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We address here a theoretical study on the role played by external magnetic and electric fields on the
electronic properties of toroidal carbon nanotubes. A single-p band tight-binding calculation is adopted and
real-space renormalization techniques are used to obtain electronic energy spectra. Induced gap modulations
are found by applying electric and magnetic fields in different spatial configurations. By changing electronic
and transport properties of the annular structure with the fields, metal-insulator transitions are allowed for
particular tube geometries an field intensities.
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A large number of applications of carbon nanotubes
(CN’s) has been recently suggested and even observed, based
mainly on the peculiar physical property of behaving as
metal or semiconducting materials.1 Metal-insulator transi-
tions in CN devices may occur, for instance, due to spatial
induced radial deformations perpendicular to the tube axis.2

Depending on the particular symmetry broken, potential bar-
riers are formed and may change completely the electron
transmission properties. In that sense, carbon nanotubes may
be used as nanometric electromechanical switches. Other
mechanisms are also used to induce electronic transition
such as the application of transversal electrical fields on
straight tubes.3,4 The relative position between deposited
CN’s and substrates may be controlled using a local electric
field generated by electrodes. Opening and closing of the
electronic gap have been found to occur in metallic and
semiconducting zigzag tubes,5,6 respectively. Also, under
high electric field conditions, typical nanojunctions may be
formed by fusion of two adjacent tubes.7

Homogeneous magnetic fields threading the annular sys-
tem such as the CN’s are used for many applications due to
important changes on the electronic structure imposed by
varying the magnetic flux.8 For instance, magnetoconduc-
tance measurements and theoretical calculations have shown
the presence of the Aharonov-Bohm(AB) oscillations due to
the phase shift of the electronic wave function induced by
the magnetic field.9,10 The combination of both magnetic and
electrostatic potentials may certainly be investigated since it
provides alternative schemes of quantum interference of
electron waves.11 Besides the straight tubes, other annular
geometries have been observed during the synthesis pro-
cesses of CN’s,12 called toroidal carbon nanotubes(TCN’s).
The formation of those molecules has been attributed to the
balance between van der Waals attraction between the two
ends of the strip mediated by catalytic particles, acting as
solder, and strain energies.13 In transport measurements, car-
bon rings and tubes are usually placed in metal electrodes,
oxide substrate, gate potentials, and magnetic fields.14,15

Theoretically, a TCN may be viewed as a bent graphite sheet
with simultaneously transversal and longitudinal periodical
boundary conditions. Perturbations induced by impurities,
vacancies, and magnetic fields, on the electronic properties
of TCN’s have been investigated.16 It was shown that the
corresponding local density of states exhibit a sequence of

well-defined peaks, typical of finite systems which are
shifted under a magnetic field. The central gap size of a TCN
is periodically modulated by increasing the magnetic flux
threading the torus cross section, highlighting theAB
oscillations.17 By adding electric and magnetic fields one
may certainly induce further changes in the electronic prop-
erties of the TCN’s.

In this work, we analyze electronic properties of TCN’s
under external fields applied in the Hall-field configuration
shown in Fig. 1(a) (magnetic fieldB, and electric fieldE,
perpendicular and parallel to the torus plane, respectively18),
and also considering both fields applied perpendicularly to
the torus plane, as depicted in Fig. 1(b). We follow a single
p-band tight binding approach and use the Peierls-phase
approximation9,10 to consider the magnetic field. In this pic-
ture, a phase is added to the hopping integrals of the tight
binding Hamiltonian, which depends on the magnetic fluxf
and is given in terms of a quantum fluxf0=hc/e. The effect
of the electric field is included into the on-site energies of the
carbon atoms, following a linear interpolation for the poten-
tial energy difference along the cross section, given byV.
The Hamiltonian of the CN is entirely treated in the real
space and may be written as

H = o
i,a

ei
asVdci

+aci
a + o

i,j

a,b

gi,j
a,bsBdci

+acj
b, s1d

with a and b denoting the positions of the carbon atoms
displayed along two first neighbor rings, namedi and j . The
diagonal energy is given byei

asVd=ei,a
0 −V/2 cossui

ad, equal
to ei,a

0 , for null electric field and withui being the angle
defined by the electric field direction and the atomic position
along the CN or torus circumference, depending on the elec-
tric field configuration.gi,j

a,bsBd corresponds to the hopping
energies, written within the Peierls phase approximation.9,10

As the usual renormalization techniques adopted in the
Green function formalism19,20 become more complex in the
Hall-field configuration, we numerically diagonalize the tight
binding Hamiltonian matrices. Within the adopted single
p-band model the results are restricted to the energy range
near the Fermi level. Also, no curvature effects are consid-
ered in the present description. For the sake of simplicity we
analyze achiral torus such as zigzag/armchairsA/Zd and
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armchair/zigzagsZ/Ad, denoted assn,0 ,p,pd andsn,n,p,0d,
respectively. Notice thatn is associated with the nanotube
radius composing the torus whereasp=NsA/Zd and
N/2sZ/Ad, N being the number of connected rings, which
defines the torus radiusR. Although the description of real-
istic tori requiresp@n, the main features of the effects of
electric and magnetic fields on the TCN energy spectra may
be seen even considering TCN’s with smaller radii. Being a
finite nanostructure, the corresponding spectra are com-

pletely discrete and therefore the effects produced by the
external fields may be investigated with more clarity.

Three TCN’s are considered asZ/A examples,
(6,0,10,10), (8,0,10,10), and(8,0,40,40), whereas a(3,3,15,0)
A/Z is chosen. The corresponding TCN spectra for the Hall
configuration are shown in Fig. 2 as functions of the electric
field energy. The results are forf /f0=0 and 0.5[except Fig.
2(d)]. The electric field energy is given in units of the hop-
ping integralg0 s<3.0 eVd. Notice that both field intensities
(magnetic and electric) are scaled with the torus radius since
we deal with magnetic flux values(proportional toR2) and
with electric-field energies(proportional toR). For the small
R, therefore, the energy range considered in the figures cor-
respond to an electric field up to<104 kV/cm. For the larger
(8,0,40,40) TCN [see Fig. 2(d)], one clearly notices that, as
expected, the gap closing occurs at a smaller electric field
energy than for the(8,0,10,10) TCN, corresponding to an
electric field of the order of 103 kV/cm, comparable to ex-
perimental realizations.8,21 An increasing number of discrete
states is evident, making the study of the evolution of the
electronic states with the electric field also more difficult to
perform.

For the (6,0,10,10) Z/A torus [Fig. 2(a)], the states near
the Fermi level present a very weak dispersion with the elec-
tric field energy whereas a different picture is evidenced for
the(8,0,10,10) [Fig. 2(c)]. The lost symmetry, induced by the
electric fields, is exhibited by the degeneracy lift of some
levels in the studied spectra. A kind of metal-insulator tran-
sition, for null magnetic flux, is also apparent in the TCN’s
spectra at specific electric field values when electronic bands
cross at the Fermi levelseF=0d. For a certain magnetic field
intensity, the bands are shifted and interbands crossing at the
Fermi energy stop happening, as a consequence of destruc-
tive interference of the electronic wave functions.

The energy gaps, defined as the energy distance between
the HOMO and LUMO states, are shown in Fig. 3 for three
Z/A TCN’s ( n=5, 6, and 8;p=10) and for f /f0=0. The
oscillation amplitudes are considerably greater for the case of
the (5,0,10,10) and (8,0,10,10) TCN’s than for the
(6,0,10,10). Due to the weak dispersion of the energy levels

FIG. 1. Schematic view of the(a) Hall-field and (b)
perpendicular-field configurations used in the discussion.

FIG. 2. Energy spectra as a function of the electric field energy
(Hall configuration) for (a) (6,0,10,10), (b) (3,3,15,0), (c)
(8,0,10,10), and (d) (8,0,40,40) TCN’s. Full circles and open tri-
angles correspond tof /f0=0 and 0.5, respectively.

FIG. 3. Energy gap dependence on the effective electric field
intensity for the (5,0,10,10) and (8,0,10,10) TCN’s and for the
(6,0,10,10) in the inset. All the results are forf /f0=0.

BRIEF REPORTS PHYSICAL REVIEW B70, 233402(2004)

233402-2



around eF in the spectra of the(6,0,10,10) tube, the gap
magnitude is very smalls<0.01g0d. As the electric field in-
creases some excited states cross the Fermi level allowing
extra gap modulations besides those originated by the behav-
ior of the HOMO and LUMO states. A superposed effect is
clearly observed in the curves related to the(8,0,10,10) and
(5,0,10,10) TCN’s.

A strictly one-dimensional ring model is used to highlight
the effects of in-plane electric fields on the electronic states.
According to the adopted model, the energy dispersion for an
atomic ring composed ofM atoms, in the absence of external
fields, is given byen=−2g coss2p n/Md, n being an integer
number,n=1,2, . . . ,M. The corresponding energy spectra is
hence composed ofM /2–1 fsM −1d /2g degenerate states
and two (one) nondegenerate ones for even-folded(odd)
rings. As an in-plane electric field is turned on, the electronic
states split, lifting the double degeneracy due to the non-
equivalence of the atomic energies, as it is shown in Fig.
4(a), for a one-dimensional(1D) loop with M =32. The effect
of the atomic distribution across the circumference on the

energy spectrum is also investigated by choosing two differ-
ent arrays, simulating strictly one-dimensional armchair and
zigzag virtual tubes, i.e., made solely by a single ring. As
expected by the geometric aspect, the results are almost iden-
tical, exhibiting small differences only for the states at the
Fermi level. The energy spectra of two TCN’s, both with 32
carbon atoms displayed along the plane of the tori and equal
number of total atoms(192), are shown in Fig. 4(b) [(6,0,8,8)
and (3,3,16,0)]. The role played by the CN radii on the en-
ergy spectra is clearly noticed even for zero electric field,
showing that the microscopic details of the atomic distribu-
tion across the structures are actually important. Moreover,
as the electric field is turned on, the difference increases, and
it is possible to distinguish between armchair and zigzag
configurations. The general results emphasize the idea that
electrical responses may be used in structural characteriza-
tion of CN’s and TCN’s.

By varying the intensity of the magnetic field threading
the TCN’s one induces the well knownAB phenomena, as
shown in Fig. 5(a) for a (8,0,10,10) TCN spectra in the ab-
sence of electric field. Similar to what happens to a very thin
GaAs-semiconducting ring,18 an electric field applied in the
Hall configuration destroys the oscillating features of the low
lying states, due to the field-induced localization. The oscil-
latory response is still exhibited in the energy region of the
excited states, for which the delocalization nature of the

FIG. 4. Dependence of the electronic states with the electric
field energy for(a) an one-dimensional ring composed of 32 atoms
and for (b) (6,0,8,8) and (3,3,16,0) TCN’s, given by open circles
and up triangles, respectively.

FIG. 5. Energy spectra versus magnetic flux for a(8,0,10,10)
TCN and(a) zero and(b) 0.5 g0 electric field.

FIG. 6. Energy spectra versus electric field energy for(a)
(6,0,10,10) and(b) (3,3,15,0) TCN’s and fixed magnetic flux adopt-
ing parallel field configuration.

FIG. 7. Dependence of the energy spectra on the dephasing
angle for a(8,0,10,10) TCN and an electric field equal to 1.95g0,
applied in the plane of the torus.
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states allowsAB interference pattern[see Fig. 5(b)]. The
effects of both fields are independent and may be conve-
niently manipulated to induce electronic changes in the en-
ergy spectra.

We investigate now the electronic spectra considering the
perpendicular field configuration, shown in Fig. 1(b). This
configuration may be experimentally realized by displaying
two capacitor planes above and below the torus.3,4 The en-
ergy spectra for a(6,0,10,10) Z/A and a(3,3,15,0) A/Z are
shown in Fig. 6. Notice that these are the same TCN’s stud-
ied in the Hall-field configuration, and shown in Figs. 2(a)
and 2(b). In contrast to the previously reported results, the
energy spectrum for the(6,0,10,10) exhibits huge divergent
dispersions as the electric field energy increases, for null
magnetic flux. Additionally, four states emerge from the state
EF=0 whereas only two states oscillate in Fig. 2(a) around
EF, in the other field configuration. The direction of the elec-
tric field plays therefore an essential role, lifting or not the
characteristic degeneracy of the states near the Fermi level.
These features may be understood based on a simple analysis
of the degeneracy in straight CN’s.

Within a p-band tight binding picture, zigzag tubes are
known to present double-degenerated bands neareF. When
the electric field acts in a zigzag geometry, as it is in the case
of the last configuration[see Fig. 6(a) sZ/Ad], the character-
istic double degeneracy of the two first bands are broken due
to the new on-site energies induced by the local electric field.
In the Hall field configuration, the electric field is applied in
the torus plane direction, threading an armchair configura-
tion, so no degeneracy is lifted once the two bands aroundEF
are nondegenerate. The same features may be observed for
the A/Z torus, shown in Figs. 6(b) and 2(b). The simple
discussed example points out, once more, that the electric
field may be used to investigate atomic structure of the
TCN’s, as it is already done with STM tip mappings.

A further interesting electric-field effect is found forZ/A
tori with the fields applied in the Hall configuration. By con-

sidering a dephasing angle between the electric field direc-
tion and the position of the carbon atoms along the toroid
one finds a clear modification of the energy spectra deriving
essentially from the lattice symmetry of the graphite sheet.
Actually, for an even number of atoms along the zigzag CN,
certain eigenenergies in the toroid spectrum oscillate as a
function of a dephasing angle. The range and position of
those particular energies, and the amplitude and period of the
oscillations, may be conveniently modulated by changing the
strength and direction of the electric field. This effect may be
easily studied by adding an anglescd in the on-site energies,
to simulate a rotation, i.e.,ei

a=cossui
a+cdV/2.

An example of the dependence of the energy spectra on
the dephasing angle is shown in Fig. 7 for a(8,0,10,10) TCN
under an in-plane electric field of 1.95g0. For this particular
value the oscillations appear next to the main energy gap
region. A detailed analysis of this effect, including analytical
expressions for the oscillating energies as a function of the
electric-field dephasing angle, will be presented elsewhere.
CN and nanostructures, and in particular the studied toroidal
tubes, may exhibit a richness of electronic properties depend-
ing upon their intrinsic geometric formation. Adding external
fields, one may intentionally modify these properties and
modulate their physical responses. We analyzed here the en-
ergy spectra for distinct geometries of torus under the influ-
ence of electric and magnetic fields applied in different con-
figurations. We believe that a better understanding of the
physics of carbon nanostructures, even within a simple pic-
ture such as the one adopted here, should help us to propose
their use in real nanodevices.
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