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We study the nature of thitHe superfluid transition from the normal to the planar phase, which is expected
to be stabilized by the dipolar interactions. We determine the renormalization group flow of the corresponding
Landau-Ginzburg-Wilson theory by exploiting two fixed-dimension perturbative schemes: the massive zero-
momentum scheme and the minimal-subtraction scheme withexpansion. The analysis of the correspond-
ing six-loop and five-loop series shows the presence of a stable fixed point in the relevant coupling region.
Therefore, we predict the transition to be continuous. We also compute critical exponents. The specific-heat
exponentx is estimated ag=0.20(15), while the magnetic susceptibility and magnetization exponggpisnd
By for °He arey,=-0.345), By=1.079).
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I. INTRODUCTION AND SUMMARY superfluids* and that is expected to be irrelevant at the
transition® although it may lead to slowly decaying scaling
corrections, see also Ref. 15. Approximate estint&igs18
ive go/ fg=-1/3. Note that stability requiref=0 andf,
‘0p= 0. Wheng, < 0 the Hamiltonian is minimized by fields
Y,=€%n,, wheren, is a constant real vector, and the corre-

The superfluid phases ifHe have been extensively
studied* In the absence of magnetic field two superfluid
phases, named A and B, respectively, have been identifie
However, if one takes into account the weak dipolar
interactiont® a new phase, called planar phase, should sepa- . . 2 o) /7 :
rate the normal state from the A and B superfluid sté&test atsrf);)nn%r;?ngrrgzjonnde;lstztehg;:n|f1c_)rlldeﬁia>< Sgléz Zw\:\tlrk: e;e?:v';
present, there is no experimental evidence for a normal-to- moonent and thrp i 'm N nt?ds | hvsicall
planar transition. This is due to the fact that dipolar interacconPonent and a three-compone ¢lds also physically

tions are expected to become relevant only within the inter1nterest|ng because it describes the critical properties of frus-

val [t =2x 10, wheret=1-T/T,. For pressures between f_r'ateqlt spin r;:odells Wgh noncoll_lgeard(;rdiﬁo The tf]ame_t_ |
10 and 30 barT,. varies between 2 and 2.6 mK, so that the am (t)_nlanf Gstta_so Iefrrlzslcﬁnsr: e:g IO tl)scusls et(]’:” Ica
interesting temperature interval is approximatelly—T,| properties of Mott insulators. It should aiso be relevant for

~(4-5)x 10° K. Outside this interval normal Fermi liquid two-dimensional quantum phase transitions in cuprate

or A/B superfluid behavior should be observed. Despite th sgﬂﬁgcsogﬂgﬁtgiésggsfor transitions in heavy-fermion com-
narrowness of such temperature interval, Ref. 6 argued that it "\ = oo 6ol approximation the model with Hamil-
should be possible to observe the planar phase if the tem

: i . tonian (1) has a continuous second-order transition. On the
peratureT can be controlled to high precision, as it has been (1)

done recently fofHef It is therefore interesting to investi other hand,e-expansion calculations for aN-component

ggteeitsziltu?/e ?n dst.ail s theretore interesting 10 INVESH- a4 y find®7.1924a stable fixed pointFP) in the regiong,
Lo Al < -e<N=2.20-0. =4-d.

The normal-to-superfluid transition ftHe is supposed to 0 only for 2-e<N=<2.20-0.5¢ e=4-d. Apparently no

be dri b in-triolet pairi tates. Near the t FP is found forN=3, suggesting a fluctuation-induced first-
€ driven byp-wave spin-triplet pairing states. Near the tran- , 4o yansition. This scenario has been further supported by
sition the critical behavior is controlled by an order param-

. : three-loop calculations within a three-dimensio(&D) mas-
eter that is a complex 83 matrix, see, e.g., Refs. 1 and _; i )
9-12. The weak dipolar interaction breaks the originalSIVe Zero-momenturntMZM) schemé and by a nonpertur

SO3) X SO(3) X U(1) symmetry down to SG) x U(1) and bative renormalization-grouRG) study of the effective av-

) erage action in the lowest-order approximation of the
the correspor)dmg order parameter_becomes a complex t.hreﬁérivative expansioff As we shall argue below mentioning
component fieldy. The Landau—-Ginzburg—Wilson Hamil-

. L . a few specific physical examples, these results may not be
toma'n.descnbmg the critical modes at the normal-to-planagq,jysive. For instance, in some physically interesting
transition can be written &$13

cases, low-order, and in some cases also high-order,
1 e-expansion calculations fail to provide the correct physical
H :f ddX|:5’ul/I* S vt g+ —fo(y )? picture. The location and the stability of the FPs may drasti-
4 cally change approachirgrF3, and new FPs, not present for
1 5 d=4, may appear in three dimensions. We mention the
+Zgo|¢'¢| 1) Ginzburg—Landau model of superconductors, in which a
complex scalar field couples to a gauge field. One-loop
with f,>0 andg,<0. We have neglected a further aniso- e-expansion calculatioRS indicate that no stable FP exists
tropic gradient term that may arise in the case of anisotropitinless the numbe\ of real components of the scalar field is
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larger thanN,=365+0(e). This number is much larger than  »=0.6Q5), #=0.081), y=1.1610, B=0.334).

the physical valu&l=2. Consequently, a first-order transition )

was always expected.Later, exploiting 3D theoretical ap-

proaches(see, e.g., Ref. 38and Monte Carlo simulations The errors are such to include the MZM resultéth their
(see, e.g., Ref. 29it was realized that 3D systems described€rror9 that apparently are the most precise ones. By using
by the Ginzburg-Landau model can also undergo a contindlyperscaling we also obtain=0.2015). Note that, whilev

ous transition—this implies the presence of a stable FP in th@nd « are indeed the critical exponents associated with the
3D Ginzburg-Landau theory—in agreement  with speuflc heat and w_|th the correlation length,», andﬂ are
experiments® A similar phenomenon probably occurs—but not dweptly _a_ccessmle .|FIHe and arenot related with the
this is still a controversial issue, see, e.g., Refs. 20, 31, angl@gnetic critical behavior ofHe. Indeed, the operator that

; ; ; : les with the external magnetic field Trle is the so-
32—in model(1) wheng,> 0. e-expansion calculations find COUP!€S \ : .
a stable FP with attract?on domain in the regigy®0 only called chiral operato€,,'*°#'defined in Eq(12). We com-

for N> N, with'9243334N_=21.8040(e), which seems to pute the exponents, and B, that characterize the singular
exclude t;le physically intiaresting caslﬁe:52 3 These con- behavior of the magnetic susceptibility and of the magneti-

USi I firmed by th | 3D zation, andny, related to the large-momentum behavior of
clusions were appa_renty confirmed by three-loop Perturine magnetic structure factgin field-theoretical terms it is
bative calculations in the MZM scheriteand by a nonper-

i > | defined in terms of the Fourier transform ¢,(0)C,(x))
turbative RG study of the effective average actidmising that behaves ag2*™ for large momentag). We find 7,

approximations based on the lowest orders of the derivativg2_72(7) yy=-0.345), B4=1.057) in the MZM scheme
expansion. On the other hand, recent studies based on 30 4 7;,#2.61{19) yH’:—O.Sé(ll) By=1.1112) in the

high-order field-theoretical calculations found a stable FR,,
with attraction domain in the regiagy,> 0 for bothN=2 and
N=3. Two different renormalization schemes were used: the 7q=2.709), y4=-0.345), pBy=1.0719), (3

MZM scheme(s!x loopg:37 apd t.h € m'”'m‘;‘;‘S“btraC“O” where the errors have been computed as before. Notejthat
(MS) scheme W'thO,UtE expansmn(flve. IOOij Thgse e s negative so that in the high-temperature phase the analytic
sults support the existence of new chiral universality classeg,ackground gives the dominant contribution to the magnetic

In this paper we investigate the nature of the ”0rma|'t03usceptibilityX. Close toT,, we have thereforey=const
planar transition irfHe by exploiting two different 3D per- +(T.=T)%34 In the low-temperature phase instegds infi-
turbative field-theoretical approaches based on the Hamiljte due to the presence of Goldstone modes.
tonian(1). The first one, the MZM scheme, is defined in the  The paper is organized as follows. In Sec. Il we present
massive (disorderegl phase® It is based on a zero- the analysis of the six-loop series in the MZM scheme. It
momentum renormalization procedure and an expansion iprovides a rather robust evidence for the presence of a stable
powers of zero-momentum quartic couplings. As alreadyFP with attraction domain in the regiap <0, which is the
mentioned, this perturbative scheme was considered in Refelevant one for théHe superfluid transition. This result is
25, where three-loop series were analyzed without findindully confirmed by the analysis of the five-loop series in the
evidence for stable FPs. The second scheme is the so-calletassles$S scheme that is presented in Sec. Ill. We report
MS scheme withouk expansiorf® which is defined in the the perturbative expansions analyzed here in the MZM and
massless critical theory. This scheme is strictly related to th&S schemes in Appendices A and B, respectively.
€ expansion, but, unlike it, no expansion in powerseab
performed. Indeeck is set to its physical value=1, and one
analyzes the expansions in powers of the renormalized quar-
tic couplings. In this section we consider the fixed-dimension massive

Here we shall present an analysis of the six-loop MZMzero-momentum(MZM) scheme that describes the disor-
series that have been computed in Ref. 36 and of the fivedered massive phase. The relevant RG functions were com-
loop MS series that have been computed in Ref. 34. We findputed to six loops in Refs. 36 and 41. In Appendix A we
a stable FP in the regiog<0 whose attraction domain in- report the series for the relevant case 3.
cludes the region whergy/f,~-1/3, which should be the The perturbative expansions are asymptotic. Therefore,
relevant one for the transition ifHe. The two perturbative Pperturbative series must be resummed in order to study the
schemes give consistent results, providing a nontrivial crossRG flow. Consider a generic quanti§(f,g)=%;c;f'g’. In
check of the results. We thus predict a continuous normal-toorder to determiné(f,g), one may resum the series
planar transition, belonging to a new universality class.
These conclusions are at variance with earlier theoretical S(xf,xg) = 2 s(f,g)x¢ 4
studies, see, e.g., Refs. 6, 25, and 26. K

We also determine the standard critical exponents fofn powers ofx and then evaluate it a&=1. This can be done
model (1). We obtain»=0.594), 7=0.0797), y=1.148), by using the conformal-mapping mettfdd® which exploits
B=0.323) in the MZM scheme andr=0.638), » the knowledge of the large-order behavior of the expansion,
=0.08624), y=1.2015), 8=0.344) in the MS scheme. A or the so-called Padé—Borel method. The large-order behav-
weighted average gives ior of the coefficients is generally given by

inimal-subtraction scheme. A weighted average gives

II. MASSIVE ZERO-MOMENTUM SCHEME
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sdf,9) ~ K- A(f,9) %1 +O(k™)]. (5) °F
Using semiclassical arguments, one can argue&hiae ex- -
pansion is Borel summable for g-1~

f=0, f+g=0. (6)

In this domain we have ‘2_’
where a=0.147 774 22. Under the additional assumption I
that all the singularities of the Borel transform lie on the -1
negative axis, the conformal-mapping method turns the g [
original expansion into a convergent 6Agvhen conditions s
(6) are satisfied. Outside this region the expansion is not 2F
Borel summable. However, if the condition ;

f+lg>0 (®)
2 FIG. 1. Zeroes of thes functions in thef-g plane in the MZM
holds, then the singularity of the Borel transform that is clos-Scheme. Pluses and crosses correspond to zeroeg; aind
est to the origin is still in the negative axis. Therefore, theBe respectively. The FP  coordinates aref*=1.08(12),
leading large-order behavior is still given by E@) with ~ 9*=~1.46(10). Different colors are used to mark the regioty
A(f,g) given by Eq.(7). In this case, the conformal-mapping f+9>0. (2) f+g<0 andf+39>0, (3) f+39<0.
method is still able to take into account the leading large-
order behavior, although it does not provide a convergenby means of the conformal-mapping metftthat takes into
series. Therefore, one may hope to get an asymptotic expafccount the large-order behavior of the perturbative series.
sion with a milder behavior, which still provides reliable re- To determine the systematic errors, we vary two different
sults. parametersh and « (see Refs. 36 and 46 for definitionén
The RG flow of the theory is determined by the fixed the analysis. We also apply this method for those valuds of
points (FP9. Two FPs are easily identified: the Gaussian FPandg for which the series are not Borel summable but still
(f*=g*=0) and the @6) FP af* f* ~0.86,g*=0. The re-  satisfy f+g/2>0. As already discussed, although in this
sults of Ref. 45 on the stability of the three-dimensionalcase the sequence of approximations given by the conformal-
O(M)-symmetric FPs under generic perturbations can bénapping method is only asymptotic, it should provide rea-
used to prove that the 6) FP is unstable. Indeed, the per- §onable estimates, sir)ce we are taking into account the lead-
turbation term|y/22 in Hamiltonian(1) is a particular com- ing large-order behavior. In Fig. 1 we report our results for
bination of quartic operators transforming as the spin-0 andhe zeroes of thg functions, obtained from the analysis of
spin-4 representations of the(® group, and any spin-4 the {-loop series{=3,4,5,6. Foreachp function we con-
quartic perturbation is relevant at the(\d) FP for M=3  sider 18 different approximants of(f,g)/f with b
(Ref. 45, since its RG dimensiow, , is positive forM=3. =3,6,...,18 an&=0,2,4 and waletermine the lines in the
In particular,y, ,~0.27 at the ©6) FP*> (f,g) plane on which they vanish. Then, we divide the do-
The analyses of the six-loop series reported in Refs. 36nain O<f<2 and -2.5sg<0 into 40x50 rectangles,
and 37 provided a rather robust evidence of the presence offaarking those in which at leatitreeapproximants of eaci
stable FP withg* >0 and attraction domain in the region function vanish. No evidence for a FP appears at three loops,
go>0, atf*=-0.4(2) andg* =1.5(1). As already mentioned consistently with Ref. 25. As the number &f loops in-
in the introduction, this FP should describe continuous trancreases, a new stable FP—quite stable with respect to
sitions in frustrated three-component spin models with non{—clearly appears. Such zeroes appear in 9%, 22%, 59%,
collinear order. However, it is of no relevance for the critical 2nd 89% of the cases we consider f5+3,4,5,6.Clearly,
behavior of*He. Indeed theg=0 axis plays the role of a the new zero is mcreasmgly stable &sincreases. At six
separatrix, and thus the RG flow correspondinggge<0  100ps we obtain a robust evidence for a FP at
cannot cross thg=0 axis. Therefore, the RG flow relevant * = * = _
for the normal-to-planar transition is determined by FPs in fr=10812. g 1.46(10), ©
the regiong<0. We shall now show that the RG flow ob- where the error bars correspond to two standard deviations.
tained by resumming the six-loop functions provides a All zeros of the approximants with 3b<18 and X=a
rather robust evidence for another stable FP in the region <4 lie within half of the reported confidence interval and
<0 with attraction domain including the regiog,/f, only a few with =0 give significantly different estimates
~-1/3, which should be the relevant one for fitée super- for f* and g*. Moreover, for this smaller class of approxi-
fluid transition. mants a stable FP appears in 100%8%) of the cases for
In order to investigate the RG flow in the regigp<0, {=6 (£=5). Estimatg(9) is stable with respect to the number
we apply the same analysis of Refs. 36 and 46. We refer tof loops. For{=5 we obtainf*=1.12(18), g*=-1.47(198).
these references for details. We resum the perturbative seriéotice that the FP belongs to the region in which the series
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are not Borel summable, but the FP values still satisfy Gagelan °s

+g*/2>0. Therefore, our resummations should be reliable:
the stability of the results with respect tb supports this
expectation. The FP) is stable, since the eigenvalues of the 05f
corresponding stability matrix have positive real part. Our
estimate isw,=1.0329+15+i0.7211+10, where the first g
error takes into account the variation of the estimate with
andb, while the second one takes into account the error on
f* and g*. Note that the eigenvalues are apparently complex, 15
suggesting that the FP is actually a focus, as it happens for K ‘, . ]
the chiral FP7 Using the RG functionsy,, and 7, we have 0 025 ey 0 1 125
generated perturbative series with FP value corresponding to
v, 1, v, and B. Correspondingly, we obtain the following  FIG. 2. RG flow in thef-g plane in the MZM scheme. It is
estimates of the critical exponents: obtained by using the approximafit=6, o=2) for B(f,g)/f and
(f,g)/f. The thick line is related to the limiting RG trajector
v=0593+1), #7=00792+59), y=1.146+2), ggtaig)ed forgg— 0". The other trajectories reachi%g the F::’ corr)(/e-
(100 spond to(from top to bottom go/fy=-0.085, -0.172, —0.261,
£=0.322+1), -0.354, -0.454, -0.561. Different colors are used to mark the re-

where, as before, the first error gives the dependence on 9101s:(1) +g>0,(2) f+g<0 andf+39>0, (3) f+39<0.
andb and the second is related to the uncertainty on the FP
coordinates. Consistent results are obtained from the analysi®n to the region of interesg,<0. We refer to Ref. 48 for
of the perturbative series for &/ 5/f?, 2/ 5, 1/y, and 1/3.  details on the determination of the RG trajectories and their
The RG relations among the different critical exponents aréelation with the quartic parametefg and g, of the Hamil-
also well verified. tonian, which are implicitly given by Eq$Al) and(A2). In

The exponents reported in E(LO) follow the usual no- this respect we note that nothing prevents RG trajectories
menclature of magnetic systems. However, whils indeed  corresponding td, andg, in the stability region from flow-
the correlation-length exponent fitle, 5, y, and 8 are not  ing toward regions where the renormalized couplihgsndg
accessible i’He and, in particular, are not related to the do not satisfyf >0 andf+g>0, and, in particular, toward
magnetic properties of the superfluid. Indeed’lte an ex-  the fixed pointf*=1.08(12), g* =-1.46(10). The conditions
ternal magnetic fieltH gives rise to a coupling of the foth ~ f=0 andf+g=0 are relevant only for the Borel summabil-
_ . ity of the expansion, cf. Eq.7). All trajectories correspond-
i €apcHatiple. (1) ing to -0.65<gy/fo<O lie completely in the regiori+3g

abe >0 in which resummations should be reliable and are at-

Therefore, the magnetic exponents are obtained by computtacted by the stable FP. Therefore, the attraction domain of

ing the RG dimension of the operator the FP(9) safely includes the regiogy/fo~-1/3, which
) . should be the relevant one for the normal-to-planar transition
Ca =l €apcthpifc- (12 in3He. In Fig. 2 we also reporthick line) the RG trajectory

Such an operator was discussed at length in Refs. 19, 20, affgt Starts at the @) unstable FP and that can be obtained as
41 in the context of the frustrated chiral models and its asthe limit go— 0~ of the trajectories starting at the Gaussian
sociated RG dimension was computed at the chiral FP witff P Indeed, in this limit the flow first runs close to tge0

g>0. In the present case the analysis of the six-loop serie@iS and then follows the thick line. This special trajectory is

of Ref. 41 at the FREQ. (9)] gives relevant for the analysis of the crossover behavior between
the Q6) FP and the stable FP with<0; see, e.g., Ref. 48.
m=2.7243+4), y4=-0.342+3), p,=1.084+3), It is interesting to note that the estimates of the critical

(13) exponentgEq. (10)] are close to those associated with the
chiral FP atf*=-0.3(1), g*=1.5(1), i.e.3 »=0.553) and
where the two errors are related to the d_ependenczeamd 7=0.101). The reason is that the functiong 4(f,g) and
b and to the uncertainty on the FP goordlnates. We have als%t(f ,g) have the approximate symmetry
resummed the series corresponding tonl/1/By4, and ’
1/v4. In the first two cases, the results are in perfect agree-
ment with the estimatggeported in Eq(13)]; only for y,, do
we find a significant difference. Note, however, that scaling.e., satisfy 7,,(f,g)= 7,(f+9,-9), B:(f,9) = B:(f+g,-0)
relations give yy=v(2-74)=-0.425) and y4=3v-284= +By(f+9,-9), and By(f,g)=-B4(f+g,—g). Perturbatively,
-0.3318), and thus confirm the direct estimgtks). the violations of these relations are much smaller than the
In Fig. 2 we show the RG flow in théf,g) plane for RG functions themselves and appear at three loops iBthe
several values of the Hamiltonian parametgysndg, and  functions and at five loops iw,,;. Moreover, this symmetry
for a given approximant of the twg functions (other ap-  is satisfied by the consta(f,g), cf. Eq.(7), that controls
proximants give similar resultsWe consider values in the the large-order behavior. This means that the presence of the
stability regionf,>0 andf,+g,>0 and restrict the calcula- chiral FF® f_,~-0.3,g.,~1.5, implies the presence of an-

g—g=-g, f—>?:f+g, (14
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other FP forf* ~ f,, +g.,~1.2 andg* ~-g_,~-1.5, in sub-
stantial agreement with E¢Q), with approximately the same
exponentgEqg. (10)]. Note that the approximate symmetry
(14) does not hold forpy(f,g) and thus the exponentg,,
Bu, andyy differ significantly from the corresponding expo-
nents at the chiral FP computed in Ref. 41.

In conclusion, the analysis of six-loop series in the MZM
scheme provides a rather robust evidence for a stable FP with
attraction domain in the regiog, <0, and therefore for the
existence of a universality class associated with the normal-
to-planar superfluid transition i?He. This result is at vari-
ance with earlier perturbative studies based@xpansiof
and lower order(three-loop calculations within the same

schemé? and also a nonperturbative study of the RG flow of N L §

\ o . 4 loops 5 loops i
the effective average action in the lowest order of the deriva- g . '1 R — '1 :
tive expansiorf® £ £

FIG. 3. Zeroes of thes functions in thef-g plane in theMS
scheme. Pluses and crosses correspond to zeroeg; and

In this perturbative approach one considers the massle#%, respectively. The FP  coordinates aret*=0.89(16),
critical theory in dimensional regularization and renormal-g*=-0.9024). Different colors are used to mark the regiofi;
izes it in the minimal-subtractiofMS) schemé® In the stan-  f+9>0, (2) f+g<0 andf+59>0, (3) f+59<0.
dard e-expansion scherigthe FPs, i.e., the common zeroes
.Of the,B functions, are determined pgrturbatively by esz’md'five—loop MS series(using the conformal-mapping method
INg IN pOWers ofe. Once the expansion of the FP valu_‘es and the semiclassical large-order behayviogives v
andg* is a_lva|lable, exponents are obtained by expanding the—'O.GZSIS) for the Ising model and’=0.6675) for the XY
R.G functions at _the .FP In powers o The M3 scheme model, which are in good agreement with the most precise
without e expansioff is strictly related. The RG functions estimates obtained by lattice techniquess0.630 1216)
Prg e_md 7y &€ theMS funcnqns. Howevere Is no Ionger. FRef. 53 and »=0.630 2012) (Ref. 54 for thé Ising model,
considered as a small quantity but it is set to its physmaand »=0.671 5527) (Ref. 55 for the XY universality class

value, i.e., in three dimensions one simply setsl. Then, ) ,
the FP value$*, g* are determined from the common zeroes On the basis of these results, we will assume renormalon
effects to be negligible in the analysis of the two-variable

of the resummeg3 functions. Critical exponents are deter- ="'~
mined by evaluating the resummed RG functiopsand 7, senes_of the theory at hand. _
As in the MZM scheme, two unstable FPs can be easily

at f* and g*. Notice thatf* and g* have nothing to do with > : )
the FP values obtained within the MZM scheme, sihead identified, the_Gaussmn FP and theﬁDFP along thef axis.
A stable FP is found in the regiog>0, Ref. 38, atf*

g indicate different quantities in the two schemes. i . . o _
The g functions and the RG functions associated with the‘o'o(l_) and g*=0.9(1), with critical exponents=0.61(6)
standard exponents have been computed to five loops in Rétnd 7=0.091), in reasonable agreement with the results of

34 for generic values dfl. Moreover, we computed the five- the MZM scheme.

Ill. MASSLESS MINIMAL-SUBTRACTION SCHEME

loop series of the RG dimension of the operatt®) associ- Also in this case there is an approximate symmegry
ated with the magnetic field ifHe. In Appendix B we report — §=-g andf— f=f+g, which is violated at three loops in
the series for the relevant calke=3. the B functions and at five loops in the standard critical ex-

The series are resummed by using the conformal-mappingonents, and which is satisfied by the large-order behavior.
method. Semiclassical arguments allow us to compute th&hus, we expect a stable FP in the reggpa0 atf* ~0.9,
large-order behavior of the perturbative series. We obtain thg* =-0.9, with exponents approximately equal to those of
same formulas reported in Sec. Il, cf. E¢S) and(7), with  the chiral FP ag>0.
the only difference thaa=1/2. We should mention that in In order to find the zeroes of thg functions, we first
this approach the series are essentially four dimensionatesummed the series for the functiond(f,g)/f and
Thus, they may be affected by renormalons which make thg(f,g)/f. For eachg function we considered several ap-
expansion non-Borel summable for ahyandg and are not proximants corresponding t@ andb in the range & a<4
detected by a semiclassical analysis, see, e.g., Ref. 51. Thi;id 3<b=18, as in the MZM case. In Fig. 3 we show the
problem should also affect theMS series of the zeroes of thes functions in the regioigy<0. A common zero
O(N)-symmetric theories. However, the good agreement beis clearly observed at* ~0.9 andg* =~-0.9. In order to
tween the results of their analysis assuming Borelgive an estimate of the FP, we considered all independent
summability’® and the estimates obtained by other methodsombinations for the twg3 functions. Most combinations,
indicates that renormalon effects are either very small or abapproximately 92% and 49% fdf=5 and 4, respectively,
sent(note that, as shown in Ref. 52, this may occur in somehave a common zero in the regigr<—0.3, leading to the
renormalization schemgs-or example, the analyéfsof the  estimate
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f*=0.89(16), g* =-0.9024), (15) Gaussian 0(§)

where we have again reported two standard deviations as ook
error. As before, essentially all zeroes lie in half of the
quoted interval—only a few corresponding to approximants
with =0 differ significantly. Estimategl5) are also stable
with respect to the number of loops and in good agreement \
with those obtained by using the approximate symmetry. We 0758 3He 7
also performed a different analysis, in which we resummed
Bi(f,g)/f2 andBy(f,g)/f2, cf. Eq.(B4), obtaining consistent 5 s s s !
results. Notice that in this scheme the stable FP is at the f

boundary of the region in which perturbative expansions are
Borel summable, sincé*+g* =~0. This gives us further

Corllfldephce Otn éhﬁ rell'ablllty IOf the fmafl. rgsgkl]tst' . . By(f,g)/f. The thick line represents the RG trajectory gpr— 0.
or he stability eigenvalues, we fin at In approxi- tpq giner trajectories reaching the FP correspon¢rtm top to

mately 33% of the cases the eigenvalues turn out to be re ottom) go/fo=-0.085, ~0.172, ~0.261, -0.354, ~0.454, —0.561
while in 67% of the cases they are complex. If we average ; g79, —0.810. Different colors are used to mark the regicis:
the complex ones we obtain, =1.X4+4)£i0.82+4); real ¢, -0 (2) f+g<0 andf+1g>0, (3) f+1g<0.

eigenvalues give instead;=0.98+7) and w,=5(5+1). z 2

Note that the real results fluctuate wildly, indicating that they APPENDIX A: SIX-LOOP SERIES OF MASSIVE ZERO-

FIG. 4. RG flow in thef-g plane in theMS scheme. It is ob-
tained by using the approximarih=10, a=1) for B(f,g)/f and

are probably not reliable. On the other hand, the complex MOMENTUM SCHEME
estimate is more stable and is in good agreement with the
MZM result. The theory is renormalized by introducing a set of zero-
Critical exponents are obtained as before. For the standai@omentum renormalization conditions involving the two-
exponents we find and four-point correlation functions, i.e.
v=0.633+5), »=0.08413+11), I'2(p) = 8,2, [P+ p? + O(p*)], (A1)
y=1.205+ 10, B=0.342 +2) (16) @ () = mr2327| 1
: ' : ’ Tapif(0) =mZ, == | 15(0aidb; + Gadbi) + G0abd |
while for the magnetigchiral) exponents we find (A2)

m=2.635+14, yy=-0344+7), By=1114+8). whereI'® andI'® are, respectively, the Fourier transform of
two- and four-point one-particle irreducible correlation func-

(17 tions. In addition, one introduces the functigif,g) that is

defined by the relatiod"?(0)=45,Z;%, whereI'™2 is the

. . al
The error is given as a sum of two terms, related, respeGsne_particle irreducible two-point function with an insertion
tively, to the variation witha a_ndb (we used @Ea§4 and * - . The FPs of the theory are given by the common
3=<b=18) and to the uncertainty of the FP coordinates. ES—grges of the Callan—Symanzikfunctions

timates(16) and(17) are in good agreement with the MZM

ones: in all cases the difference is significantly smaller than of ig
the quoted errors, which may be an indication that our error Bi(f,g)= m— v By(f,g)= m— (A3)
estimates are rather conservative. IM 1590 IM | t5,90

In Fig. 4 we show the RG flow in the quartic-couplihgy . . ) N
p|ane for several values O‘B and Jo in the regionf0> 0, The RG fUnCUOnSﬂw and 7 associated with the critical ex-
fo+go>0, andgy,<0. We report the results for a single ap- Ponents are defined by
proximant for bothB functions. Others give qualitatively

similar results. All trajectories corresponding to -0.9 (f,g) = alnZ,, (Ad)
=go/fp<0 lie in the regionf+2g>0 and apparently flow Myttt ginm | o

towards the stable FP. Therefore, the attraction domain of the

FP (15 safely includes the regiomy/fo~=1/3, which  Their relation with the critical exponents is given by
should be relevant for the normal-to-planar transitioriHie.

77:7]¢(f*-9*): V:[2+7]t(f*5g*)_7]¢(f*!g*)]_1'
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Bi

B

1 16
= —f + =(14f2 + 8fg + 8g?) — ——(109F2 + 1002
9( g+8g9) 2187( g

+177g?+90g°) + (0.792 654* + 1.122 06°g
+2.632 35%g° + 2.085 29¢° + 0.127 63%%)
-(1.021 68°+1.894 78%g + 5.187 723¢?
+5.768 31°g> + 2.119 92g* + 0.243 88%°)
+(1.566 86° + 3.646 24°g + 11.468T4g>
+16.35863%g° + 10.9169°g* + 3.753 87g°
+0.480 92§°) - (2.762 927 + 7.702 53°
+26.9939°92 + 46.7321%g% + 44.5897°g*

+25.4728295 + 7.243 628 + 0.637 99¢7),  (A6)

2 16
9= -0+ ég(Zf +0) - 579(127]‘2 +127fg + 6¢°)

+0(0.926 499° + 1.389 75°g + 0.898 551g?
+0.216 64§°% - g(1.318 84*+ 2.637 69°%y
+2.874 66°g° + 1.556 759>+ 0.179 409"
+0(2.108 66° + 5.271 64%g + 8.032 32%g?
+6.775 66°g° + 2.294 11g* + 0.193 466°)
-(3.9354°% + 11.8062°g + 22.6695%g>
+25.6626°g° + 14.855%g* + 3.991 77¢°

+0.406 908°), (A7)

PHYSICAL REVIEW B70, 214519(2004

+4.384 35%g* + 1.527g° + 0.176 488P). (A9)

The critical exponents associated with a real magnetic exter-
nal field are determined from the RG dimension of the op-
eratorC,, cf. Eg.(12). In order to compute it, we define the
renormalization functiorZ (f,g) from the one-patrticle irre-
ducible two-point functiod¢? with an insertion of the op-
eratorC,, i.e.

[©2(0)a; = Z; T, (A10)

whereTy; is an appropriate tensor normalized so tAgt1
at tree level. The RG function

7(f,9)= —— (A11)

was computed to six-loop in Ref. 41. For the three-
component case one obtains

M=~ g(f -29) + %(31‘2 - 2fg—39%) - (0.042 67447
-0.108 53%%g — 0.051 2208g® + 0.077 7658°)
+(0.064 6127% - 0.034 027%°g — 0.002 364 81°g?
+0.027 52279° - 0.025 160§ - (0.071 3318°
- 0.0868 275%g — 0.0504 38°g” + 0.004 250 8#°g°
-0.072 1756g* — 0.012 0728°) + (0.125 344°
- 0.039 4498°g + 0.076 3944%g? + 0.055 0844%g°
-0.194 565°g* - 0.063 2578g° + 0.015 215¢°).

The critical exponentsyy, vy, and 8y are obtained by

_ 32 2 2
7= 5 g4 21 * 219+ 3g7) + (0.003 792 38° M=1=2mc+ 2, W=v2-m), Bu=ul-mc+ ),
Al12
+0.005 688 4¢°g + 0.008 939 06g° + 0.003 521 4§°) (A12)
where .= n.(f*, g*).
+(0.008 731 36* + 0.017 46273g + 0.039 5962%? 7e=melf*, %)
3 4 5 APPENDIX B: FIVE-LOOP SERIES IN MINIMAL-
+0.030 8648g° + 0.003 463 84* - (0.002 7221 SUBTRACTION SCHEME
+0.006 805 28'g + 0.022 6066°g> + 0.027 1046°g° __
In the MS scheme one sets
+0.008 572 77¥g* + 0.000 012 012§°) "

+(0.009 541 81°+ 0.028 6254°g + 0.090 213 3%g?
+0.132 717%g% + 0.095 859 5°g* + 0.034 24%5g°
+0.004 131 8§°),

fo=AquF(f,9),

(A8)
Jo = AquG(f,0),

where the renormalization functiorig,, F, andG are deter-

— 1 8 2 2 3
=" o8t +4g)+8—1(2f +2fg +3g°) - (0.206 554 mined from the divergent part of the two- and four-point

9

+0.309 831%g + 0.467 3799 + 0.182 05%°)
+(0.194 175* + 0.388 35°g + 0.930 78%°g?
+0.736 6Xg°+ 0.029 92%) — (0.291 118°
+0.727 79%%g + 1.887 48%g% + 2.103 43°g®
+0.863 41g* + 0.105 499°) + (0.444 686°
+1.334 06°g + 4.191 37%g? + 6.159 313g®

correlation functions computed in dimensional regulariza-
tion. They are normalized so tha,(f,g)=1, F(f,g)=f,
and G(f,g)=g at tree level. Herd\y is a d-dependent con-
stant given byA,=29792I"(d/2)/3. We also introduce a mass
renormalization constar#,(f,g) by requiringZI'*? to be
finite when expressed in terms bfandg. HereI'*? s the
two-point function with an insertion off*- . Once the
renormalization constants are determined, one computes the
B functions from

214519-7
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of g
IBf(f’g) =M (9_ ’ ﬂg(f!g) =M 0,)_ (BZ)
s fodo fo:9
and the critical RG functionsy,, and 7, from
dlogZz
malf9) = = (83)
og u fo9

Their relation with the critical exponents is given in Eq.

(Ab). The B functions have a simple dependencedn
Bi(f,9) =(d-f +By(f,9), By(f,9) =(d-4)g+By(f,0),
(B4)

where the function8(f,g) andB(f,g)—as well as the RG
functions 7,,(f,g)—are independent af.

In the following we report the five-loop seriésfor
N=3:

1 1
B = 5(7f2 +4fg+ 4g%) - 5(24f3 +22f%g + 39fg® + 209°)

+(9.074 46 + 12.5703%g + 29.42752¢? + 23.8424g>
+2.414 7% - (46.7683° + 85.6528g + 227.3163¢?
+256.217%g° + 110.777g* + 16.3103°) + (296.166°
+677.379%g + 2026.83%g? + 2898.93°%g°

+2096.65°g" + 791.170g° + 109.821°), (BS)

1
By=g| (2f +g) - 5(28f2 +28fg+g?) +(11.1573°

+16.7359%g + 9.757 36¢° + 2.060 19°) - (62.535F*
+125.07%%g + 123.278%¢% + 60.7252g° + 10.5496*)
+(422.235° + 1055.59%g + 1458.99°¢?

+1132.7%%0° + 411.714¢* + 52.1814p) |, (B6)

1 1
= —(2f2+ 2fg + 3g%) — ——(14f2 + 21f%g + 33fg?
7y 18( g+399) 216( g g

5
+13g% + (86f%+ 172f3g + 474f°g* + 388 g°

2592
-9g* - (0.709 208° + 1.773 02%g + 4.780 26°g>
+5.397 37%g° + 2.314 349* + 0.325 64¢°), (B7)

PHYSICAL REVIEW EOQ, 214519(2004)

2 1 1
=——(2f +g) + = (2f%+ 2fg + 3g?) — ——(208f3 + 3122
=32 +g+( 9+30% ~ 754 9

+486fg? + 191g°%) + (7.002 174 + 14.0043°%y
+29.291%%g? + 22.2890¢° + 3.641 49" — (33.6900°
+84.225%4g + 207.3713¢° + 226.831%g°

+108.339g" + 19.1618°). (B8)

We also computed thielS expansion of the RG dimension of
the operatoiC,, cf. Eq.(12). For this purpose, we computed
the renormalization constag(f,g) by requiringZ.I"®? to

be finite when expressed in terms fofindg, wherel'©? is
the one-particle irreducible two-point function with an inser-
tion of the operatoC,. Then, one defines the corresponding
RG function

dlog Z,

. (B9)
dlog u .00

ﬂc(f:g) =
The resulting series for the three-component case is given by

1 1 5
=—=(f - 2g) + =(3f2 - 2fg - 3g?) — ——(22f> - 42f2
7e==3(f=20) +o( 9-30%) ~ 514l 9

- 27fg? + 26g°) + (1.934 36“ - 2.508 663

- 2.13390%g% + 0.910 908g° + 0.285 51§

- (8.732 0%°-9.618 52%g — 9.002 30°%g?

+1.928 88%g° - 0.333 945g* - 0.810 73@°). (B10)

The critical exponentsy, vy and 8y are computed by using
relations(A12). The expansion ofy, was computed for ge-
neric values ofN. We verified thaty.(f,0) coincides with the
expansion of the RG functioy, related to the insertion of
the spin-2 operator in the two-point function, in thé2M)
theory obtained by setting=0 (perturbative five-loop series
for ¢r=(2+7r—n)v were computed in Ref. 45Moreover,
for N=2 one can prove and check the relatign2x/3,
-x/3)=m(2x/3,~x/3), and 7, 4(2x/3,~x/3)=1, where
7, are the RG functions of th&Y (O(2)-symmetrig theory,
which can be found in Ref. 56.
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