trans-

coated with a soft material. These coated cylinders are em-
verse wave.

bedded in a matrix material. A cross section of the basic

To show that the effective mass density may become °. . )
. . uilding block can be also represented by Fig. 1, where me-
negative at some frequency regimes, we calculate the EM ium 3 now labels the hard cylinder. Suppose that a long

for the three-component system discussed in Ref. 1: rubber- X . .
wavelength elastic wave is traveling along g plane per-

coated lead spheres embedded in epoxy matrix in a simpl : . . .
cubic structure. The filling fraction is 47%, and the lead Sendmular tq the axis Of the cyllnder. The cyIm_der., as \_/veII as
sphere radius is 0.5 cm and the thickness of the rubberthe embedding mediuri.e., medium 1 locally, is vibrating

P ' around the cylinder axis. Suppose that the vibration is along

coating is 0.25 cm. In all the calculations, small imaginary L e .
parts(about 0.5% of the corresponding real pamgere in- :22 )((:jli:wedcetlrogagihsii:s”ow direction in Fig. )1 the motion of
(o}

troduced into the elastic constants of the rubber coating t
mimic absorption. The resulting complex effective mass den- 2y _
sities are shown in Fig.(3), where the solid and dashed lines ~ MU =
represent the real and imaginary parts of the complex EMD,
respectively. It can be seen that the real and the imaginarwhereU is the displacement of the cylindam is the mass
parts of the EMD display features typical of the Kramers-of the cylinder expressed agma?l with p; being the density,

10 T T T

U/u

-10
0

2

(7,co80 = 7 gsind)al db, (37)
0
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FIG. 3. The displacement fieldeormalized to the displacement amplitude medium J along the line froma to b in the coating layer
as shown in Fig. 1 at four frequencigs) at A, f=375 Hz;(b) at B, f=380 Hz,(c) at C,f=1330 Hz, andd) at D, f=1335 Hz. The solid
line and dashed line represent the real part and imaginary part, respectively. From(@ameld(b), we see that the displacement is largest
at a, which is the boundary with the core, showing that the core is vibrating strongly at the low frequency resonance. Froto)parels
(d), which correspond to the higher frequency resonance, the displacement peaks inside the coating layer. The change of phase from below
to above the resonance is evident in these panels.

a is the radius, andlis the length of the cylinders. Here, g(w)

and 7., are stress components in medium 2 in a cylindrical ~ Pe= ®1P1+ (2 + d3)po| Gi(w) — Golw) ——— |,
coordinate system, and the integration is performed on the R(w) _Ps
surface of the cylinder. Again in medium 2, the motion of the p2
medium should be described by the elastic wave equation (41

[i.e., EQ.(2)]. The mirror symmetry about theaxis indicates N ]

that the displacement in medium 2 may be expressed iWherep, andp, are the mass densities for the matrix and

terms of potential functions as the coating materials, ang,, ¢,, and ¢ are the volume
filling fractions of the matrix, the coating, and the core

materials, respectively, satisfyingy + ¢,+ $3=1. It can also
be shown that at the low-frequency limip, reduces to
PO=hipy+ dopo+ daps, €., the average density. The expres-
sions for the frequency dependeRfw), g(w), g;(w), and
g,(w) are given in the Appendix.

To demonstrate that the EMD may also become negative
at some frequency regime, we calculate the EMD for a three-
component system composed of the same materials as the
preceding 3D system, that is, the rubber-coated lead cylin-

u=Vad+V X (2z¥), (39

or, in the present case, as

©

® = X [Aydy(ar) + ByNy(ar)]cognd), (39
n=0

* ders embedded in epoxy. The filling fraction for coated cyl-
W= > [Apdn(Br) + BoNy(Br)sin(né), (40)  inders is 40%, the cylinder radius is 0.5 cm, and the thick-
n=0 ness of the rubber layer is 0.25 cm. The calculated EMD is

shown in Fig. 4a), where we also observe two frequency
whereJ,(x) andN,(x) are thenth order Bessel function and regions where the real part of the EMD becomes negative.
Neumann function. Similar to the derivation in the 3D caseThe corresponding vibration amplitude of the cylinders
(for the details, please see the Appendixe obtain the ex- core is shown in Fig. @), where we see that the first nega-
pressions for the EMD for this 2D composite as tive EMD region is again from the resonance of the lead
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APPENDIX

In the appendix, we give the derivation of the EMD for

the 2D three-component composite in detail. The displace-
ment continuity at the boundaries gives

Up|r=p = U COS 0, (A1)
Ugly=p=—U sin 6, (A2)
Url=a=U cos 6, (A3)
0 400 800 1200 1600 _
Frequency(Hz) Uglr=a=—U sin 6, (A4)
10 . r ; , whereu is the local displacement of medium 1. From Egs.
Re (b) | (39) and (40), we see that the expansions naturally truncate
- Im for n>1, and we immediately get
5 |
E1iAn+ EppAp + BBy + EygBro=aU, (A5)
=) i
S 0---- e i~ E21A11 + Exofgp + EpByy + ExBro=au, (A6)
sl 1 Es1A11 + EpAqp+ EgsBiy + EgBio=bu, (A7)
E41A11+ EgoAgo+ EyaBri + E4Bro=bu, (A8)
10, 200 300 1200 7600 whereE;s are defined as

Frequency(Hz)

FIG. 4. () The EMD(s) and (b) the displacement of the core
cylinder for rubber-coated lead cylinders embedded in an epoxy
matrix. The solid line and dashed line represent the real part and
imaginary part, respectively. The filling fraction for coated cylin-
ders is 40%, the radius of the lead cylinder is 5.0 mm, and the
coating thickness is 2.5 mm.

cylinder. The second negative EMD region is from the
rubber layer resonance. The physics is thus qualitatively the
same as that in the 3D case.

IV. CONCLUDING REMARKS

In this paper we show that a simple analytic model can
account for low-frequency wave propagation phenomena in a
certain class of three-component composite matérthiat
exhibits sonic band gaps due to resonance. The origin of the
gap and the dispersion near the gap can be described by
adopting frequency dependent effective mass density that be-
comes negative near the resonance frequencies of the embed-
ded coated objects. The derivation here captures the essence
of the physics, and highlights the importance of the cladding
layer. Indeed, the resonance gaps will disappear if the coat-
ing is removed or replaced by a stiff material.
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E11= aaJy(aa) - Jy(aa),
Ei2=31(Ba),

Ej3= aaNy(aa) - Ny(ea),
E14=Ny(Ba),

E, = Ji(aa),

Ezp= Bad(Ba) - Ji(Ba),
Es=Ny(aa),

Ez4= BaNo(Ba) = Ny(Ba),
Es1= abJy(ab) — Jy(ab),
Esp=J1(Bb),

Ess= abNg(ab) — Ny(ab),
Ess=Ny(Bb),
Es=Jdi(ab),

Es2= BbJy(Bb) = J1(Bb),
E4s=Ny(ab),

E44= BbNy(Bb) — N1 (Bb).

sions and his prepririt. Denoting the inverse of matrik by T, we get
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A= (T + Tal + (Tig+ Tihbu, (A9)
App= (T + ToaU + (Tg+ Toh)bu, (A10)
B11= (T3 + TzpaU + (Tgz+ Tag)bu, (A11)
By, = (Tay + Tap)aU + (Tug+ Tagbu. (A12)
We finally obtain
b
ag(w)
Us-—, (A13)
R(w) - 22
P2
whereR(w) andg(w) are expressed as
R(w) = (Tyy+ Typ)dy(ad) + (Tyy + Tp)Ji(Ba)
+ (Tap+ TapNy(@@) + (Tyy + Ty)Ny(Ba),
(A14)
9(w) = (Tyz+ Ty di(ad) + (Toz+ To0)Jd1(Ba)
+ (Taz+ TagNy(a@) + (Tyz+ TNy (Ba),
(A15)
respectively. Resonance occursRib) =ps/ p,.
The final expressions fok;;,A12,B11,B1, are
- " i
Ap=|(Tyg+ Tog) = (Tyy + le)g— bu, (A16)
R(w) - LE
L P2 |
_ " i
A= (Tog+ Tog) = (T + Tzz)g— bu, (Al17)
R(w) - 22
L P2 |
_ » i
B11=| (Tag+ Tag) — (Ta1 + Tsz)g— bu, (A18)
P3
R(w) - —
L P2 |
_ " i
Bio=| (Tag+ Tas) = (Ta1+ Ty g bu. (A19)
P3
R(w) - —
L P2 |

The force acting on the coated cylinder by medium 1 may be

expressed as

2w
Fzszf (7ycO89 = 77 45iN6)1bd 6, (A20)

0

which is obtained as

PHYSICAL REVIEW B 71, 014103(2005

Fo3=— mblp,w? A1 (ab) + A,d:(8b)

+ B1iNy(ab) + BNy (Bb)] (A21)

= b pp?| gr(@) - o) —22— |u,  (A22)
R(w) - 22
P2

and

O1(w) = (Ty3+ Tyg)ds(ab) + (Toz+ Tp0)J1(Bb)
+ (Taz+ T3 Ny(ab) + (Tyz+ TNy (Bb),
(A23)

Go(@) = (Ty1+ T1p)ds(ab) + (Toy + Tpp)J1(Bb)

+ (T3p+ Tax)Ny(ab) + (Tyg + T4)Ny(Bb).
(A24)

We note that the force between the coated cyliner and the
embedding medium, as expressedHyy, is a consequence
of the resonance behavior. Far away from the resonance and
in the low-frequency limit, F,; reduces toF9,=—(m,
+mg)w?U, with m, being the mass of the coatinag3 is the
force acting on the coated cylinder if we ignore the reso-
nance. We can define the effective mass density for the
coated cylinder througk,; by

— paVaaw’u = Fos, (A25)
where V,3=7b? is the volume of the coated cylinder. We
obtain

P53= 2| G1(@) = gz(w)&
R(w) - 2
P2

(A26)

The effective mass density for the whole local unit can be
defined as

pe= d1p1+ (o + d3)p3s
= p1p1+ (o + B3)py| Ga(w) — gz(w)ﬂ )
R(w) - 2
P2
(A27)

where¢,, ¢,, and¢s are the filling fractions for media 1, 2,
and 3, respectively, satisfyingj; + ¢,+p3=1. It can be seen
that at the low-frequency limitp, reduces t0p2:¢1p1
+opot Paps, i.€., the average density.

014103-7



LIU, CHAN, AND SHENG PHYSICAL REVIEW B71, 014103(2005

1Z. Liu, X. Zhang, Y. Zhu, Y. Mao, C. T. Chan, and P. Sheng, “W. Maysenhoeldetunpublishegl
Science 289, 1734 (2000; Z. Liu, C. T. Chan, and P. Sheng, 5See, for example, Z. Liu, C. T. Chan, P. Sheng, A. L. Goertzen,
Phys. Rev. B65, 165116(2002. and J. H. Page, Phys. Rev.@®, 2446(2000); |. E. Psarobas, N.
2See, e.g., C. Kittellntroduction of Solid State Physicéth ed. Stefanou, and A. Modinosbid. 62, 278 (2000.

5 (Wiley, New York, 199). _ _ 6See for example, P. M. Morse and H. Feshbadhthods of The-
C. Goffaux, J. Sanchez-Dehesa, A. L. Yeyati, Ph. Lambin, A. oretical PhysicsMcGraw-Hill, New York, 1953
Khelif, J. O. Vasseur, and B. Djafari-Rouhani, Phys. Rev. Lett. 7K. E. Graff. Wave Motion in I’Elastic Soli;jsDover New York
88, 225502(2002; C. Goffaux and J. Sanchez-Dehesa, Phys. " ° ’ ’ ’

Rev. B 67, 144301(2003. 1991.

014103-8



