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Exact ground-state diagrams for the generalized Blume-Emery-Griffiths model
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A simple way for constructing exact ground-state diagrams of classical spin models with near@st- or
certain casesalso with next-to-nearest-neighbor interactions is proposed for a large class of lattices. Such
diagrams are constructed for the most general spin-1 Ising model on the unfrustrated lattices with nearest-
neighbor interaction. Nine topologically different diagrams are found. The same model is considered on the
triangular lattice and on the square lattice with nearest- and next-to-nearest-neighbor interactions. Intermediate
nonuniform phases are revealed and the conditions of their nonexistence are obtained.
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In 1971 in Ref. 1, Blume, Emery, and Griffiths considered H = _JZ S5 - Kz sfsf— CZ (5|25j n SS,Z)
an incomplete spin-1 Ising model in the mean field approxi- G G G
mation and applied it to a concrete physical object, namely,
to the®He-*He mixture. Since then this model has been stud- + E [-h(s +s) +A(S+ 3,2)] (2
ied intensively and used to describe different physical objects i

such as gas-liquid-solid systerhmulticomponent fluids and  \here the notationd=zJ, K=zK’, andC=zC" were intro-
liquid crystal mixtures, semiconductor alloy$, micro-  guced. The ground-state diagrams are the same for both
emulsions} adsorbate systenisand intercalated crystafs, Hamiltonians.

etc. To our surprise, we have nowhere foundesactde- Consider all possible bonds or two-site blocks and the
scription of the ground states of this model on different two-respective energies. They are shown in Table I. We will con-
and three-dimensional lattices. It seems that only the groungryct the ground-state diagrams for unfrustrated lattices in
states of the one-dimensional Blume-Emery-GriffitBEG)  the (A, h) plane. The region in this plane which corresponds
model with nearest-neighbofNN) and next-to-nearest- g 4 particular two-site block is determined by the system of
neighbor(NNN) interactions have been analyzeWe pro- inequalities obtained from the condition of the minimum of
pose a simple method of constructing the ground-state digye energy of the blockin comparison with the energies of
grams for classical spin models with arbitrary value of spinghe other blocks It is easy to find the conditions when the
and investigate the ground states of the spin-1 Ising mOderbgions exist. The uniform regiod80), (--), and(++) exist

on unfrustrated lattices with NN interaction. We also CON-always, the antiferromagnetic regiof+—) exists at the

sider an example of a frustrated lattiteiangular ong and condition J<0 and its width is equal to ~2 the region

the square lattice with NN and NNN interactions. . o 1 . X
So, let us find the exact ground states of the most g;;eneréP"r> exists at t,rle conditiorC<-5(J+K) and |.ts width
is equal to €y2/2)(J+K+2C), and the region(0-)

spin-1 Ising model: \
exis_ts at the conditio€> 5(J+K) and its width is equal to
-(Y2/2)(J+K-2C). If J+K<0 and |C|<-3(J+K), the

H=-TSss K 2_¢c s +582 regions(0+) and(0-) exist simultaneously, otherwise only
%S ! (,E])S'Z ! (,El) (%2 1S ’) one of them exists. It follows from the above considerations
that in the casd=0, K=-J, and|C| s%(\]+ K) there are no
+ E (-hs+AsY), (D) nonuniform phaseé.e., (0+), (0-), (+-)) at all. Let us note
I

that this is also true for frustrated lattices. Hence, the condi-
tion of positivity of J andK, which is usually impose8? is

wheres;, the spin variable on thesite, takes on the values
-1, 0,+1, X, means the sum over the nearest-neighbor

pairs, and)", K", andC" characterize, respectively, the bilin-

TABLE |. Two-site blocks and their energies.

ear, biquadratic, and mixed interactions between the nearest Block Energy
neighborsih andA are the “fields.” O—0O 0

Let us rewrite the Hamiltonia(l) replacing the sum O—@ “heA
over the sites by the sum over the bonds. We will consider
only lattices with the same numberof bonds around each O—0 h+A
site. The “site energy” hs+As’ will be distributed uni- ®>—0 J-K+2A
formly overz bonds which surround thiesite. Instead of the GH—® -J-K-2C-2h+2A
Hamiltonian H* we will consider the HamiltoniaH=zH" O—0 —J—K+2C+2h+2A

which reads

1098-0121/2005/71)/0124114)/$23.00 012411-1 ©2005 The American Physical Society



BRIEF REPORTS

r2e)

v

e {1/4(J4K) 41 2C

JK-C

+

+

>0
S0
C>1/2(0+K)

J+G0
0<C 112X
4|
0o
o- D ] 1/4(JsK)41/2C h
) TS
H JKC
- i LSS ++
>0 550
J+K<O J+K<O
O<C<—1/2(04K] >V

PHYSICAL REVIEW B'1, 012411(2005

TABLE Il. Three-site blocks for the triangular lattice and the
corresponding energies.

Block Energy

(000) 0

(00+) -h+A

(00-) h+A

(0++) -J-K-2C-2h+2A
(0+-) J-K+2A
(0--) -J-K+2C+2h+2A
(+++) -3J-3K-6C-3h+3A
(++-) J-3K-2C-h+3A

J-3K-2C+h+3A
-3J-3K+6C+3h+3A

(+=-)
(=)

FIG. 1. Ground-state diagrams of the spin-1 Ising model in thePossible: three forJ=0 and six for J<0. In the case
caseJ>0, C>0 (unfrustrated lattice

of existence of nonuniform phas€8+) or (O-) the model
is equivalent to the usual sp%]-lsing model whenJ=0,

too strong. Reference 9, where an uncomplete BEG model <J+K-|C| or J<0, A<K-|C|. For the case when these

was considered in the mean field approximation, proves it. nonuniform phases do not exist the model is equivalent to
The exact ground-state diagrams of the spin-1 Ising modehe spin—% Ising model whem < %(|J|+K)_

for unfrustrated lattices are shown in Figs. 1 and 2. The Now let us pass to the Hamiltoniga) on the triangular

coefficientC is chosen nonnegative because the diagrampttice. For constructing the ground-state diagrams we need
with values ofC equal in magnitude but opposite in sign are tg consider not two- but three-site blocks,

symmetric with respect to the ax@®A, only the signs in the
phase notations are replaced by the opposite ones. As
one can see, nine topologically nonequivalent diagrams are
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FIG. 2. Ground-state diagrams of the spin-1 Ising model in the
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Adding one additional zero-spin site to the two-site blocks,
we obtain three-site blocks with at least one zero spin. The
expressions for their energies are the same as for the energies
of corresponding two-site blocks, onl§=3J" not J=6J",

etc., i.e.,zis equal to 3 not 6 as for the two-site blocks on the
triangular lattice. There are also four three-site blocks with-
out any zero spin. The three-site blocks and their energies are
given in Table Il, where the following notations are intro-
duced:J=3J", K=3K", andC=3C". The region correspond-
ing to a particular three-site block is determined by the mini-
mum energy condition, as before.

If in a certain region the energy of one of three uniform
two-site blocks has a minimum, then in this region the en-
ergy of the corresponding uniform three-site block also has a
minimum. Thus, only those two-site regions will change
where the energy of nonuniform two-site blocks was mini-
mal. The uniform phase regions can expand at the cost of
nonuniform ones.

Ground-state diagrams for the triangular lattice in the case
J>0 are shown in Fig. 3. As one can see, there can be two
intermediate regions between the uniform regi®30) and
(+++) (or {(——-)). If J<O0 there are also intermediate re-
gions ((+--) and (++-)) between the uniform regions
(+++) and(-—-) (see Fig. 4
In the case of unfrustrated lattices all regions were
unbounded. For the triangular lattice there can be one
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9 9 TABLE lIl. Four-site blocks and their energies for a lattice with
000 % 000 NN and NNN interactions.
K 0\\ ~~~~~~ 12(JeKpC
" " o st Block Energy
] «
- ++4 -——— § e ++4 l <OOOQ 0
— - g - 2 (000+) -1/4h+1/4A
oo o B [y 3 (000-) +1/4h+1/4A
4  (00++) -1/2J-1/2K-C-1/2h+1/2A
)y R 5  (0+0+) -J;-K;-2C;-1/2h+1/2A
fal °° 6  (00+-) 1/23-1/2K+1/2A
é k)
5 so- I} 7 (0+0-) J-Ki+1/2A
7 L WL 8 (00— ~1/2J-1/2K+C+1/2h+1/2A
it /N M e, +es 9 (0-0-) -J;-K+2C;+1/2h+1/2A
N/ ke Y o[ eserk-20)
Hesad 2o : o 10 (0+++) -J-K-2C-J;-K;-2C;+3/4h+3/4A
S SO NS NS 11 (0++-) -K-C+J;-K;-1/4h+3/4A
12 0+-+) J-K-J;-K;-2C,-1/4h+3/4A
FIG. 3. Ground-state diagrams of the spin-1 Ising model on the 13 (0+--) ~K+C+J;-K;—1/4h+3/4A
triangular lattice in the cas&>0, C>0. 14 0=+ J-K=J,-K,+2C,~ 1/4h+3/4A
N . _ 15 (0-—9) -J-K+2C-J;-K;-2C;+3/4h+3/4A
bounded regior((0+-)). The condition of its existence is 15 (4444) —2J-2K—-4C+2],- 2K, —4C,—h+A
1 1
J<0,J<-3K, |C|<—§(J+K), and|C|<—Z(7J+K). - 17 (+++-) —2K+2C-2K,-2C;—1/2h+A
Consider now a square lattice with NN and NNN interac- (+4-2) —2K+2],- 2K, + A
2?]2?. Inotfhéf]ec?gﬁrosr;teenbﬁggs to find the possible values of thelg (+=+) 2= 2K =20, - 2K, + A
9y ’ 20 (+==-) —2K+2C-2K;+2C;+1/2h+A
© © 21 (=—=-) —2J-2K+4C-2J;- 2K, +4C;+h+A
'A‘ axis OA (with changing signs in the phase notatiprisence
Q) (59 we need to consider only the ca€e=0 (or C;=0).

Note that the blocks of typaaab (six blocks andaabc
(three blockg correspond to infinitely degenerate phases
We will denote the interactions along the sides of the squareiith nonzero entropy per site. It is the so called residual
by J, K, C and along the diagonals Wy, K;, C,. Taking into  entropy. In the case of only NN interaction there were no
account that each site belongs to four blocks and each bonégions with residual entropy. In the previous cases, it oc-
along a side to twdwe consider a two-dimensional lattice curred only at the boundaries of phases. An example of a
we can write the energies of all possible four-site blogdee  most reached ground-state diagréhs phasesis shown in
Table IlI). Fig. 5. The phaseg000+), (000-), (0O+++), (0——-),
At fixed J, K, C, J;, K3, andCy in the (A, h) plane from 3 (+——-) (+++-), (00+-), and(0——+) are infinitely degen-
to 15 regions can exist: phases corresponding to the blocksrate.
that differ only by order of sitegfor example,(++--) and As may be seen from the figure, certain regions are
(+-+-)) cannot exist simultaneously. bounded; others are not. It is easy to find the necessary
The change of sign of both coefficiensandC, leads to
the mapping of the ground-state diagram with respect to the

20-0f -2e]| 5 lewe n o “% a “
200 $idd it HEASLYN 20 000)
ﬁqu@(»—c
-—= -+ +++ P i“fl
J<0 J<0
S0 [J-K<O
0<C< 1/2(J+K] 0<C<K|
FIG. 4. The poorestfive phasesand one of the richedten FIG. 5. Ground-state diagram of the spin-1 Ising model on the
phasep ground-state diagrams of the spin-1 Ising model on thesquare lattice with NN and NNN interactiond=-0.5, K=-0.4,
triangular lattice in the casé<0, C>0. C=-0.25,J;=-0.3,K;=-0.3, andC;=0.2.

012411-3



BRIEF REPORTS

TABLE IV. Unbounded four-site regions and conditions of their
existence for a square lattice with NN and NNN interactions.

PHYSICAL REVIEW B1, 012411(2005

Now let us write the condition of nonexistence of regions
2-5, 8-10, and 15:

Region Condition a;=- a a=0, b =- t_) b=0 (3)
> , > ,
1 (0000 Always . ) ) _
5 (0004) a<0,a,<0 and also the condition of nonexistence of regions 17-20:
3 (000-) b<0, b, <0 J
J=0, J=-_. 4
4 {00+ +) la| <-2a; ! 2 @
5 0+04) a<0,a=2a If both conditions are satisfied there are only uniform phases.
8 (00--) [bf <~2b, Thus, the simple method that we have proposed gives the
9 (0-0-) b<0, b<2b, possibility to construct exact ground-state diagrams for the
10 (0+++) a<0,a<0 spin-1 Ising model on a large class of lattices: two dimen-
15 (0---) b<0,b;<0 sional as well as three dimensional, with NN interaction as
16 (++ ++) Always well as with, in certain cases, NN and NNN interactions.
17 (+++-) J<0,3,<0 Using this method, we have obtained nine topologically Qif-
ferent ground-state diagrams for the most general spin-1
18 (++--) |9 <-23; . . "
19 (ret ) 3<0. J<23 Ising model on unfrustrated lattices and found the conditions
’ 1 of existence(or nonexistenceof nonuniform phases. We
20 (== J<0,4,<0 have also obtained the conditions of equivalence of the
21 (=) Always spin-1 Ising model at zero temperature to the usual $pin-

Ising model. We have investigated as well the ground states
Oof the spin-1 Isin model on the triangular lattice and on the
square lattice with NN and NNN interactions. In a similar
way, ground-state diagrams for the Ising models with spin
S>1 may be constructed.

and sufficient conditions of existence of the unbounde
regions. They are shown in Table IV, where the following
notations are introduced=3(J+K)+C, a;=3(J;+Ky)+Cy,
b=2(J+K)-C, and b;=3(J;+K;)-C;. As to bounded re-
gions, the conditions of their existence cannot be written in  The author would like to thank Professor I. V. Stasyuk
such a simple form as for the unbounded ones, and therefoand Dr. Yu. V. Holovatch for helpful suggestions and discus-
we will not give them. sions.
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