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Ab initio total energy calculations based on the exact muffin-tin orbitals(EMTO) theory are used to deter-
mine the high pressure and low-temperature phase diagram of Ce and Th metals as well as the Ce43Th57

disordered alloy. The compositional disorder for the alloy is treated in the framework of the coherent potential
approximation. The equation of state for Ce, Th, and Ce43Th57 has been calculated up to 1 Mbar in good
comparison with experimental data: upon compression the Ce-Th system undergoes crystallographic phase
transformation from a fcc to a body-centered-tetragonal structure and the transition pressure increases with Th
content in the alloy.
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I. INTRODUCTION

Actinide physics has seen a remarkable focus the last de-
cade or so due to the combination of experimental diamond-
anvil-cell techniques and the development of fast computers
and more advanced theory. Allf-electron systems are ex-
pected to have multiphase phase diagrams due to the sensi-
tivity of the f-electron band to external influences such as
pressure and temperature. For instance, compression of an
f-electron metal generally causes the occupation of thef
states to change due to a shift of these bands relative to
others. This can in some cases, as in the Ce-Th system,1,2

cause the crystal to adopt a lower symmetry structure at el-
evated pressures. Under compression, thef-electron domi-
nance increases in these systems and drives the phase tran-
sition. The reason for this has been discussed3 in terms of a
Peierls or Jahn-Teller distortion that favors low symmetry
over high symmetry crystal structures. On the other hand, all
bands broaden under compression and the distortion of the
lattice becomes less important, while electrostatic forces tend
to move atoms to higher symmetry positions, ultimately
leading to closer packed structures with higher symmetry.
This interplay between competing effects and their pressure
dependence often results in interesting multiphase phase dia-
grams. This is the case for Ce, Th, and Ce-Th alloys.

This Brief Report is devoted to the study of phase stabili-
ties of Ce, Th, and the Ce-Th system as a function of com-
pression. Cerium metal has a very interesting phase diagram
with two isostructural, face-centered-cubic(fcc) phases,
namely g-Ce anda-Ce. The latter is considerably denser

than the former and there is a substantial volume collapse
associated with theg→a transition that occurs at a moderate
pressure close to 10 kbar. The nature of this transition is
currently not fully understood, but it can be described4 as a
Mott transition of thef electron from a localized(g-Ce) to an
itinerant (a-Ce) state. Below 100 kbar, there is also a phase
transition to a lower symmetry phase, which is believed to be
either orthorhombic or body-centered monoclinic.5 Above
120 kbar, however, Ce is stabilized in a body-centered-
tetragonal(bct) structure and remains in this phase up to the
highest measured pressure. Thorium metal is similar to ce-
rium in this regard, but has a simpler phase diagram. Only
one phase transition has been seen at low temperatures:
fcc→bct at about 600 kbar. At Mbar pressures, both these
metals remain in a bct crystal6,7 with a c/a axial ratio close
to 1.65. Also the Ce-Th system shows a similar behavior.1

Theoretically, the Ce-Th alloys are rather well described
within the density-functional theory(DFT),2,8 although a
proper treatment of the disordered Ce-Th alloys has not yet
been presented. In fact, it was argued2 that the disorder in the
realistic Ce-Th alloys could not be well modeled by an or-
dered compound. The theoretical low pressure behavior of
CecTh1−c was therefore erroneous2 for c=0.43. In the present
paper we revisit this problem by applying a more sophisti-
cated theory of random alloys based on the coherent poten-
tial approximation(CPA).

The paper is organized as follows. Our computational ap-
proach is discussed in Sect. II, followed by results and dis-
cussioning Sect. III. We present our conclusions in Sect. IV.
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II. COMPUTATIONAL DETAILS

The calculations we have referred to as exact muffin-tin
orbitals(EMTO) are performed using both scalar-relativistic
(SR) and full-relativistic (FR), Green’s function technique
based on an improved screened Korringa-Kohn-Rostoker
(KKR) method, where the one-electron potential is repre-
sented by optimized overlapping muffin-tin(OOMT) poten-
tial spheres.9–13 Inside the potential spheres the potential is
spherically symmetric and it is constant between the spheres.
The radii of the potential spheres, the spherical potentials
inside the spheres, and the constant value from the interstitial
are determined by minimizing(i) the deviation between the
exact and overlapping potentials, and(ii ) the errors coming
from the overlap between spheres. Thus, the OOMT poten-
tial ensures a more accurate description of the full potential
compared to the conventional muffin-tin or nonoverlapping
approach.

Within the EMTO formalism, the one-electron states are
calculatedexactlyfor the OOMT potentials. As an output of
the EMTO calculations, one can determine the self-
consistent Green’s function of the system and the complete,
nonspherically symmetric charge density. Finally, the total
energy is calculated using the full charge density
technique.12,14 For the exchange/correlation approximation,
we use the generalized gradient approximation(GGA),15

which has proven to be better forf-electron metals.16 Within
the FR-EMTO formalism, spin-orbit coupling is taken into
account exactly by solving the four-component Dirac
equation.17 For the total energy of random substitutional al-
loys, the EMTO method has been recently combined with the
CPA.13,18

The calculations are performed for a basis set including
valencespdforbitals and the semicore 6p state whereas the
core states were recalculated at each iteration. Integration
over the irreducible wedge of the Brillouin zone(IBZ) is
performed using the specialk-point method19 with 916 and
5525k-points(per IBZ) for fcc and bct lattices, respectively.
The Green’s function has been calculated for 40 complex
energy points distributed exponentially on a semi-circle en-
closing the occupied states. The equilibrium density is ob-
tained from a Murnaghan fit20 fit to about 15 total energies
calculated as a function of the lattice constant. Thec/a axial
ratio was optimaized for the selected volume(pressure) by
calculation the so-called Bain transformation path(total en-
ergy versusc/a axial ratio of a bct system).21

III. RESULTS AND DISCUSSION

Before entering the details of the crystal structure of Ce
and Th under compression, we compare our calculated equa-
tion of state(EOS) with the experimental data for these two
metals. In Fig. 1 we show the theoretical and measured equa-
tions of state for cerium metal. The agreement between
theory and experiment6 is very good, especially in the region
of pressures less than 300 kbar. Notice that the results of the
FR and SR calculations are almost identical. Calculated(SR)
equilibrium volume and bulk modulus at ambient pressure
are V0=27.7 Å3 and B0=380 kbar, respectively, and com-
pares well with the low-temperature data22 (V0=28.0 Å3 and

B0=290 kbar). FR calculations result in a slighter smaller
equilibrium volume s27.4 Å3d. Notice also that both
EMTO-SR and EMTO-FR calculations give better equilib-
rium properties of cerium metal at ambient pressure then the
previous full-potential linearized muffin-tin orbital
(FPLMTO) study8 (V0=26.1 Å3 and B0=490 kbar), how-
ever, the FPLMTO method gives better EOS at elevated
pressures.

Also for thorium metal, the EOS is in a good agreement
with experiment23 (see Fig. 2). Calculated(SR) equilibrium
volume and bulk modulus at ambient pressure are
V0=33.3 Å3 andB0=580 kbar, respectively, and close to the
experimental data23 (V0=32.9 Å3 andB0=580 kbar). FR cal-
culations result in a slighter smaller equilibrium volume
s33.1 Å3d. As in the case for cerium metal, the EMTO am-
bient pressure results compare better with experiment than
those of the FPLMTO study8 (V0=29.6 Å3 and
B0=630 kbar), which seem better at elevated pressures

FIG. 1. Equation of state for Ce. Experimental results(Ref. 6)
are marked with open squares and theory is given by solid and
dot-dashed lines. The results of earlier FPLMTO calculations(Ref.
8) are shown by the dashed line.

FIG. 2. Equation of state for Th. Experimental results(Ref. 23)
are marked with open squares and theory is given by solid and
dot-dashed lines. The results of earlier FPLMTO calculations(Ref.
8) are shown by the dashed line.
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(more than 700 kbar). Considering the fact that the spin-orbit
coupling has a negligible effect on the calculated EOS, the
following calculations exclude this interaction.

Next we study the crystal-structure behavior for cerium
metal, and in Fig. 3 we plot the calculatedc/a axial ratio for
bct Ce together with experimental data.6 At pressures beyond
about 120 kbar, cerium adopts a bct structure with ac/a ratio
close to 1.65. Quantitatively, this behavior is well reproduced
by our calculations. Also, there is known to be an interme-
diate lower symmetry phase6 in Ce (below 100 kbar), which
is limited to a small pressure range and not considered in the
present calculations(it has been investigated theoretically
before).24 Present results are also in an excellent agreement
with the results of the previous FPLMTO calculations8

shown in Fig. 3.
A similar behavior is found for thorium metal(see Fig. 4).

Experimentally,7 Th is stable in its ambient pressure phase
(fcc) up to 630 kbar. At higher compression, Th transforms
continuouslyinto the bct phase. The transition pressure is
considerably higher in Th than in Ce. The fact that the
fcc→bct transition occurs at a higher pressure in Th than in
Ce has been discussed before2,8 and will be addressed below.
As in the case of cerium metal, present results agree well
with those of previous FPLMTO calculations8 also shown in
Fig. 4.

As we have established that Ce and Th metal can be very
well described by DFT methods, we next consider the
Ce43Th57 disordered fcc alloy. In Fig. 5 we show theoretical
EOS for the Ce43Th57 disordered fcc alloy. Notice that the
EOS curve for Ce43Th57 is located between those for elemen-
tal Th and Ce, which are also shown. Calculated equilibrium
atomic volume and bulk modulus for Ce43Th57 are 31.4 Å3

and 460 kbar, respectively, which are in reasonable agree-
ment with experimental data of 32.9 Å3 and 281 kbar.1 In
order to understand this difference, one should notice that the
Ce-Th system is composed byg-Ce anda-Th, and there is a
significant negative deviation from the Vegard’s law in this
system within the whole concentration interval25 due to de-

localization of 4f-Ce electrons under the local pressure im-
posed ong-Ce atoms by smallera-Th atoms(the experimen-
tal atomic volume of g-Ce and a-Th is 34.37 Å3 and
32.89 Å3, respectively23,26). According to our calculations,
the Ce43Th57 disordered fcc alloy, created bya-Ce anda-Th,
obeys the Vegard’s law reflecting the itinerant nature of
4f-Ce and 5f-Th electrons within the current DFT formal-
ism.

Before discussing the fcc→bct transition in the Ce43Th57
alloy, we plot f-band occupation number of Ce, Th, and this
alloy as a function of pressure(Fig. 6). At pressure
,1.5 Mbar thef-band population for thorium metal reaches
almost the same values,1.6d as for cerium metal at much
lower pressures,0.6 Mbard. This is no surprise, because the
f-band population in Th at ambient pressure is approximately
half that of Ce. This explains why the fcc→bct transition in
Th occurs at a much higher pressure then in Ce. According to
our calculations for Ce43Th57, the f-band occupation reaches
the same values,1.6d at pressure of about 1.1 Mbar.

FIG. 3. Thec/a axial ratio for the bct structure as a function of
pressure for Ce. Experimental data(Ref. 6) are marked with open
squares while theoretical results are given by a solid line and filled
circles. The results of FPLMTO calculations(Ref. 8) are shown by
a solid line and open circles.

FIG. 4. Thec/a axial ratio for the bct structure as a function of
pressure for Th. Experimental data(Ref. 7) are marked with open
squares and theoretical results are given by a solid line and filled
circles. The results of FPLMTO calculations(Ref. 8) are shown by
a solid line and open circles.

FIG. 5. Equation of state for the Ce43Th57 disordered alloy. EOS
for Ce and Th are also shown.
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Finally, Fig. 7 shows the calculated and measuredc/a
axial ratio as a function of pressure for the Ce43Th57 disor-
dered alloy. The structural behavior of this alloy was previ-
ously modeled by an ordered(B2) CeTh compound.2 These
earlier calculations predicted unrealistic low-pressure behav-
ior for this system, where the axialc/a ratio first decreased
with pressure and suddenly jumped to a high value closer to
the measure value at a higher compression. It was
speculated2 that the discrepancy with experiment was due to
the failure of modeling the disordered alloy with an ordered
compound. Here we can address this question explicitly be-
cause the EMTO-CPA formalism allows us to treat the alloy
more realistically. The EMTO-CPA calculations confirm that
the fcc→bct phase transition begins between 100–200 kbar,
which is close to the corresponding transition in Ce metal
(120 kbar), but considerably lower than for Th(630 kbar).
Our calculations thus reproduce the experimental
observation1 that the fcc→bct transition pressure is a
strongly nonlinear function of Th concentration in the Ce-Th
system. Test calculations(not shown) for the ordered(B2)
compound reproduce the incorrect low-pressure behavior
found earlier2 for Ce43Th57 whereas the disordered Ce50Th50
does not. This indeed validates our assumption2 that the dis-
order needs to be properly accounted for to accurately de-
scribe Ce43Th57. To further improve our description of the
phase transition in the Ce43Th57 alloy, the ability to repro-
duce thea→g transition in cerium metal needs to be in-
cluded in the model, because this transition will influence the
f-band population in the system.

IV. CONCLUSION

We have presented accurate electronic-structure calcula-
tions for the Ce-Th system. Generally, the theory reproduces
experimental data very well. The structural pressure depen-
dence is well understood and driven by the increased pres-
ence off electrons under pressure. Ce, Th, and the Ce43Th57
disordered alloy behave rather similarly, although Ce has in-
termediate phases in the phase diagram at about 100 kbar
that do not exist in Th and the Ce43Th57 alloy. Consequently,
the fcc→bct transition is of the first order in Ce but not in Th
and the Ce43Th57 alloy. For this alloy a CPA treatment is
necessary to reproduce, at least qualitatively, the correct
structural behavior.

ACKNOWLEDGMENT

This work was performed under the auspices of the U.S.
Department of Energy by the University of California
Lawrence Livermore National Laboratory under Contract
No. W-7405-Eng-48. A.R. and L.V. are grateful to the Swed-
ish Research Council, the Swedish Foundation for Strategic
Research, and the Royal Swedish Academy of Sciences. L.V.
also acknowledges the Research Project OTKA T046773 of
the Hungarian Scientific Research Fund.

1G. Gu, Y. K. Vohra, U. Benedict, and J. C. Spirlet, Phys. Rev. B
50, 2751 (1994); G. Gu, Y. K. Vohra, J. M. Winand, and J. C.
Spirlet, Scr. Metall. Mater.32, 2081(1995).

2P. Söderlind and O. Eriksson, Phys. Rev. B60, 9372(1999).
3P. Söderlind, O. Eriksson, B. Johansson, J. M. Wills, and A. M.

Boring, Nature(London) 374, 524 (1995).

4B. Johansson, I. A. Abrikosov, M. Alden, A. V. Ruban, and H. L.
Skriver, Phys. Rev. Lett.74, 2335(1995).

5M. I. McMahon and R. J. Nelmes, Phys. Rev. Lett.78, 3884
(1998).

6J. Staun Olsen, L. Gerward, U. Benedict, and J.-P. Itie, Physica B
& C 133, 129 (1985).

FIG. 7. Thec/a axial ratio for the bct structure as a function of
pressure for the Ce43Th57 disordered alloy. Experimental data(Ref.
1) are marked with open squares while EMTO theoretical results
are given by a solid line and filled circles. Also, the results of
FPLMTO (Ref. 2) calculations for CeTh-ordered(B2) compound
are given by a solid line and open circles.

FIG. 6. Calculatedf-band occupation of Ce, Th, and the
Ce43Th57 disordered alloy as a function of pressure.

LANDA et al. PHYSICAL REVIEW B 70, 224210(2004)

224210-4



7Y. K. Vohra and J. Akella, Phys. Rev. Lett.67, 3563(1991); High
Press. Res.10, 681 (1992).

8P. Söderlind, O. Eriksson, B. Johansson, and J. M. Wills, Phys.
Rev. B 52, 13 169(1995).

9O. K. Andersen, O. Jepsen, and G. Krier, inMethods of Elec-
tronic Structure Calculations, edited by V. Kumar, O. K. Ander-
sen, and A. Mookerjee(World Scientific, Singapore, 1994), pp.
6–124.

10O. K. Andersen, C. Arcangeli, R. W. Tank, T. Saha-Dasgupta, G.
Krier, O. Jepsen, and I. Dasgupta, inTight-Binding Approach to
Computational Materials Science, edited by P. E. A. Turchi, A.
Gonis, and L. Colombo, M. R. S. Symposia Proceedings No.
491 (Materials Research Society, Warrendale, 1998), pp. 3–34.

11L. Vitos, H. L. Skriver, B. Johansson, and J. Kollar, Comput.
Mater. Sci. 18, 24 (2000).

12L. Vitos, Phys. Rev. B64, 014107(2001).
13L. Vitos, in Recent Research and Development in Physics(Trans-

world Research Network Publisher, Trivandrum, 2004), Vol. 5,
pp. 103–140.

14J. Kollar, L. Vitos, and H. L. Skriver,Electronic Structure and
Physical Properties of Solids: The Uses of the LMTO Method,

Lecture Notes in Physics(Springer, Berlin, 2000), pp. 85–113.
15J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev. Lett.77,

3865 (1996).
16P. Söderlind, O. Eriksson, B. Johansson, and J. M. Wills, Phys.

Rev. B 50, 7291(1994).
17L. Pourovskii, A. Ruban, L. Vitos, E. Ebert, I. Abrikosov, and B.

Johansson, Phys. Rev. B(to be published).
18L. Vitos, I. A. Abrikosov, and B. Johansson, Phys. Rev. Lett.87,

156401(2001).
19D. J. Chadi and M. L. Cohen, Phys. Rev. B8, 5747 (1973); S.

Froyen,ibid. 39, 3168(1989).
20F. D. Murnaghan, Proc. Natl. Acad. Sci. U.S.A.30, 244 (1944).
21E. C. Bain, Trans. AIME70, 25 (1924).
22J. Donohue,The Structure of Elements(Wiley, New York, 1974).
23Y. K. Vohra and W. B. Holzapfel, High Press. Res.11, 223

(1993).
24P. Söderlind, Adv. Phys.47, 959 (1998).
25D. S. Evans and G. V. Raynor, J. Anal. Chem. USSR5, 308

(1962).
26B. J. Beaudry and P. E. Palmer, J. Less-Common Met.34, 225

(1974).

FIRST-PRINCIPLES PHASE DIAGRAM OF THE Ce-Th… PHYSICAL REVIEW B 70, 224210(2004)

224210-5


