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Energy-band structure of Ge, Si, and GaAs: A thirty-band k-p method
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A 30-bandk - p method taking into account spin-orbit coupling is used to describe the band diagram of Ge,
Si, and GaAs over the whole Brillouin zone on an extent of 5 eV above and 6 eV under the top of the valence
band. The band diagrams provide effective masses in agreement with experimental data both for direct gap
semiconductorgsGaAsg and for indirect gap semiconductaiGe, Sj. This method also gives explicit expres-
sions for Luttinger parameters and effective masses i thalley.
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[. INTRODUCTION and did not give access to thevalley of the second con-

Dispersion relations of bulk materials have been intenduction band. _ _
sively studied through two sets of methods: the first set con- The purpose of this paper is to present a 30-bknp
tains theories with few adjustable parameters such aklamiltonian V\_/h|ch allows us to calculatg the band dlagr_am
pseudopotentidlor linear muffin-tin-orbital method&In the ~ Of bulk materials forTq or O, group semiconductors. This
best case, only one adjustable parameter, the forbidden baftmiltonian looks like the one of Ref. 5 for Si and Ge: we
gap, is required.The second set contains adjustable paramhave taken the same basis states but we have introduced
eter theories namely the linear combination of atomicSPin-orbit interaction which cannot be neglected in Ge or
orbitals? tight-binding? andk - p® methods. Thé - p method GaAs in which the spln—c_)rb|t splitting is more than 20% of
is known to be very efficient to accurately describe either théhe band gap energy. Bailet al*® have taken into account
conduction banl or the valence barié or even both of SPin-orbit interaction in their band structure calculation in
then?1%in the vicinity of a given point of the Brillouin zone. GaAs over the whole Brillouin zone. We will compare their
For example, Pidgeon and BroWrused Luttinger-like pa- resylts to_o_urs before concluding. For Si, even if the spin-
rameters inside an eight-function bagisking into account Orbit spliting may be neglected(As,=44 meV<Eg
the spin to describe the dispersion curves near the center gf 1.17 €V} to draw the band diagram, taking it into account
the Brillouin zone. The Luttinger-like parameters allow onegives access to explicit expressions of the Luttinger param-
to take into account the influence of the functions outside th&ters. With this Hamiltonian, the band diagram becomes
eight-function basis. The Pidgeon-Brown description is validvalid up to 5 eV above and 6 eV under the top of the valence
up to about 15% of the Brillouin zone, the validity range band all over the Brillouin zone. In particular this procedure
depending on some parameters as the forbidden gap. Aftegolves the problem of the point of the second conduction
wards, a 14-function basigvith spin'! was used, the aim band of the 20-bané - p approach. This paper is organized
being a more accurate description of both the band structurds follows. In Sec. Il, we present the procedure followed to
and the eigen wave functions, more than an increase of theuild the Hamiltonian, which is used in Sec. Il to obtain Si,
validity range. Cardona and Polfakised thek-p method Ge, and GaAs band diagrams. We show in Sec. Ill that ten
with another point of view: they used a 15-function basisadjustable parameters @, group and 18 inly group(7 of
(without spin to describe the dispersion curve in the whole Which are taken null to simulate Gapare sufficient. It is the
Brillouin zone. They reproduced the band structure of siliconfeason why the 30-band method is not only more accurate
and germanium without taking the influence of function out-than the 20-band method used in Ref. 12 bufine more
side the 15-function basis: Luttinger-like parameters are nosimple to use. In Sec. IV, we discuss the results and the
needed anymore and, in this sense, the Cardona-Pollak bagfglidity of our Hamiltonian and compare them to other meth-
is self-contained. This 15-band method leads to a 30-ban@ds including the 20-bankl- p method!?
method if the spin is taken into account, which seems hardly
tractable. This is the reason why Cavassiasal!? used a Il THE 30-BAND k-p HAMILTONIAN
20-function basis(with spin) and introduced two bands  We start from the 1% 15k-p Hamiltonian without spin-
nameds* and pseudo-Luttinger parameters to mirditevels  orbit interaction built by Cardona and Pollalhe 15 states
following the idea developed by Vogit al? for linear com-  of the real crystal taken into account correspond@00],
bination of atomic orbital{LCAOQ) calculations. With this (27/a)[111] and(27/a)[200] plane-wave states of free elec-
20-bandk - p Hamiltonian model, valleys useful for transport trons in the “empty” germanium lattice. The large gap be-
(T, L, and X valleys in GaAs,A andL valleys in S) were  tween(27/a)[200] and(27/a)[220] plane wavegmore than
obtained but this model contained ten adjustable parameteld$ eV) suggests that these 15 states are enough to obtain a
to describes* bands, nine interaction energies between bandgorrect energy band diagram. Introducing spin-orbit coupling
for T4 group semiconductor®nly six for O, group semicon-  doubles the number of states to obtain the so-called 30
ductorg and six pseudo-Luttinger parameters, i.e., 25 adjustk - p Hamiltonian.
able parameters. Moreover, this 20-band Hamiltonian gave We consider the Schrodinger equation with spin-orbit
valid results up to 3.5 eV above the top of the valence bandoupling
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I 5k Es, ~ L6 [S¢) TABLE I. Correspondence between Cardona and PgRe. 5
Pay r and Koster(Ref. 15 energy level notations for simple and double
e ) 4 P Esrtds 3| XN 1Y, [Z0) group. T4 group notations are used in the paper even for Si and Ge.
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FIG. 1. Wave functions in the 30-batkdp model atk=0 for Oy, .
group. T, simple group notations are reported on the left, agd Nave to be taken into account for thg group, because

double group notations on the right. Only ten matrix elements ardhere is no inversion symmetry. These are matrix elements:

enough to describe the band diagram. P'=(3piXc), Py=(Xdlp,liZ), P;=(D4|pdiXc),
P>=(SpyiXc), Ps=(S[pdiX), PL=(S|PdiXa),
p? h PL=(SulpdiX), Pig=(SulpxliXa)-
HW = o * V(r)+ —5(VVXp) o |V=EV, (1) Let us now consider the effect of spin-orbit interaction on
Mo Amee these states. They can be divided in three types associated

whereV(r) is a potential having the periodicity of the lattice, with the symmetry of the wave functions: tiig levels (us-

my, is the free electron mass=—-i%V and the spin-orbit term ing the T group notationg® are associated telike atomic

is written in standard notation. The solutions to Et). are functions and spin-orbit interaction transforms them in two
Bloch functionsW=exp(ik 1) u,(r), whereu,,(r) has the degenerate levelS| andS| of I's symmetry. The spin-orbit

periodicity of the crystal lattice. The equation verified by theinteraction introduces no more splitting for these states. The
I'5 level*® are d-like atomic functions which have the sym-

Unk(r) is s o -
) . metry of D;=3z°-r* andD,=y3(x*—y#). Spin-orbit interac-
Hegn (1) = P +V(r) + S + ik- p+ h (VV tion does not introduce splitting and the following states are
o 2m, 2m,  my 4méc?
y qu
X p) - 0':| un,k(r) = En,kun,k(r)- (2
.......... I'sa
The spin-orbit interaction ternth/4mgc?)(VV xk)-o also 4 - 1 L SN
exists but is negligiblé? The states chosen by Cardona and P A'sq |
Pollak® diagonalize the following Hamiltonian without the y : Y | PR
spin-orbit term P P : i
2 2 4 A !
HipUni(r) = {p_ +V(r) + ——+ —k-p[uy(r) 1 Lo Tou
2my 2my  mg P’y Py AI’Cd! -
= Ep (1), 3 & — a
, ;e I
Let us first discuss thek-p terms associated with the p Pu NI e
Hamiltonian (2). This model, schematically represented 4 | T
at k=0 in Fig. 1, corresponds to the one used in Ref. 5; 1 : i
the correspondence between the level notations used in : [ o Tg
Ref. 5 and in this article is recalled in Table | and the Y . A '-::j;
wave functions associated to these levels are indicated P’s ~e Iy
in Fig. 1. For O, group semiconductorsSi and G¢, the v v
ten k-p matrix elements of interest areP=(Sp,iX), Leov
Pd:<SpX|I)_(d>’ PX:<XC|py|IZ_>’ PXd:(XC|pV|'Zd>’ FIG. 2. T4 group: Additional matrix elements and spin-orbit
P3=(D4|p,liX), P3g=(D1/pyliXa), P,=(S|pyliX), coupling due to the lack of symmetry ify group. For the simula-

Poa=(SIpyiXa), Ps=(S,|puiXc), Pu=(Sulp«iXc). Figure 2 tion of GaAs, all these elements are taken null exd@pandA’.
represents the additionak-p matrix elements which A{ are interband spin-orbit couplings.
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obtained:D,1, D,T, D4| andD,|. TheI's levels are associ- TABLE Il. k=0 energy level used in the 30-bakdp model.
ated to p-like functions: they are split into two levels
(I';,T'g); the Bloch functions which diagonalize the spin- eV Ge Si GaAs eV Ge Si  GaAs

orbit interaction within the multipletl’;,I'g) are detailed in
Ref. 11. These Bloch functions do not diagonalize exactIyII:8C 3.22 3.40 4.569 11:6“ 18.36 12'46 13.64
Hso [EQ. (2)]: coupling terms appear between the differEgt c 3.01 340 4488 ',y 170 1278 11.89

levels or betweelfs and F3 levels. Fe 0.90 4.185 1.519 F7d 17.0 12.78 11.89
For O;, group semiconductorSi and Gg, splitting intro-  I's 0 0 0 I's 5 1047 9.66 10.17
duced in thel's levels by spin-orbit interaction exists r, -0290 -0.044 -0.341Tg 7.77 7.07 856
Aso=@ X 5Dy—5px Y/,
2E;
3h N N . y1:—1+5+@( 1 + 1 >+ Pd
Ac= —4mgcz Xc P pr iYc/, 3Ec 3 \Eg+Egc Eg+EgctAc/ 3Eg
+‘_‘E+ Epy Eps + Epy
3h N N |, 3E 3E 3E 3Eq,’
Ag= 5> o\ Nd| o Py~ Pk Yq /. : o o o
4myc 2 ay
1(Ep Ep, Ef Ef E Ef
A, is a well-known valué® but a splitting also exists in = —(—P + P2 P PS) - PX____ —Pd
I'sc (Ac) andI'sq (Ag) bands as shown in Fig. 1. A coupling 6\Ec Egq Eeu 3Es/ 6(Eg+Ege) 6Esg
between the two different multiple(d™;,I'g) and (I'74,['gq) 2Ep;
also exists 3B
3d
PN O EYA VN
+
There is also a coupling betweéh;¢, ['gc) multiplet which G “ea o bv G 7 ee 5d
stem from['sc levels andl'g level which stem from s _1Eps
a3 (ol v | >Fas
7 a2\t aypz M|/ vc is also given by the matrix elements

For Ty group semiconductors, the inversion asymmetry of =~ _mo_, Ep( 1 2 CEp( 1 L2
the zinc-blende lattice introduces additional spin-orbit cou- Ye= Me B 3\Eg+A Eg 3 \Ege Egct+Ac
pling terms between the differedl’;,I's) multiplets® as

shown in Fig. 2. These couplings have the same expression  _ i_
as inside(I';,I'g) multiplets Esa— Eg
3% N N | No pseudo-Luttinger parameter is necessary to obtain va-
A'= Rfcz<xc 5py— pr 'Y>' lence band masses in all the directions, contrary to the 20-
4mge X oy \ \
There are also new couplings betwedry,I'g) multiplets * > -
which stem froml's levels andg level which stem fronds: ) b ]
Aé:%<Dl ﬂ/pz—ﬂ/py iX>, E’ ol
4mgc ay Jz g
s
. 3% N N 2r ]
3d= W<D1 FYcar |Xd>- N < ]
Figure 2 represents all thg, couplingsA’ which are null in

O, because of inversion symmetry. N L[] T [100] X UK [110] T

One of the interests of this method is that the matrix ele-
ments are enough to describe Luttinger parametersland  FIG. 3. Band diagram of bulk Si &=0 K. Spin-orbit coupling
effective mass of conduction band. The following formulasis taken into account even if it does not appear on the diagram
give Luttinger parameters: because of its scalés,=44 meV in Si.
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FIG. 4. Band diagram of Ge &t=0 K. FIG. 5. Band diagram of GaAs @i=0 K.

band k-p Hamiltonianl2 This 20-band Hamiltonian was Parameter by themselves: the important data are the couples
built from the 14x 14 Hamiltoniant” adding ans-symmetry ~ €N€ray level/matrix element. Briefly speaking, k=0 en-
band 12 eV under the top of thé valence band and swvo €9 levels are first fixed from Ref. 5 and the matrix elements
levels to obtain nonmonotonic bands and give acces are then adjusted to obtain the band diagram; as a result there
or L valleys in the first conduction band. As theselevels areA%t(()a(rlr?;&ggj itggézﬁ?ﬁiﬂiﬁgﬁ}gnergy levels. the
were not sufficient to describe simultaneously theoint . ' .
and thel” effective masses. the contribution abﬂi/avelfwas key parameters are the matrix elements. Here, they were first

mimicked via Luttinaer-like parameters which plaved a artestimated at the center of the Brillouin zone, especially for
) 9 pa play Patihe valence band to obtain Luttinger parameters, and for the
in the I';c and g levels and in thd',, and T, levels by

) . . first conduction band for Ge and GaAs, then at the extrEma
second-order perturbations. It explains why Luttinger param-

eters could not be obtained directly from the matrix eIe—andL and finally to respect the continuity betwebEl,4,4

ments, contrary to th&-p 30-band method. and K[O,%,f] equivalent points of the Brillouin zone. This

Taking into account strain can be made as in Ref. 18. Th(gontinuity is not obtained by construction as in pseudopoten-

same strain Hamiltonian with five parameters has to pdial or LCAO: on the contrary, it is the strongest numerical

added to the 38 30 Hamiltonian used for bulk semiconduc- difficulty of this method. Figures 3-5 show the band struc-
tors. tures of Si, Ge, and GaAs obtained with durp model.

IIl. BAND DIAGRAMS OF Si. Ge, AND GaAs !\lumerical results are given in Table Ill. The band structure
is well reproduced on a width of about 11 eV: it describes
After having built the 30 30 Hamiltonian, we now give correctly the valence band over a 6 eV sqalee Fig. 6 and
the parameters used in okiFp calculation and describe the the lowest four conduction bands over a 4 eV scale in four
results for Si, Ge, and GaAs. The 0 energies are presented directions namely’X, I'L, 'K, XU. All the spin-orbit param-
in Table I1. The left part of this table is knowf;for the right  eters were taken null except, and Ac.16
part of Table Il, we take the same values as in Ref. 5 for Si  The 30-band method represents a great improvement of
and Ge. For GaAs, these levels are unknown but Cardongnek - p method compared to the 20-band Hamiltonian whose
and PollaR explain how to obtain an estimation of these extension was only 1 eV for the valence band and 3 eV for
energies, knowing the form factors used in pseudopotentighe conduction bant® This 20-band method was built to
calculation$® and assuming that only the pseudopotential in-take into account thd level effects without directly consid-
teraction between the 30 plane-waves states is importangring this level in the Hamiltonian. The present calculation
Anyway, thek=0 upper energy levels chosen are not keyshows that taking into account the rehllevels with their

TABLE IIl. Matrix elements of the momenturp: energiesE(P’j) and matrix eIementﬁ’E’) are linked by

Egj):(an/hz)[Pj’)]z. P}’) are defined in the texSec. Il) and in Figs. 2 and 3.

eV Ge Si GaAs eV Ge Si GaAs
Ep 24.60 19.96 22.37 Epq 0.0051 1.193 0.010
Epx 17.65 14.81 16.79 Epxd 12.23 7.491 4.344
Eps 5.212 4.475 4.916 Epsg 15.76 9.856 8.888
Epy 2.510 3.993 6.280 Epag 27.59 20.76 23.15
Eps 1.071 1.092 2.434 Epu 17.84 16.36 19.63
Ep 0.0656 Epa:Eps:Epa:Eps Epy: Epsa Epug 0
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4 qBulk Si (k.p) TABLE IV. Effective masses in the CB and Luttinger param-
3.5 4 (ourresult eters obtained with the 30-barkdp method, compared to experi-
Ng 3 - mental datgRef. 16.
5 Z'j' noon v MmO mX M) mL) mL)
'\g 1.5 - A Si 421 0.427 1.42 0.1912 0.9167 1.65 0.128
8 1 LCAO \ (k-p)
) 1 Empirical gy Si 426 0.38 156 0.1905 0.9163
0.5 { Pseudopotential (sp°d) \ (exp)
0 — 1% Ge 12.60 3.93 5.39 0.03800.195 0.93 0.818 1.593
-4.5 -3.5 -2.5 -1.5 -0.5 (k-p)
Energy (eV)
w7 Ge 13.35 4.25 5.69 0.038 0.815 1.59

FIG. 6. Density of states in the valence band for Si. This density(EXP)
of states is compared to empirical pseudopotenfdf. 19 and GaAs 7.18 2.23 2.99 0.0676 0.23 1.16 0.108 1.67
sp*d® tight binding (Ref. 23 methods. (k-p)

GaAs 6.85 2.1 29 0.067 0.23 1.3 0.075 1.9

special symmetry, especially f&r; andD, functions, makes (exp
unnecessary the pseudo-Luttinger parameters. Second-ordet
perturbation used in 20-barkd p Hamiltonian gave access to
a very good description of the center of the Brillouin zoneband diagram calculated by okirp model is in good agree-
but the effect ofd levels on the edge of the Brillouin zone ment with the pseudopotential and tight-binding methods.
were not accounted for whereas taking into account the real The conduction band is also described with a very good
d levels not only gives us an accurate description of theccuracy, as shown by the comparison between energy levels
center of the Brillouin zone but also gives access tolthe obtained in tight-binding,experimentally® and ink-p cal-
valley of second conduction band, valleys which have to béulation (our methodl presented in Table V. Even effective
considered for accurate high energy transport simulations innasses, shown in Table 1V, are in very good agreement with
cluding impact ionization for exampfé. experience: the masses of the lowest vallayfor Si, L for

In the case of GaAs, only 11 parameters were enough tée, andl’ for GaAs obtained with our method differ with
obtain this band diagram. Of course, all the 18 matrix eleless than 1% from experimental data. The worst case con-
ments are adjustable terms but an accurate GaAs band digerns transverse mass bfvalley of GaAs, which is still
gram was obtained with only 11 nonzero matrix elementdiearer from the experimental value than the one obtained by
detailed in Table I1l. The only nonzero parameter due to thelancuet al? in TB (0.117my) but except this mass, all the
lack of inversion symmetry i®’, whose value is controver- other differ from the experimental value with less than 10%.
sial: Ep=(2my/#?)P'2=65 meV, far too small compared to ~ The second conduction band in th& direction results
2.36 e\t or 6 or 11 eV2! E/, determines the energy splitting from the free electron dispersiori2z/a)[2-x,2-x, 0]
E, , between the first and the second conduction band if0<x<3/4) which stems from the27/a)[220] I point
zinc-blende structuréE;,=0 in diamond structupeIn GaAs, whose energy is of the order of 20 eV above the bottom of
this splitting is equal to 0.2 € at the relevant wave vector the first conduction band; bands which stem from this point
k=0.34 A1 in [100] direction. E, , is equal to were nottaken into account in okrp model as in Ref. 5.
2\/Eé’(ﬁ2|(2/2mo) as far as the only matrix elemeRt has to  That is why continuity is not assured for the second conduc-
be considered. If we successively takg=11,6,2.36 eV, tion band betweerK and U points but this discontin_uity is
we getE;, ,=4.4,3.3,2 eV, respectively. Whatever thg  more than 4 eV above the bottom of the conduction band,
value, E, , is far too large. E; ,=0.3 eV leads to I-€., outof the scope of our model.
E;=0.051 eV. The complete numerical calculation taking

into account all the bands leads to the vakfge=0.065 eV 0 Fmpirical
and eventually gives a splitting d&;_,=0.23 eV which is 1 p Pscudopotential
quite reasonable. All the bands reach the edge of the Bril- 57
louin zone with zero slope or average zero slope, as required £ -2 LCA0 o'’
by crystal symmetry. E} 3 "
The valence band is very precisely described: Table IV ) J
compares the Luttinger parameters obtained with loys R4+ L 30-band kp
method to the well-known values from Ref. 16. The agree- 5 S
ment between experimental and calculated Luttinger param- -
eters is of the order of 10% in the worst cage of Si). I TR TE VY] T [100] X

Furthermore, it does not affect the density of states in va-

lence band, which is in very good agreement with pseudopo- FIG. 7. Comparison of Si valence band obtained by Empirical
tential calculatio®® as shown in Fig. 6, angp’d® tight-  PseudopotentialRef. 19, sp*d® tight binding (Ref. 23, and 30-
binding calculatiorf® Figure 7 shows that the Si valence bandk-p methods.
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TABLE V. Comparison of energies obtained in the present wrkp) with the sp’d® tight binding calculationTB) and experimental
values(exp). The TB results are taken from Ref. 3 and the experimental data from Ref. 16. Energies are in electron-volts, with the origin at
the top of the valence band.

Si Ge GaAs
k-p B exp k-p B exp k-p B exp

Xsc 1.36 1.35 1.04 1.12 1.30 X7c 2.46 2.328 2.35
Anmin 1.17 1.17 1.17 0.95 1.00 Xsc 1.94 1.989 1.98
Xsy -2.90 -3.15 -2.90 -3.99 -3.37 -3.15 Xy -2.62 -2.929 -2.80

Xev -2.74 -3.109 -2.88
Lgc 4.50 4.39 4.15 4.01 3.99 430 Lgc 5.65 5.047 5.70
Lec 2.35 2.14 2.40 0.74 0.74 0.74  Lgc 1.75 1.837 1.85
Lgy -1.10 -1.08 -1.2 -1.62 -1.12 -1.40 Lgy -1.25 -1.084 -1.20
Loy -1.12 -1.12 -1.2 -1.77 -1.37 -1.40 Loy -1.42 -1.330 -1.42

Before concluding we briefly discuss the results of Ref.zone with only 10(for O,, group or 11 (for T4 group ad-
13, where the band structure of GaAs is obtained over ajustable parameters. Its accuracy is comparable to the
energy range between about 15 eV below and 10 eV aboveseudopotential method with the advantages ofk-@
the top of the valence banbs,. As quoted in Ref. 5, the method, i.e., a rapid access to the valence band via an ex-
continuity of the lowest valence band’s,) at equivalent plicit expression of the Luttinger parameters and an easy way
points of the Brillouin zone is difficult to obtain. As tHg, to take into account strain. Compared to the 20-bknd
band is more than 10 eV belolig, and therefore not very method, this article shows that it is easier and more efficient
useful to account for transport properties, we have chosetp take into account read states than to mimic them by
not to achieve the best continuity fbk, but instead to im-  pseudo-Luttinger parameters astdfictive bands. This 30-
prove the continuity of the other bands. This explains that thévyand model gives access to the second conduction band: it
range of our figures is not larger than 6 eV belby. This  allows one to make accurate full band transport calculation
also explains why the continuity &tandU, K points for the including impact ionization or other high field effects.
highest valence band and the lowest conduction band is bet-

ter in the figures of the present paper than in Ref. 13.
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