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Using a fermiology approach to the computation of the magnetic susceptibility measured by neutron scat-
tering in hole-doped higfz superconductors, we estimate the effects on the incommensurate peaks caused by
higher d-wave harmonics of the superconducting order parameter induced by underdoping. The input para-
meters for the Fermi surface addvave gap are taken directly from angle-resolved photoemission experiments
on Bi,SrLCaCyOg,y, (Bi2212). We find that highed-wave harmonics lower the momentum-dependent spin
gap at the incommensurate peaks as measured by the lowest spectral edge of the imaginary part in the
frequency dependence of the magnetic susceptibility of Bi2212. This effect is robust whenever the fermiology
approach captures the physics of highsuperconductors. At energies above the resonance we observe di-
agonal incommensurate peaks. We show that the crossover from parallel incommensuration below the reso-
nance energy to diagonal incommensuration above it is connected to the values and the degeneracies of the
minima of the two-particle energy continuum.
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[. INTRODUCTION zone appear and disperse towards the antiferromagnetic zone
) ) ) _ .. center as the energy transfer is increa®etf Although the
The imaginary park”(w,q) of the magnetic susceptibility  jncommensurate peaks in LSCO seem to join at the commen-
x(@,q) probed by neutron scattering in high-temperaturesyrate wave vectog=(, ), no resonance peak has been
(high-T,) superconductors is characterized by a very rich deobserved in this compound to this date. Another remarkable
pendence on energy and momentum transfer, temperaturgpservation in LSCO is that a spin gap has not been observed
and doping'—3° At temperatures well below the supercon- in the extreme underdoped and overdoped regf#é.
ducting transition temperatuiie, and for a fixed frequency On Bi,S,CaCyOg,, (Bi2212) and TLBa,CuOs.,,
(of the order of thed-wave gap maximum around optimal (TBCO) samples only a few inelastic neutron scattering mea-
doping within a finite range of frequenciegy” displays surements have been performed so far. For both compounds
peaks at some symmetry related wave vectors in the Brila resonance peak was obsery&d®but an incommensurate
louin zone of the square lattice formed by planar Cu sitessignal below the resonance has not yet been measured, per-
The positions, heights, and widths of these peaks are tenhaps due to the limited size of single crystals currently avail-
perature dependent and, in particular, are sensitive to thgple.
destruction of superconductivity abovg to a degree that In this paper we will take the point of view that incom-
depends on doping. As the energy transferred from the neunensurate and commensurate peaky’ohave a common
trons to the sample is varied, the positions in the Brillouinorigin as they appear to be smoothly connected in the YBCO
zone of the peaks ig” also vary(as well as their heights and family.®11121537Thjs hypothesis seems hard to reconcile
widths), i.e., the peaks are dispersing. The detailed intensityith theoretical scenarios based on the existence of dynami-
distribution of the dynamical spin susceptibility depends oncal stripes or on the S®) approach to highF, superconduc-
the highT, superconducting family. tivity. In the dynamical stripe scenario incommensurate
For the YBaCu;Og.x (YBCO) compounds it is observed peaks are the natural descendants of the static charge and
that the separation ig space between four incommensuratespin long-range order seen in JgBaCuQ, at x=1/838
peaks at the symmetry related wave vectpré 7+ 5, 7) and  say3%-45In the S@5) scenario a resonance (@t, ) appears
q=(m, 7+ ) decreases with increasing energy merging intonaturally as a result of an antibound state in the spin-triplet
a single resonance peak at the antiferromagnetic wave vectparticle-particle channéf~->2Commensurate and incommen-
(m,m) and at an energy of 41 meV for optimally doped surate peaks of’ are smoothly connected in a scenario in
samples*® Cooling below the superconducting transition which it is assumed that strongly renormalized quasiparticles
temperature opens up a doping-dependent spin gap, which ¢dose to the Fermi surface interact with a residual on-site
proportional toT.*® Hubbard or nearest-neighbor antiferromagnetic interaction,
In the Lg_,Sr,CuQ, (LSCO) family the dynamical mag- in short a fermiology approach.
netic susceptibility follows a similar dispersion. At energies Common to all fermiology scenariv’s!%?(see also Refs.
above a spin gap four incommensurate peaks on the horizori03-105 for related works on the “bare” magnetic suscepti-
tal and vertical lines passing througfr, 7r) in the Brillouin  bility) is the random phase approximatitRPA)
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9(w,q) considered as a function af with g held fixed defines the
XrpaA(@,0) = 1 +h(w,q)(w,q) (1.) g-dependent spin gap. We find that increasing the higher
' ' harmonics by an increment of 15% relative to optimal dop-
to the magnetic susceptibility. HerBl(w,q) is the(“bare”)  ing, which corresponds to a decreasdpby 28% in Bi2212
magnetic susceptibility of noninteracting fermioniBCS) as was observed in Ref. 107, decreasesjtdependent spin
quasiparticles that depends sensitively on the Fermi surfacgap by an amount that depends on the wave vest® Figs.
(the superconducting BCS gepbove(below) T,. The func- 3 and 4 and agrees qualitatively with YBCO measurements.
tionsg(w,q) andh(w,q) are model dependent: A RPA treat- This result is a robust feature of all fermiology scenarios and
ment of the single-band Hubbard model with on-site repulis consistent with the experimental observation of a fast de-
sionU yleldsg(cg,q):H(w,q) and h(w,q):—U.Ss_G.3A RPA  creasingor even vanishingspin gap with underdoping52°
treatment of a single-band of fermioniBCS) quasiparticles The paper is organized as follows. The fermiology ap-
with a residual interaction such as a nearest-neighbor antifebroach is defined through a RPA magnetic susceptibility in
;chgeasz)rl_elt]i?wing)erggg%rgwog ;sirzejr}gzt)fzCgrs%pgrgsn;ﬂ)%%jggz Sec. II. Numerical results are presented in Sec. Il and inter-
] ) ] X ]
is often done in the slave-boson treatnf&rit’ oyr the 1k preted in Sec. V. We close with a summary in Sec. V.
expansion withz the number of nearest neighbors of the
t-J model®-84A RPA treatment on the bare static propagator
xo(q) of collective spin-1 excitations due to a weak coupling
as measured by the coupling constgiwith otherwise non- One lesson inferred from ARPES data is that the low-
interacting fermionic(BCS) quasiparticles yieldg(w,q)  energy excitations in the superconducting state of Bi2212 are
= xo(a) andh(w, ) =-g?xo(q).2>#° sharply defined quasiparticles obeying the BCS dispetsion
The RPA approximatioifl.1) has been improved in three .
ways. First, the single-band Hubbard model can be general- Ex= \s"sﬁ + Aﬁ (2.13
ized to the three-band Hubbard mo8&P*Second, the feed- . _ . .
back effect of the magnetic fluctuations encoded by(Ed) in _the close vicinity to the Fermi surche defined b_y the con-
on the propagator of the fermioniBCS) quasiparticles can dition g, =0 and with a superconducting gap consistent with
be included self-consistently throurg?Q ltorg)e so-called fluctua@ d-wave symmetry, i.e.,
tion exchanggFLEX) approximatior’>=**° Third, all unac- _ F Ly — _
counted for%gteracti)ongpamong the fermionBCS) quasi- A=~ A (keky) = (ky, + Ky,
particles can be included in a phenomenological way by
substituting in Eq(1.1) w by w+il" with T a positive func- A=Ay, (koK) = (2ky, + k). (2.1
tion of w, temperaturel, doping x, and highT, supercon-
ducting family201.102
The goal of this paper is to assess the effects on the i
commensurate peaks of the magnetic susceptibilitaused

II. RPA MAGNETIC SUSCEPTIBILITY

This fact suggests that it might be plausible to treat the su-
rTr_)erconducting state of high: superconductors as a conven-
tional BCS superconductor in the close vicinity to the Fermi

by the presence of a highérwave harmonic in the super- surface, an assu_mption that we will make from nhow-on. FO.I'
conducting order parameter of underdoped Bi2212. Indeed,LPW'ng Norman_ In R’?f- .62 the me_asured Fermi surface is
is observed in several angle-resolved photoemissio tted from the tight-binding expansion
(ARPES experiments on underdoped Bi2212 that there are 17
deviations from a pure-wave order parameté?-1These g == tj(cosa; - k + cosb; - k) (2.1¢0
deviations result in a rounding of the superconducting gap in 2i%
the vicinity of its nodegd!It is observed that the gap slope at
the node decreases with underopthig*'3We interpret this
deviation as the signature ofchwave order parameter ex- S
tending to next-nearest-neighbor bonds between planar %
sites, i.e., they push closer to 0 the anisotropy ratidvg
between the slope of the superconducting gapand the Ay = Aq(cosk, - cosky) + Ay(cos X, — cos X)
Fermi velocity vg, which are tangent and perpendicular to
the Fermi surface, respectively.

Below, we adopt a phenomenological fermiology scenarian practice we truncate the expansiongab for the Fermi
by which we compute the RPA susceptibility.1) assuming  surface and to the first two terms for thavave BCS gap. As
thatIl(w,q) is calculated with the BCS dispersion measuredppposed to the slave-boson approach which attempts to cap-
by ARPES whileg(w,q)=Il(w,q) andh(w,q)=-U. To sim-  ture the doping dependence of this and theA;'s from the
plify the matter and to isolate the effect of decreasinglarge U limit of the Hubbard model, we will take the phe-
va(X)/ve(x) with underdoping, i.e., decreasizgwe assume nomenological point of view that the BCS dispersi@n) of
that residual lifetime effects are small and substitute the “bare” quasiparticles is an input deduced from ARPES

0 wtil 1.2 data for the Bi2212 family.
' ' We will assume in this paper that anomalous features at

wherel'=1 meV is of the order of the energy resolution of energy scales far away from the Fermi energy, say of the
most experiments. The lowest spectral edgeyfipa(w,q)  order 2 mayx Ay such as is the case for the incommensurate

with a;=by=0 anda;, b; a pair of orthogonal vectors joining
a site of the square lattice to two of ifh nearest neighbors.
imilarly, the d-wave BCS gap is fitted from the tight-
nding expansion

+ Ag(cos X,cosk, — cosk,cos X,) + ---. (2.1
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and commensurate peaks observed at optimal doping with
inelastic neutron scattering, can be accounted for by postu-
lating the existence of “bare” noninteracting BCS quasipar-
ticles whose dispersion is given by a fit to ARPES data and
which interact weakly through some small residual interac-
tions which we take to be an on-site Hubbard repulsion with
coupling constant. In this spirit, the renormalization of the
“bare” magnetic susceptibility

1 CS (S Ep.q) - f(s
Hwg=13 3 —CllieBe 2SR
K o ot o(w+i0") = (8'Ex+q — SE)
o=-if s =s=-1, + otherwise,
o 1 + ApsgA
Caksz_(l +SISM)' (2.29
’ Ek+qu
is, within the RPA,
IM(w,q)
= 2.2
Xrpa(®,0) 1-UTl(w.q) (2.2

Here,N is the number of sites on a square lattice with peri-
odic boundary conditions,(x) =[exp(8x)+1]™* is the Fermi
distribution( the inverse temperatuyeand the BCS disper-
sion (2.1) is used.

In Figs. Xa) and 1b) we present a plot of the static limit
of the RPA magnetic susceptibilitf2.2b) and of the static
“bare” magnetic susceptibility2.2g, respectively. It is seen

that there are no significant differences between the stati

limits of the “bare” and RPA magnetic susceptibilities for
small momentum transfeq (small forward scatteringbut
that for large momentum transfeq close to (w,w), the
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FIG. 1. Plot of the real partg;pa(0,9) (@) andIl’(0,q) (b) as
a function ofq in the upper-right quadrant of the Brillouin zone for
the BCS dispersion of Bi2212 at optimal dopitepe Table )L (c)
Plot of I1"(w, 7, m)/[7ve(w,,7)] as a function ofw>0 in the
relevant energy range for the BCS dispersion of Bi2212 at optimal
goping (see Table )l The inset displays the dependence of the
imaginary partll”(w, s, ) (thick line) and 7vy(w,m, ) (dashed
line). The temperature is here taken to e0 K while a damping
I'=0.1 meV is used.

renormalization effects are of order 1 as they signal the prox-
imity to an antiferromagnetic instability of the BCS ground
state. These renormalization effects modify the quasiparticle
self-energy and have been proposed as an explanation to the

1
va(0,0): = 5= 8w~ Ex(0,k))

IN= (2.9

peak_dip_hump Shape seen in the ARPES Signa| as a functi(ﬁ'ince it differs Very little from that OH"(Q),q)/W for a fixed

of frequency.*'1%In this paper we do not consider this feed-

wave vectorg close to the commensurate vecter, ) and

back on the quasiparticle self-energy. However, since the eft very low temperatures, as is illustrated in Figc)1

fects of higherd-wave harmonics on the RPA magnetic sus-
ceptibility are robust, we expect them to survive in a
selfconsistent approach.

We close this section by noting that the imaginary part

I1"(w,q) of the “bare” susceptibility2.2g9 simplifies to

I"(w,q) = ﬁ% Clied(w — Ex(q,k)),

Cho= 1 1 - Bkeafkt Ays+qAx
ak™ g EvsqoE ’
k+q=k

Ex(g,K) = Exaq + Ex, (2.3

IIl. NUMERICAL RESULTS

We have calculated numerically the RRA.2b to the
magnetic susceptibility with the inclusion of lifetime effects
implemented through substitutigh.2). Hereby, we are using
the BCS dispersiofR.1) with the hopping and superconduct-
ing parameters extracted from fits to the Fermi surface and
gap measured with ARPES within the Bi2212 family for the
underdoped and optimally doped reginiese Refs. 62, 107,
and 116-118 These parameters can be found in Table I. For
each doping concentration the value of the on-site Hubbard
repulsionU is chosen so that the energy of the resonance is
consistent with unpolarized neutron data in Refs. 32 and 34

in the zero-temperature limit and for positive frequencies asind with the indirect determination of the resonance energy
is relevant in inelastic neutron scattering. We shall see irvia the peak-dip-hump feature from APRES data in Refs. 119
Sec. IV that the numerical results from Sec. lll can be un-and 120. The value of the coupling constlhincreases with
derstood in terms of the frequency dependence of the twadnderdoping, a trend consistent with the naive expectation
particle density of statedOS) that moving away from half-filling in the Hubbard model
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ing gap(see Ref. 10¥in the Bi2212 family measured with ARPES

TABLE I. Values of the parameters used to fit the superconduct- 1.0 a) T ® 1.5 b)
as a function of doping. The gap parameters 187 K, T, /

=83 K, andT.=75 K follow from a fit to ARPES dat&Ref. 107, k (M) 0.0F 1 qmi1.0
and for T.=68 K from an extrapolation. For the band parameters y y
we use the same values as Norman in Ref(@#ts in meVj: ty ¢
=87.9,t;=-554.7 ,=132.7 t;=13.2,t,=-184.9, and5=26.5. The
last row lists the values of the coupling constaht The doping -1 _Q] A 0'0 1o 0-(5) 5 1o 15
decreases when reading the columns from left to right: The second ’ kx.(n) ’ ’ q '(n) )
third, fourth, and fifth columns correspond to optimally doped, %
slightly underdoped, and underdoped samples, respectively. All
quantities are in units of meV. 40 _C) — T 87K
e, --- TZ=83 K
Parameters  T,=87 K T,=83K T.,=75K T,=68K i ceee T275K
Aq 18.3 18.8 18.8 19.6 5 307
A, -2.1 -3.9 -5.8 -8.8 GEJ
Ag 35.0 37.0 38.0 41.0 = 50-
B 0.96 0.92 0.89 0.84 =
A3/ Al e 57.0 52.0 44.8 63 =
U 165 173 180 191 10
k
0 2 T T

reduces the effect of the strong interactions. ARPES experi-
ments on Bi2212 indicate that the Fermi surfacéfist all)
only weakly dependent on dopif*18To simplify matters,
we have implemented this Observatlon. by keeplng the hop- FIG. 2. Panel(a) displays the Fermi surface of Bi2212 with
ping parameters unchanggd asa function of doping. to, ..., ts @s in Table I. The anglé measures the position along the
To perform the summations in formuld.2b), we meshed  Fermj arc centered aboitr, m) (holelike) in the Brillouin zone.
the Brillouin zone with 10241024 points. In order 10 panel(ph) displays the reciprocaj space together with the symme-
reduce the effects of a finite lifetime in Fig. 1, we reduded {ry axes(parallel and diagonpiand the three wave vectofs, ),
in Egq. (1.2 from the experimental resolution~1  (1.26r, #), and(1.065,0.8057). Panel(c) displays the absolute
meV to 0.1 meV. The temperature is taken to be vanishingalue of the gap functiopA(¢)| on the Fermi surface as a function
in most instances except in Figs. 3 and 6 whereb K. of Fermi surface angle for Bi2212 with the parameters of Table I.
It is convenient to use polar coordinates to represent thelotted are the gaps for optimally doped sampisslid line),
wave-vector dependence of the superconducting gap on thslightly underdopedlong dashed ling and underdoped samples
Fermi surface. To this end, define along the arc of the Fermidashed and dotted lines For the momentum transfeq
surface that belongs to the upper-right quadrant of the Bril=(1.26m, ) vertical lines at the Fermi surface angles, where the

0 15 30 45 60 75 20
¢ (degrees)

louin zone the angle € ¢< /2 through[see Fig. 2a)] pairwise nested wave vectdks, k1 +q, k, andk,+q lie, are drawn
(see Sec. V.
b= arctar(LkY> (3.1
N m-K/ ' The gap functiom\, on the Fermi surface is depicted in Fig.
) , . ) 2(c) for the parameters of Table I.
In terms of this angle, define the auxiliary gap function In Figs. 3a)-3(c) we illustrate for three different wave
~ vectors depicted in Fig. (B), q=(m,m), the antiferro-
A(¢) = A B cod2¢) + (1 -B)cod6¢)], magnetic wave vectorg=(1.26w,7), a wave vector on
the horizontal symmetry axis passing throu@h, =), and
Ag:= max Ay (3.2 g=(1.0657,0.8057), a wave vector off the symmetry axes,

e Fermi suriace how the dependences on frequency of the imaginary part

The auxiliary gap functionA(#) obeys the same-wave Xreal@*+il',q) of the RPA magnetic susceptibility2.2)
symmetry as the gap functiak, does on the Fermi surface. changes with underdoping. In each panel the four curves

The parameteB enteringl(¢) is taken to be a function of correspond to the four dopings in Table I. As the doping

doping x that can be determined for Bi2212 from ARPES decrgasee.e., decreasmgc). the leading edge moves to the
left (i.e., to lower frequencigs The g-dependent spin gap,

measurementsee Table)l'%’ The agreement betweeX(¢)  \yhich we define by the lowest spectral edgexfip, consid-
andAy for k on the Fermi surface is excellent. The slope ofered as a function of frequency, decreases with decreasing
the superconducting gap, tangent to the Fermi surface at goping for both the commensurate wave vedtet =) and

the node of the gap is proportional tdA)/(d¢) at p=m/4.  the incommensurate points.26m, ) and(1.065,0.8057)

It decreases with underdoping as is apparent from Table bn the symmetry axis and off the symmetry axis passing
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FIG. 4. Panelsa)—(d) display the intensities ofgpa(w, 0y, ) in
0.0 | logyo scale in the(w,q,) plane at fixedg,=7 for four different
) 0 10 doping concentrations in the Bi2212 family with the BCS disper-

sions taken from Table |. Pangla), (b), (c), and(d) correspond to
® [meV] samples with a transition temperaturg of 87, 83, 75, and 68 K,
respectively. As a guide to the eye contour lines are drawn at an
FIG. 3. Panel(a) displays the frequency dependences ofintensity which is about 0.5% of the maximum intensity of the
Xkea(w,q) at the commensurate wave vecipe (7, ) for four dynamical spin susceptibility. Panél—(h) are the same as panels
different valuesx of doping in the Bi2212 family with the BCS (a)(d) except for theq vector which runs along the diagonal in-
dispersions taken from Table I. Curves with the leading edgestead of the horizontal line in reciprocal space. The temperature is
moving to the left(i.e., to lower frequencigshave decreasing here taken to b&=0 K while a damping’=1 meV is used.

dopingx (T.). Panels(b) and(c) are the same as pan@l) except . .
for the incommensurate wave vectop=(1.26m7,7) and q the corresponding resonance energi@, 37, 34, and

=(1.0657,0.8057) being held fixed. For all three wave vectors the 31 MeV, respectively the peaks are at them, ) point.
g-dependent spin gap decreases with underdoping. The temperatféhen the frequency is reduced from the resonance energy,
is here taken to b@=5 K while a damping’=1 meV is used. dominant incommensurate peaks in ther+d,7) and
(7, 7+ ) direction occur, and a subdominant structure on the

through(ar, ), respectively. This behavior is consistent with diagonal lines which pass through two incommensurate
the observed doping dependence ofdh@ependent spin gap Points ing space shows up. The peaks are dispersing with a
in the LSCO and YBCO families. The intensities of the downward curvature. Above the resonance energy the domi-
peaks in all panels of Figs(&-3(c) increase with underdop- hant peaks cross over from the parallel to the diagonal sym-
ing. This increase in intensity is accompanied by a narrowingnetry axes passing througtr, 7). The same happens below
of the line shape in panels b and c. 19.2 meV(T.=87 K), 17.6 meV(T.=83 K), 15.2 meV(T,

In Fig. 4 the intensities of the imaginary part of the RPA=75 K), and 12.8 meV(T,=68 K), respectively.(We will
spin susceptibility are shown as a function of frequency andhen speak of parallel and diagonal peaks, respectjety.
wave vector for the four doping concentrations of Table I. Atfrequencies larger than the resonance energy incommensu-
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rate peaks on the diagonal symmetry axes passing throug
the antiferromagnetic wave vectoir, ) have recently been
observed in both La,Ba,CuQ, (Ref. 3§ and YBCO® Ex-
perimentally this diagonal pattern is seen up to 200 meV in
La,_.Ba,CuQ,, and up to 100 meV in YBCO, i.e., well be-
yond the regime of applicability of our modeday 2maxA, ~
away from the Fermi energyThe crossover to dominant "o
diagonal peaks at low energies has not been observed il
experiments. If the wave vector is restricted to the horizontal S
symmetry axes in the Brillouin zone, the spin gag(qy, )
remains finite for all values of},. However, if the wave
vector lies on the diagonal symmetry axes, the spin gap
Asg(dy,dy) vanishes for certain values gf=q,.

The dispersion of the peak positions ¥, for the four 0
doping concentrations of Table | and withmoving along 0.6 08 1.0
the horizontal or diagonal lines passing through =) are q, (m
shown in Figs. B) and %b), respectively. With underdoping

KKK OONed

T,-87 K
T-83K
T,-75K
T,=68 K

<16 <«

1.2 1.4

the bell-like shape of the peak dispersion moves to lower L L
energies implying a decrease of thiedependent spin gap
(see also Figs. 3 and)4The degree of incommensuration vV § v,
measured by the separatiod ®f the two peaks ofygpa <>°<i § f° \
decreases as one moves from the optimally doped to the ".v v
underdoped regimes. This agrees with neutron scatterings i
measurements on the YBCO and LSCO famifie&’ 2
S v T-87K
IV. DISCUSSION © T=83K
In this section we review the mechanism causing com- ; };ézﬁ
mensurate resonance peaks and incommensurate peaks in t e
numerical simulations of the imaginary part of the RPA mag-
netic susceptibility. Up to multiplication with the Bose- T T T T
Einstein distribution, inelastic neutron scattering has direct 0.7 0.8 0.9 1.0 1.1 1.2 1.3
access to the imaginary part(w,q) of the magnetic suscep- (9,9) (M)

tibility x(w,q), which is given by
FIG. 5. (a) Peak positions ofygpa(®,q) for fixed g,=7 as a
1"(w,q) 41 function of g, and energy with the BCS dispersions taken from
[1-UIT' (0,q) 1+ [UIl"(w,0)]? 4D Taple | for four different samples with a transition temperafTyef
o ) ] 87 K (solid triangles, 83 K (open diamonds 75 K (solid dia-
within the RPA approximatiofy’(,q) andIl’(w,q) denote  monds, and 68 K(open triangle (b) Peak positions of/pa(w,q)
the real parts ofy(w,q) and II(w,q), respectively. The  as function of frequency and momentum transfer vgjtalong the
“pbare” imaginary partll”(w,q) of the magnetic susceptibil- diagonalg,=qy for the same four doping concentrations as in panel
ity controls X’éPA(w,q) in two ways. FirSt'X,F,zPA(qu) van- (a). Above the resonance the diagonal peaks are the dominant struc-
ishes wheneveil”(w,q) does and ¥ UIl'(w,q). Second, at  ture. The same happens at very low energies. At intermediate ener-
g held fixed, any steplike discontinuity in the frequency de_gie:s, the d_iagonal peaks are subdominant vv_ith the parallel peaks
pendence ofl"(w,q) at some frequencw,(q) results in a being domlnan(see Flg. 4. The tgmperature is here taken to be
logarithmic divergence of the frequency dependence of - ° K While @ damping’=1 meV is used.
II'(w,q) at wy(q) through the Kramers-Kronig relation be-  For any small but finite dampind, I1"(w+il',q) be-
tween the imaginary and real parts of causal response fungomes a nonvanishing and continuous function «of0
tions. This in turn guarantees th@j the dynamical Stoner when holdingg fixed. Similarly, the logarithmic singularities
condition in the o dependences dfl’(w,q) are cut off by a finitel
, _ under the substitutiol.2). Under this substitution the dy-
1-Ull"(w,q) =0 (4.29 namical Stoner criterioii4.2g can only be met for a suffi-
can be met at the frequency ciently large size of the step H"(w,q), and the pole atu*l
in xppal®,q) turns into a peak of finite height

Xrpa(®,4) =

(@) < @p(@) (4.2b)
and (ii) xkpa(®,q) acquires a pole ab,(q) and peaks at X'F'epA(w*ﬁiF,q):W (4.20
w,(q), wheren>1 indexes the remaining jump discontinui- @1 *18.9
ties of I1"(w, Q). with the full width at half maximumFWHM)
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211" (w +iT, L= o, :
FWHM = (@+il,q) _ (4.20) W] = Wpp (4.4

AT’ (0 +il',q)/dw w=0) sufficiently far below the two-particle continuum threshold

To sum up, the condition for dynamical Stoner enhancefor the resonant nature of the resulting spin-1 collective ex-

ment ofyex(w,q). a collective effect, can be reduced to the citation not to be washed out by a finite temperature of 5 K
RPA\W: Y/, ) i iaht- i -
condition forIl"(w,q) to have steplike discontinuities as a or a damping of 1 mev. The eight-fold degeneracy is par

tially broken to a four-fold d h
function of frequency when holding the wave vector fixed. @y droxen ™ & foUrio ¢ fegencracy WHepmoves away

i . . -2 7= from (ar, ) along the horizontal or vertical lines passin
In view of Egs.(2.3) and(2.4) steplike discontinuities in (m, m) 9 p g

) . through(w, 7) (parallel incommensuratigrwith k; moving
the frequency dependence ldf (w,q) with g held fixed(at . . . .
zero temperature and with the inverse lifetifia@nfinitesi- towards the nodal line arig, moving away from ifsee Fig.

i . .2 2(c)]. For energies below the commensurate resonance en-
mally smal) are closely related to steplike discontinuities in ©] g

the frequency dependence of the two-particle DQ3) at eray

fixed g. These jump discontinuities in(w,q) occur when- w1 = 0)c < Opr, (4.5
ever the two-particle energl,(q,k) in Eq. (2.3 reaches a
local minimum w, at the g-dependent wave vectds,, in
which case the size of the step is proportionafto

this turns the resonant commensurate peak into a downward
dispersing incommensurate peak, which eventually becomes
nonresonant due to the failure to meet the Stoner criterion.
(mgl)mﬁf))l’z, By energy conservation the dominant incommensurate peaks
cross over to the diagonals of the Brillouin zone at frequen-
1 PEA.K) cies much lower thanw,e since g then connects regions
5= 2 . (4.3  close to the nodes of the BCS dlspers}%Whgn the wave
my” Ky 29Ky 2 k=k,, vector is pushed away froryr, ) along the diagonals, the
. . N . eight-fold global minimum splits into three distinct minima.
The st.ephke d|sc9nt|/r,1wty m_the two-par.ucle DOg(w,q) The first minimumw, being lowest in energy leads to the
at wn Is present in[l"(w,q) if and only if the coherence diagonal peaks at low energies. Together with the lowest
factorC(ﬂ( from Eq.(_2.3) is 'nonvanlshllng ina ne|ghb_orhood minimum of the two-particle energy fag off the symmetry
of k. T eoftepl|ke jump is turned into a smooth increaseyyes it is also the cause of the subdominant structure on the
other_W|sel. _ ) ) diagonal lines passing throudhr+ &, 7) and (7, 7+ ), say,

It is shown in th? Appendix that, V\_/hem_ls chosen not to . at intermediate energies. The second four-fold degener-
be on any of the diagonals of the Brillouin zone or the hori-a4e minimum lies in general at energies just above the reso-
zontal and vertical lines passing through the commensuratﬁancew*AF' but below the eight-fold degenerate minima at
point (, m) [see Fig. 20)], there are four distinct but two- ¢~ y"anq is thus responsible for the crossover to diag-
fold degenerate local minima, < w, < ws < w, of Ey(q,k) onal incommensurate peaks above the resonance energy. Fi-
for the parameters of Table | Ioc_ated at thelepe_ndent Wave nally, by choosingg away from the symmetry axes one
vectorky, k, ks, andk,, respectively, in the Brillouin zone. gyreads the spectral weight of the commensurate resonance
Whenq is chosen to be on the diagonals that pass throughmong four distinct two-fold degenerate local minima, three
the commensurate poirtr, 7), but away from it, there are ¢ \yhich are in the two-particle continuum, thereby loosing
three distinct local minimaw, <w,<ws at ky, kp, andks,  the most in height and sharpness of the peak relative to the
respectively, which are either doubly degenefaieandws)  |ine shape of the commensurate resonance as a function of
or four-fold degeneratéw,). If the momentum transfer lies frequency.
on the horizontal or vertical lines passing through the com- 1 conclude, the crossover from diagonal to parallel in-
mensurate point, but away from it, there are two distinct bulcommensuration with increasing frequency at low energies
four-fold degenerate local minima; <w, of Ex(q.k) lo-  and from parallel to diagonal peaks with increasing fre-
cated at thej-dependent wave vectér, andk,, respectively.  quency above the resonance energy is brought about by the
Finally, all local minima collapse to one global but eight-fold onset of four-fold degenerate minima of the two-particle dis-
degenerate minimura, located ak; whenq=(m,m) orone  persionE,(q,k) at the corresponding energies. This effect is
of its symmetry-related images. quite sensitive to both the shape of the BCS dispersions and

Two criteria control the size of the first step with increas-the details of the residual interaction among the BCS quasi-
ing w: (i) How large the effective masses"” are, i.e., how particles: On the one hand, an antiferromagnetic interaction
flat the two-particle dispersion igii) how large the degen- with h(w,q)=(J/2)(cosq,+ cosq,) leads to an enhancement
eracy of the global minimum is. It turns out that, whens  of the diagonal peaks compared to the parallel ones, which
chosen to be at the commensurate antiferromagnetic vectpitentially destroys the crossover to parallel incommensura-
(r,7), the geometrical mean of the effective masmfsz) tion upon increasing frequency towards the reson&h@n
becomes very large because of the proximitykgfto an  the other hand, it was observed in Refs. 76 and 78 that the
extended saddle point for the parameters of Table |. Furtheparallel peaks remain dominant at energies below but not too
more this effect is magnified by the eight-fold degeneracy ofar from the resonance in a slave-boson mean-field approach
the global minimum of the two-particle dispersion @t to thet-t’-J model.
=(r, ). Taken together conditior§) and(ii) ensure that the At low energies the intensity ofgpa(@+il',q) for a fixed
dynamical Stoner criterion is met at an energy wave vector dies off quicklysee Figs. 3 and)4In the fol-

o<
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lowing we shall define the lowest, sharp spectral edge imgiven wave vectoq and at energies much smaller than the
Xrpalw,q) considered as a function of frequency at a fixedresonance energy is not changed by a not-too-large increase
wave vectorg to be theg-dependent spin gap. By Eq®.3)  in U. Thus, in the limit of al’=0, theg-dependent spin gap
and(4.1), theg-dependent spin gap for vanishing damplhg is unaffected in this energy range by a not-too-large increase
is given by the threshold to the two-particle continuum pro-of the coupllng constant. For energies close to the resonance
vided there is no resonant excitation below the thresholdenergy w,e though, the increase df) with underdoping
Otherwise, theg-dependent spin gap is determined by thecauses both thg-dependent spin gap and the frequency of
energy of the lowest bound state. Any sharp spectral edge e (in)commensurate peaks to decrease. The gquantitative
Xkea(®,Q) turns into a smooth edge by the inclusion of finite role played byU can be illustrated by reproducing the fre-
lifetime effects through substitutiofl.2) in which case, to a quency dependences of the RPA susceptibility in Fig. 3 with
first approximation, thej-dependent spin gap is given by the all BCS parameters unchanged but withfixed to its value
position of the half maximum of the leading edge on the lowat optimal doping. The result is displayed in Figga)6and
frequency side. 6(b) where one sees théy) the resonance energy moves with
The effects on they-dependent spin gap caused by theunderdoping to higher energies as a result of the increasing
change of the gap parameters in Table | induced by undegap maximum in panel(@), and(ii) the leading edge moves
doping can be best understood by use of arguments based ¥fith underdoping to lower energies for the wave vector
pseudo-Fermi-nesting. A good approximation for the positior{1.26m, ) in panel gb). (The position of the leading edge is
of the g-dependenglocal) minima of Ex(q,k) is obtained by  defined to be at the half maximum of the edge on the low-
requesting that botk, andk,+q lie on the Fermi surface, ~frequency sidg.We see that the spin gap value at a wave
vector sufficiently far away fronts, 77) is rather insensitive
O=¢eyx =&k +q (4.63 to keepingU constant as in Fig.(6) or to adjustingU so as
to get the correct resonance energy as in Fb).3Ve con-
clude that the dominant doping dependence of the
sgAy Ay q) = - 1. (4.6  d-dependent spin gap comes from the doping dependence of
non the higher harmonics for a wave vector sufficiently far away
For a fixed wave vectoq the steplike discontinuity of the from (m, ).

and that the coherence fact@gj;; be maximal, i.e.,

frequency dependence Bf'(w,q) is then approximately lo- This insensitivity depends in a crucial way on how large
cated at the energy U becomes with underdoping. This can be illustrated in a
_ _ rather dramatic way by switching off the BCS parameter
wn= Ay +|Ak,+q)], (4.60  for all dopings. The parametéy; is then chosen so that the

- maximum of the superconducting gap on the Fermi surface
wherek,, are the solutions of the equation 4t63. In par- A, agrees with the values in Ref. 107, i.e., we find that
ticular, ®; determines approximately the threshold to theequals 18.8, 19.9, 20.5, and 22.1 meV, for samples with a
two-particle continuum. of 87, 83, 75, and 68 K, respectively. For the coupling con-

At frequencies much smaller than the resonance energstantU we demand that its value is chosen so as to reproduce
wAF the approximate two-particle threshdlg is effectively  the same resonances as in Figp)3i.e., we find thatJ takes
governed by excitations whose pseudo-Fermi-nesting vectorsie values 170, 184, 196, and 211 meV, whertakes the
connect parts of the Fermi surface which are close to thgalues 87, 83, 75, and 68K, respectively. Evidently, the in-
nodes. Hence, at these energies the decreasing slope of ii@ase olU with underdoping is now much stronger than in
gap function(dA)/(d¢) at ¢==/4 results in a decrease of Table I. Having recalibratet) to the new parameters of the
the approximate two-particle threshadld [see vertical lines BCS dispersion, we plot in Fig.(6) the frequency depen-

k, andk;+q in Fig. 2c)]. dence ofy"(w+iI",q) for the wave vecto(1.26m, 7). Com-

For frequencies which are comparable to the resonanggarison of Fig. €c) with Fig. 3(b) shows that a broad peak at
energy however, the two-particle threshold increases with thgptimal doping can be turned into a resonance with under-
change of the gap parameters induced by underdoping. Thigoping due to a too strong increaseln
can be understood from the fact that at frequencies close to, To summarize, we expect that tigedependent spin gap
or higher than the resonance energy the approximate twalways decreases with underdoping. Far away from the anti-
particle thresholdw, is controlled by excitations with ferromagnetic wave vectofr, ) this is mostly a conse-
pseudo-Fermi-nesting vectors that connect parts of the Ferngiuence of the decreasing slope of the gap function at the
surface which are in the vicinity d0,) or one of its sym-  node, whereas close tar, ), it is a result of both the in-
metry related images. In these parts of the Fermi surface th@reasing coupling constaht and the increasing higher har-
increase of the gap maximuty, causes the gap function to monics. This is confirmed by the numerical simulations pre-
increase with underdopirigee vertical lines, andk,+qin  sented in Sec. Ill. The effect of a decreasipglependent
Fig. Zc)]. spin gap upon changing the gap parameters induced by un-

On top of the effects caused by the change of the gagerdoping is present in all fermiology scenarios. For ex-
parameters there is an additional modification x§ha(@  ample, we have also performed calculations with a residual
+iI',q) with underdoping induced by the increase of the counearest-neighbor antiferromagnetic interaction instead of the
pling constantU. Owing to the failure to meet the Stoner on-site Hubbard repulsion as well as within a RPA treatment
criterion, the frequency of the incommensurate peaks at af the bare propagator of collective spin-1 excitations weakly
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V. CONCLUSIONS

In conclusion, we have examined the effects of higher
d-wave gap harmonics induced by underdoping on the dy-
namical magnetic susceptibility of high:-cuprates based on
a fermiology approach. The calculations are carried out for a
single-band Hubbard model with an on-site repulsion treated
within the random phase approximation. The input param-
eters for the BCS dispersions are taken directly from angle
resolved photoemission measurements on Bi2212. We find
that the inclusion of higher harmonics decreases the
g-dependent spin gap to a degree consistent with experi-
ments performed on YBCO. This effect is robust in that it
does not depend on the detailed nature of the fermiology
model. The downward dispersion of the incommensurate
peaks is reproduced and shown to move down in energy with
underdoping. We find a crossover from parallel to diagonal
incommensuration above the resonance energy. However,
this effect depends sensitively on the shape of the BCS dis-
persions and on the details of the fermiology model, here on
the assumption of an on-site Hubbard residual interaction.
With the advent of large enough Bi2212 samples for neutron
studies it will be possible to compare these predictions to
experiments.

Note added Upon completion of this manuscript, we
learned of a related paper by Erenen al. (Ref. 123 on
neutron resonance modesdrwave superconductors, where
the same crossover from parallel incommensuration below
the resonance energy to diagonal incommensuration above it
was found.
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FIG. 6. Panel(a) displays the frequency dependences of
Xrpal®,q) at the commensurate wave vecipr (7, 7) for four
different valuesx of doping in the Bi2212 family with the BCS
dispersions taken from Table | but with fixed to 165 meV for all
doping concentrations. Pan@l) is the same as pangd) except for
the incommensurate wave vectgr(1.26m, ) being held fixed.
Panel(c) displays the frequency dependencesygf(w,q) at the
incommensurate wave vectqr=(1.26m, 7) for four different val-
uesx of doping in the Bi2212 family without inclusion of higher
harmonics, i.e., with vanishing,. As explained in the text we take
hereA; to be 18.8, 19.9, 20.5, and 22.1 meV, for samples wiih a
of 87, 83, 75, and 68 K, respectively, abdincreases with under-
doping from 170 meV at optimal doping to 184, 196, and 211 meV
in the underdoped regime. In this way, is adjusted to reproduce
the positions of the resonance as observed in Bi2212. The tempera-
ture is here taken to BE=5 K while a dampind"=1 meV is used.

APPENDIX: DEGENERACIES OF min E,(q,k)

The two-particle dispersiok,(q,k) is 2a-periodic in all
four variables(k €] —m, 7] X] —m, 7] is always in the
first Brillouin zone from now on For any wave vectoq,
E»(q,k) is invariant under the involutive symmetry transfor-
mation

(K, ky) — (= ke= 0O~ I(y - Qy)l (Ala)
which can be viewed as a rotation of angtebout the point

Ox 9
(kx,ky):—(?—21>. (Alb)
For special values df the two-particle dispersion possesses
coupled to BCS quasiparticles in the spirit of Refs. 85-89. Inadditional symmetries.
both cases we observe a softening of thdependent spin At the wave vectoig=(m,n), E; is left invariant by the
gap as a result of switching on higher-ordewave gap har- point-group transformations of the two-dimensional square
monics which is rooted in the same mechanism as for théattice. Together with transformatiofAla) the eight ele-
single-band Hubbard model. ments of the point group form a group of 16 elements.

214511-9



PHYSICAL REVIEW B 70, 214511(2004

(@)

'f \/ Ml
H N P
-1

(b) =S ) .

FIG. 7. (Color) Panel(a) displays thek dependence oE,(q,k) at the q vector (7, ) in the first Brillouin zone | -, ]
X] -, ] for the BCS dispersion of Bi2212 at optimal dopifsge Table). Panelgb), (c), and(d) are the same as pan@) except for the
momentum transfeq=(1.12257,1.12257), q=(1.26m,7), andq=(1.065r,0.8057), respectively. The elevation of the contour lines in-
creases with color, red being the lowest and violet the highest. The axes of reflection are drawn in black. There are one eight-fold degenerate
minimum in panel(a), two two-fold degenerate minima and one four-fold degenerate minimum in ganewo four-fold degenerate
minima in panel(c), and four two-fold degenerate minima in pag@l. These minima are located at the center of the red, orange and green
ellipsoidal curves of constant energy. In the discussion we refer to the location of these minimagbgetbendent wave vectoks, ko, ks
andk,, respectively.

Hence, the two-dimensional primitive cell knspace can be when they are in the interior of the polygons, two-fold, when
divided into 16 triangular subcells which transform into eachthey lie on a reflection axis and one-fold, when they are on a
other under the action of the symmetry group. As the two-corner of the subcells. This is illustrated in Figbyfor the
particle energy is a continuous and bounded functiok,in case whenq is on the diagonal connecting-m, ) and
E (7, m,k) must have at least one minimum and one maxi-(, ).
mum in each subcell. Furthermore, since the sides of the If g is located on the horizontdlertical) axis passing
subcells are mirror axes, the gradient of the two-particle disthrough the commensurate poipt, ), E, is left invariant
persion atq=(m,) vanishes on every corner of the tri- under the reflection about the horizongeértical) axis which
angles. The degeneracy of ttiecal) minima of E,(7, 7,k) goes through the origin of the Brillouin zone. Tlilecal)
in the first Brillouin zone is a direct consequence of the sym-minima are doubly degenerate, when they lie on the reflec-
metry transformations. Depending on whether the minima ligion axis or on the poin¢Alb); otherwise they are four-fold
in the interior of the triangles, on the reflection axes, ondegeneratg¢see Fig. 7c)].
corners which are shared by four triangles or on corners Finally, wheng is chosen not to be on any of the above
which are shared by eight triangles, ithecal) minima of the ~ symmetry axes, the symmetries of the two-particle energy
two-particle energy are either 16-fold, 8-fold, 4-fold, or are reduced to rotatiofAla). The degeneracy of th@ocal)
2-fold degenerate, respectively. For the BCS dispersion ofninima is one-fold, when they lie on the symmetry point
Bi2212 at optimal dopingsee Table )l the symmetries and (Alb), and two-fold otherwise segig. 7(d)].
the degeneracy of the global minimum B§(w,,k) are From the continuity ofE,(q,k), now considered as a
depicted in Fig. {a). function of g, it follows that the number of local minima of
When q is chosen to be on either of the two diagonalsthe two-particle energy in the first Brillouin zone for tkés
passing througlim, 7), the two-particle energy is symmetric is constant on an open neighborhoodagf (7, 7). For the
under the reflection about the corresponding diagonal in th8CS dispersions of Table | this neighborhood includes the
Brillouin zone. Together with transformatiofAla) this  area around the antiferromagnetic wave vector where most of
yields a symmetry group with four elements. The first Bril- the spectral weight ofzpa(@,q) is located, as is illustrated
louin zone decays into four polygonal subcells which arein Fig. 7. With these hopping and gap parameters the minima
related to each other by the action of the symmetry groupof the two-particle energy at the commensurate pointr)
Hence, the degeneracy of tiflocal) minima is four-fold, are eight-fold degenerate, since they lie on the magnetic Bril-
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louin zone boundary. There is one doubly and one quadruplthrough the commensurate poifir, ), the two (local)
degenerate local minimum, and a doubly degenerate globahinima are four-fold degenerate. Finally, when the wave
minimum, when the momentum transfer lies on a diagonal. Ifvectorq is not on any of the symmetry axes, there are four
g is chosen to be on a vertical or horizontal axis passingloubly degeneratdocal) minima.
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