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Thermodynamics of a spin-% chain coupled to Einstein phonons
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A high-order series expansion is employed to study the thermodynamical propertieS=f/2 chain
coupled to dispersionless phonons. The results are obtained without truncating the phonon subspace since the
series expansion is performed formally in the overall exchange couilifie results are used to investigate
various parameter regimes, e.g., the adiabatic and antiadiabatic limit as well as the intermediate regime, which
is difficult to investigate by other methods. We find that dynamic phonon effects become manifest when more
than one thermodynamic quantity is analyzed.
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I. INTRODUCTION The generic spin-phonon model introduced in Sec. Il can-

In solid-state physics, all electronic degrees of freedomn©t be solved analytically. To the authors’ knowledge, there

such as charge or spin, are coupled to vibrations. Mostly?re no analytical exact methods to treat extended systems of

however, such a coupling does not influence the system’sPUPIed spins and phonons if all energy scales shall be con-
properties in a decisive way. This is different if the electronicSidered. Many numerical and approximate methods have
degrees of freedom are essentially one dimensional. Then tiR$€n applied, such as density-matrix renormalizatforon-
phenomenon of a Peierls transition occurs: the system breall@UoUs unitary transformatiortS;*® exact diagonalizatiot

translational invariance spontaneously by forming dinfefs. gr&léi?urﬁllﬁge;teeégﬁggo'\j?é)r?&%[%al|zat|on groug; and
The interest in a model of guantum phonons coupled to one- Two limits can be analyzed in more detail. In the adiabatic

dimensional spin degrees of freedom in particular has beeﬁlmit w=<J the spin system is assumed to be “fast’ compared

rekindled by the discovery of the inorganic spin-Peierls sub—tO the “slow” phonon system. Using approaches analogous to

stance CuGegY Single crystals of high quality made inves- yhe ones applied by Pyft@nd to the more detailed one by
tlgatlo'ns pps&b!e that were not possible for the long knowncrass and Fishérthe model in Eq(1) can be mapped to a
organic spin-Peierls substances. statically dimerized model.

Besides the spin-Peierls phenomenon a very strong cou- The antiadiabatic limitw>J can be handled by an appro-
pling of spins and phonons can influence the quantitativgyriate mapping of the starting Hamiltonian to a frustrated
physics of Mott insulators significantly if the superexchangespin model. Thereby, interactions of larger range are induced
coupling is small due to geometrical reasons. Examples areand the phonon frequency is renormalizéd?2? Above a
90° angle in the exchange path or a complicated superexritical frustration(e.g., a certain next-nearest-neighbor inter-
change process via large ligand groups. In these cases,aation), the system becomes gapped. This regime is reached
small change of the geometry implies a certain change of théor large values of the spin-phonon coupling. For small val-
coupling, which is very largeelative to the unchanged cou- ues of the spin-phonon coupling the system remains gapless.
pling. Hence, the influence of phonons is much larger thaNote that we are dealing with a purely one-dimensional
usual. Examples for this mechanism, besides Cu@&afs.  problem so that quantum fluctuations may prevent spontane-

8 and 9, are SrCy(BO;), (Refs. 10 and 1jior (VO),P,0,  OUS symmetry breaking. o
(Refs. 12-14 Concerning thermodynamic properties it could be shown

For the above reasons, it is of significant interest to prO_that the magnetic susceptibility can be fitted by a frustrated

vide reliable theoretical predictions for spin systems coupleP!" mocri]efl \’.‘I’m} temperatqre-indlegesnd%wtfco%%ﬁngz. But this
o onos. 1 s et it acauehe shonons il notPHCACh [l 0 nieasiy et (e 18028 |
hg:/r?sareslIzgtircfelfar\:\:elgﬂluerjrcheu:?/t/::l';?)itfgiynacl)tetzctgle iﬁ%gig%%tiadiabatic limit withw=J are difficult. So far, a renor-
pat y Y. P P alization group analysié and quantum Monte Carlo
which have a strong impact on the local geometry so tha

. _ e imulationd®23 have been done.
they can influence the exchange coupling significantly. For | ine present paper, a spin-phonon model is studied using

simpli(;ity, we will consider dispersionless Einstein phonons.; |inked-cluster expansion to derive thermodynamical prop-
The aim of the present work is to compute the two fundagrties, such as the specific heatand the susceptibility.
mental thermodynamic quantities of spin systems, namelyzero temperature properties were determined previgdsly.
the magnetic susceptibility and the specific heat, and to comfhe paper is organized as follows. Section Il presents the
pare the results in the presence of a spin-phonon coupling t,odel, some of its known properties, and the basic elements
the results of static spin models. This comparison serves asaf the method employed. In Sec. Ill the results are analyzed.
guideline to experimental analyses that attempt to identifyThey are summarized in Sec. IV, where also open issues are
the signatures of spin-phonon couplings. identified.
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We stress that the formal series dncoincides with the
gl series for the magnetic subsystem in the inverse temperature
if we set the spin-phonon coupling to zeg=0. So it is not
-------- o O O0—O0 o__0 surprising that the obtained series bears many similarities to
I a high-temperature series. It is most reliable at high tempera-
FIG. 1. (Color onling Schematic picture of the spin-phonon tures. The limit to vanishing temperature is difficult to de-

model as defined by Eq1). scribe. _ _ S
The Hamilton operator from Ed1) is split into its diag-

Il. MODEL AND METHOD onal partH,=Hg and a perturbatioV with

The isotropic spiré- Heisenberg chain is extended by the
coupling to local, dispersionless phononic degrees of free-
dom. The Hamilton operator reads

H=H0+JV=HB+HSB (za)

0> bib; " b))S S -
H=IS [+ g +b)ISSu oS bl (18 = 2 bib; +J§ (1+g(b] +b,))SS:

N—————t s
Hy v (2b)
=Hgg+ Hp. (1b)  The diagonal party is trivially solvable; it describes free

dispersionlesgEinsteir) phonons. The perturbatiok in-
The magnetic exchange coupling is denotedJbyhe cou-  cludes the isolated magnetic part and the spin-phonon inter-
pling between the phononic subsystem and the magnetic subetion. The standard way to treat such a problem is to change
system is given byJ, and the energy of the phononsds  to the interaction representation where the off-diagonal per-
The abbreviationslg andHgg are used in the following. The turbation governs the nontrivial part of the dynamics of the
Hamiltonian in Eq. (1) represents the so-called bond- system. In this framework the partition function is given as
coupling model depicted schematically in Fig. 1. Thean infinite series in the expansion paramekéday
phonons can be viewed to sit between the spin sites. The

influence only one bond. Such a coupling can be motivate = tr{e™""} (3a)

microscopically® for CuGeQ. But the main reason to

choose the coupling as in E(.) for our study is its simplic- ” B -1 ~

ity. =Zy 1+E(—J)”f dTl"'f dro{V(10) - V(7)) |,
In the antiadiabatic limif/ w— 0, the critical spin-phonon n=1 0 0

couplingg,. for a phase transition from a gapless to a gapped (3b)

phase is given by./w=~0.4682 using the flow equation . L
8 ’ T - where the following abbreviations are used. The unperturbed
approacht:’ Assuming a dimerized phase, the model was in part Hg in (2) leads to the contributioZy of the partition

vestigated atT=0%° by a linked-cluster expansion which function

avoided any truncation of the phononic Hilbert space. But

the starting point was the symmetry-broken dimerized phase

at zero temperature. In the present paper, we emphasize the Zo=tr{e Aty = N 11 (
thermodynamical aspects of the model without broken sym- [

metry. A series expansi(_)n about the_limit of vanishifig is with z,=1/(1-€#*) and the phonon occupation number
perf_ormed. The phononic subspaqe is treated exactly. No C.Utz'b-Tbi. The system size is denoted by The perturbation/
off in the the phonon subspace is necessary. The resulting™ ™ . s i T~

quantities are given as truncated seriegffi with full de- ~ 9iven in the interaction representation\aseads
pendence on the remaining parameters, such/ds ~ _

First we calculate the partition functiod of the spin- V(7) = e™ove ™o (58
phonon system. Then, quantities, such as the free energy, the
specific heat, or the susceptibility, can be derived easily. A =>'SS,1 +ge7H0(biT+ b, e o] (5b)
traditional high-temperature series expansion is not possible i
because the expansion in the inverse temperature would lead
to divergences in the phononic degrees of freedom. The limit = SS.i1 +g(bfe + ben)]. (50)
of infinite temperature is not a well-defined starting point for i
bosons because the phonon occupation number diverges. For . : .
this reason, we choose to perform the formal expansion ilﬂghe angular brackets in E¢3) are an abbreviated notation
the exchange coupling In this way, the phonon subspace is or
treated exactly for each given temperature. No truncation is - - 1 ~ ~
necessary, and the full phonon dynamics is taken into ac- <V(71)"'V(Tn)>=z— tr{ePoV(ry) - V(r)}.  (6)
count. To our knowledge, this is the first approach of a clus- 0
ter expansion about the limd=0 at finite temperatures, As can be seen from the above equations the calculations for
which avoids approximations in the phonon subspace. the partition functionZ of the magnetic system and of the

> e““’”i) =27 @

ni=0
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phononic system factorize. In each order of expansiod in  The results for the spin-phonon model are compared to
the contribution from the spin system can be evaluated sepdhose of pure spin systems. As a reference, the exact result of
rately from the phononic contributions. the isotropic Heisenberg modet®2is depicted in the figures
Calculating the partition function in Eq3) requires re- for the susceptibility. The specific heat is compared to the
peated integrations over functions of the type specific heat of free phonons plus the exactly known result
for C(T) for the Heisenberg modét.
leZ, xeR. (7 The coefficients of the series expansion results are avail-
able upon request.

1(k,1;x,) = xke”n with k e Ny,
The resulting integrals can be solved exactly with

Xn-1 1\k+L k _
f dxxen = ki <— I_) +> (-1
i=0

0 A. Specific heat

1 K

— —xkePn1 forl#0, A detailed study of the magnetic properties of the system
1" (k—=)! under consideration also includes the investigation of the
(8a) specific heat. Besides the magnetic susceptibility the specific
heat is an observable that can be experimentally easily mea-
n-1 1 sured and theoretically easily calculated. A direct comparison
f dxnxﬁ = mxﬁti for [=0. (8b) between theory and experiment is often hindered by the fact
0

that the phononic degrees of freedom dominate the specific

These equations allow an iterative evaluation of the multipld!€&t- Our mode(1) takes the influence of a strongly coupled
integrals entering the partition functich optical phonon into account. The additional contribution of

A useful check of the calculations is the lingt0. This ~ &coustic phonons is beyond the scope of the present investi-
special case yields gation. We assume that the contribution of the acoustic
phonons is indeed additive so that it can be accounted for if
the lattice vibrations are known, e.g., from a dynamic lattice
. . . model.

Due to the one-dimensionality of the system under study a The specific hea€(T) is obtained from the results for the

s!mple cluster algorithm.will be usedor an instructive re- free energy per sité obtained from the partition functiod
view see Ref. 2P Therein not only the connected clusters using standard relations from statistical physics

are calculated, but also the disconnected clusters. The unnec-

essary calculations of the disconnected cluster are not very

costly, and we can save the bookkeeping overhead that

would otherwise be required. The problem of subtracting 11
subclusters occurring in the linked cluster expansion algo- f=FIN=-——1InZ
rithm is replaced by the evaluation of the lattice constants for B

a given cluster.

Zg:O = Zisol. phononZisoI. spins: Z'slzisol. spins (9)

(10)

Il. RESULTS , _
The free energy could be computed to order 13.ifio this

Here the results for the specific h&&and for the suscep- end, the contribution of 214 connected and 470 disconnected

tibility x are presented in Secs. Ill A and Ill B. Section Ill C clusters had to be evaluated. To illustrate the result the first
is dedicated to the comparison of the results from static Sp|6rders of the free_energy series are given

models and those from the spin-phonon model.
The bare truncated series provides a first impression of
the behavior of the considered quantities for various sets of

parameters. But for quantitative predictions the truncated se- 1
ries are not sufficient, as will be seen in the following. Ex- ~B8f= N In(2)
trapolation techniques are necessary to improve the represen-
tation of the results for larger values aflt turns out that the _ of3 5. 3 9’8

L . ; , . =inzg+J| =B+ =
description of higher temperatures is easily possible whereas 32 16 w
the extrapolation becomes ambiguous at low temperatures.

. - X i 1 3 92,82 1 5 QZB3

We attribute this behavior to the fact that the phononic and + B = 2 s - a6
magnetic subsystems behave at higher temperatures more 64 32 w 256 4 o

and more independently. Then our series is essentially a
high-temperature expansion for the magnetic system, which
is known to work well for higher temperatures. For low tem-

peratures, however, possible long-range effects set in, which

g* g’
+ [(24z§— 2420+ 6) 5 + (- 482+ 24);}/32

g2

elude our approach.

We benchmark our results relative to QMC data for se-

lected sets of parameteis.

4
+ {(12 - 2%)%, 4 48—]/3’} +O(F). (1)

w3

To obtain a detailed insight in the behavior of the specific
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0=1J, g=0.7
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1
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T

heat, Dlog-Padé extrapolations are used. The truncated serikion, the free-phonon contribution is added again. This pro-
alone are not appropriate for temperatures belowJ (not  cedure is chosen to deal with series that behave qualitatively,
shown). Figure 2 depicts the extrapolation results of the spesuch as the high-temperature series for pure spin systems.

cific heat compared to a superposition of the free phonon In Fig. 2 the results for three different sets of parameters

part of the specific heat given by w=1J, g=0.7 (upper panels w=1J, g=1.5(middle panely
and w=5J, g=1 (lower panelg are shown. The left plots
Ca = (Bw)? g he (12) depict the[n, 2], and the right plots thgn, 4] extrapolations.
= (fo (1-eP»)2? In the [n,m] scheme the logarithmic derivative is approxi-

. . ) mated by a rational function, where the polynomial in the
and the exactly known resulls for the isotropic Heisenberg nuymerator has the degreewhile the one in the denominator
model. Various parameter sets are shown. Simple Dlog-Padgss the degrem.
extrapolations inJ are used for each temperature point. To  The[n, 2] and the[n, 4] schemes converge very well. The
this end, the exactly known result of the free phonons ifn, 4] extrapolations are more stable in the low-temperature
subtracted from the series obtained. The resulting expressigagime for both parameter sets. Hence, this scheme is used in
is extrapolated; it starts in second orderJinStarting from  the following. The range of validity can be specified By
results for the partition function in order 13 Iy the maxi- =0.15] as long as the spin-phonon coupling is smaller or of
mum order of extrapolation of the remaining specific heat igshe same order as. For values ofgJ/ w>1 the extrapola-
10. Ordinary Padé extrapolations would allow a maximumtions suffer often from spurious poles. In the middle panels
order of 11, but due to the differentiation for the Dlog-Padéthe defective extrapolations are visible. The schefbeg],
extrapolations, one additional order is lost. After the extrapo{6, 2], and[3, 4] yield extrapolations that differ significantly
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g=10.66, ® =0.66J g=0.44, ©=0.88J
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FIG. 3. (Color online Dlog-Padé extrapola-
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0.8 — tions of the specific heat compared to QMC data.
o § The left plot shows data for the valugs-0.66,

0.6 7] »=0.66), and the right plot depicts the param-
04 ] etersg=0.44, »=0.88J.

- o QMC
02 HTSE -

K] . i
0 : I 1 I L I L I 1 I 1 I L I L I 1 I 1 Q I 1 I 1 I L I L I 1 I 1 I 1 I 1 I L
0 02040608 1 12141618 0 02040608 1 12141618 2

T(1]

from the other schemes considered. This is due to spurioushain, can already yield a good description of the suscepti-
poles in the integration interval with respectoFor [6, 2] bility of one-dimensional systems. Two cases are conceiv-
even temperatures aboVe=J are not described reliably. able: either the appropriate model is indeed a static spin
For small spin-phonon couplingithe specific heat is well model or the static spin model should be seen as an effective
described by the sum of the phonorlg and the magnetic model that incorporates the effects of the spin-phonon cou-
specific heatg of the isolated subsystentsf. first row of  pling. Of course, it only makes sense to distinguish both
panels in Fig. 2 Increasing the spin-phonon coupling shifts cases if there are other experimental probes to discriminate
the specific heat to larger valugd. second row of panels in between them. This will be elucidated in Sec. Il C.
Fig. 2. In this temperature regim@ >J) already the trun- In the antiadiabatic limitw>J, detailed investigations of
cated series yield trustworthy results. the susceptibility were done. The spin-phonon chain could be
Fixing the spin-phonon coupling and increasing the mapped to a frustrated spin chain with temperature-
phonon frequency weakens the visible effect of the phonon dependent exchange couplin§sThe corresponding suscep-
dynamics(cf. third row of panels in Fig. 2 This is to be tibility could be obtained from a high-temperature series
expected because the phononic subsystems becomes mewxpansiors® It was shown thay is only little affected by the
rigid, so that it will not be influenced significantly by the temperature dependence of the coupling constants. Thus it
spin systems and vice versa. can be neglected and a static model is indeed well justified.
Finally, we compare the extrapolated results from theThis finding agrees with previous resulfsit explains, for
cluster expansion id to data obtained by QMC. Figure 3 instance, why the magnetic susceptibility of CuGefan be
depicts two sets of parameters of ti&e 4] scheme and the fitted so surprisingly well by a static frustrated Heisenberg
corresponding QMC data. The left panel shows the result fomodel34-36
g=0.66 andw=0.66). This parameter set implies that the = We expect that the mapping to a static spin model works
system is gappetf less well in the crossover regime to the adiabatic limit
In the right-panel results are depicted fpr0.44 andw =<J. There the effects of the phonon dynamics should be
=0.88], which implies a gapless phase. The statistical erromore clearly visible. We will return to this question in Sec.
of the QMC data can be estimated from the spread of thdll C.
data points. The extrapolated series yield smooth, continuous The series expansion of the susceptibility is obtained from
results that agree very well with the QMC data. For temperathe previous considerations by incorporating an external
tures belowT/J=0.15 the dotted lines refer to defective magnetic field. In a first step, the coupling of this field to the
extrapolations, which are depicted for illustration. These exspins is added to the unperturbed Hamilton opertigpthat
trapolations are known to yield unreliable results beforehandeads to a modified free-energy series expansion. In a second
because the extrapolants display spurious poles in the intstep, the susceptibility can be derived from the free-energy
gration interval ofJ. Note that each temperature requires anseries.
extrapolation. The extrapolations at higher temperatures turn The unperturbed patt, of the Hamilton operato(2) is
out to be very stable and not defective so that reliable resultextended by a magnetic field term leading to
can be obtained for temperatur€s: 0.15). For lower tem-

peratures, the extrapolations are contaminated by spurious _ t :
poles and should not be trusted. Ho= 0)2 bib; - h; S=Hg-hM (13

B. Susceptibility with the magnetic fielch given in units ofgug. The addi-

The magnetic susceptibility is of special interest be- fional term proportional to the magnetizatiéh commutes
cause it is most easily accessible experimentally. Very ofteiVith the free phonon patti and with the perturbatiol’ as
static models, such as the dimerized and/or frustrated spigiven in Eq.(2). Thus, the expression for (7) in Eq. (5) is
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0.12

0.08

0.04 FIG. 4. (Color online Truncated series of the
= susceptibility. Various sets of parameters are
- shown. The exactly known result for the Heisen-

012 berg model serves as a reference. The left panels

) illustrate the adiabatic limit whereas the right
panels show the results in the antiadiabatic limit.

0.08

0.04

I R I T B A R PR TR B
1 2 3 4 1 2 3 4 5
T
unchanged compared to the calculation of the specific heat. 1 1 5 g 1 3 3
The magnetic field is included iH,. Tx= i g\]ﬁ— —J Bt &53 B

The formal expression E@3) for the partition function is
unchanged. From Eq13) we deduce the zeroth-order con- 1 5ps 249 g3
tribution Zy, which now reads 1536

2
~BH ~BHg nShM - g_ - 9 |
Zo = tr(e7PHo) = tr(ePHaehM) (148 H (T2 +T220) 5+(-96+192) ; |B
g* g’
g\ N +| (722y~36)~5 - 19275 B + O(F°). 17
:z(’;‘{z cosl(;)] ) (14b) @ @

In Fig. 4, the truncated susceptibility series are depicted
for various parameter sets. The energy scales are given in
Taking the logarithm of the partition functian yields units of the magnetic exchange couplidigThe exact result
of the Heisenberg model serves as a reference to illustrate the
effects of the additional coupling to the phonons. The general
1 InZ:Inzo+In[Zcosr<'8—h)} (159 feature_ that the results diverge for temperatures beTovy
=<1.5] is expected for the truncated series. But the qualita-
tive behavior of the susceptibility is already discernible.
The left panels depict the adiabatic regime and the right

* B Tl _ panels illustrate the antiadiabatic limit. The following con-
+ > (=J)" f dTl'“J dr(V(7y) - V(7)) clusions can be drawn from the truncated series in the tem-
= 0 0 perature regim& = 1.5J. Fixing the phonon frequenay the
(15b) overall height of the susceptibility is lowered for increasing
spin-phonon coupling. Such a behavior can be understood
in a mean-field treatment of the spin-phonon coupling. For
increasingg the effective couplingles=J(1+g(b'+b)) in-
creases. This shifts the whole susceptibility to lower tem-
eratures compared to the result of the Heisenberg model
with the bare magnetic exchangdecf. discussion in Ref. 18.
For fixed spin-phonon coupling and increasing phonon
frequencyw this effect becomes less pronounced. For in-
1 & creasing phonon frequency the magnetic and phononic de-
Tx= 2 &h2< In Z) (16)  grees of freedom decouple more and more because the pho-
non system becomes increasingly rigid so that it is influenced
The susceptibility could be computed up to order 12.in  less and less by the magnetic subsystem. Concomitantly, the
The contribution of 2242 connected and 2810 disconnectedpin system is less influenced by the phononic subsystem.
clusters had to be evaluated. To illustrate the result the firsThus, for fixedg and w— the magnetic properties are
orders of the susceptibility series are given dominated by the antiferromagnetic Heisenberg model.

with z, as given in Eq(4). The angular brackets- ) denote
the coefficients proportional thl in the trace[see Eq.(6)].

To derive the susceptibility, the above equation has to b
differentiated twice with respect to the magnetic fialdri-
nally h is set to zero

h=0
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FIG. 5. (Color onling Dlog-Padé extrapola-
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The truncated series fails to reproduce the very significant A more serious restriction concerns the behavior at large
maximum of x(T) (cf. Fig. 4. This maximum serves as a values ofJ. For the pure spin systems it was very efficient to
landmark for many experimental analyses. Thus the heightias the extrapolations in the inverse temperature such that
and the position of the maximum are of great interest. Exthe known low-temperature behavior was captuisse, e.g.,
trapolations are necessary to extend the representation of tief. 33. For the spin-phonon system, however, much less is
results beyond the radius of convergence of the truncatekinown about the excitations at low energies. From the phase
series so that the maximum can be captured reliably. For thdiagram depicted in Ref. 18, it can be deduced whether the
susceptibility the same extrapolation techniques are applieslystem is gapped or gapless. But the precise value of the gap,
as for the pure spin models described in Ref. 33. Basicallylet alone the form of the dispersion, are not available in the
the truncated series is extrapolated using Dlog-Padé approXimit J— oc. Note that for the present expansion it is this limit
mants in an Euler-transformed variable. In contrast to thehat we need to understand, not the limit-0 as in the
pure spin models, the extrapolations of the results of théiigh-temperature series. Hence, we do not attempt to bias
spin-phonon model are not performed in the inverse temeur expansions in their behavior at large values.d8ut an
peratureB, but in the magnetic exchange couplidg For  improved understanding of the limlt— c will certainly help
each temperature a separate extrapolatiahhas to be done. to obtain even better extrapolations.

Using standard routines from computer algebra programs, Figure 5 shows an overview over the susceptibilities ob-
this does not pose any more problems than the previous exained from unbiased Dlog-Padé extrapolations for three dif-
trapolations ing. ferent sets of parameters. The upper two rows correspond to
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2=0.66, ©=0.66] . g=0.44, ©=0.88]
crrrrrrrrrrr ettt

0.14

0.12

FIG. 6. (Color onling Dlog-Padé extrapola-
tions of the susceptibility compared to QMC data.
The left plot shows data for the valugs=0.66

0.1

e

LTI

0.08 — —

= - E . and v=0.66) (gapped phageand the right plot
0.06 = - - depicts data for the valueg=0.44 andw=0.88
004k o ome N N (gapless phase
ol — HTSE ] ]

0 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I
0 02 04 06 08 1 12 140 02 04 06 08 1 12 14

T[]

results in the gapped regime whereas the parameters in the C. Comparison to static spin models

last row correspond to the gapless regigsee the phase Here, the importance of the spin-phonon dynamics shall

diagram in Ref. 4 The left panels depict the extrapolations be highlighted. As mentioned before it is often possible to

of the form[n,2] and the right panels the extrapolations of describe the properties of a spin-phonon model by a static

the form[n,4]. spin model alone, in particular in the antiadiabatic regime. It
The position and the height of the maximum are describeds to be expected that the effects of the dynamic nature of the

reliably by both extrapolation schemfgs, 2] and[n,4]. This  spin-phonon coupling are most prominent in the regime

conclusion is based on the agreement of the results for ditvhere all energies are of similar magnitude. To provide evi-

ferent ordersh in Fig. 5. We observe that tHe, 4] extrapo- _dence for t_his hypothesis we perform the following “theoret-

lations converge better than the, 2] extrapolations for in- ical” experiment. .

creasing order. Higher values ofi in the general[n,m] We start from the extrapolated series data gerl and

scheme or odd values af are likely to imply spurious poles. ®@o=J (S€€ symbols in Fig.)7 These data shall serve as “ex-

Thus, the[n, 4] scheme is used in the following to representPerimental” input, which we will then analyze using static

the susceptibility for all parameter sets shown in this paperSPin models. The static spin model considered here is the
For temperatured <0.2J no results are depicted due to 'Tustrated and dimerized spin chain given by

spurious poles in the extrapolationsdnThe range of valid- - _ i

ity of the [n, 4] extrapolations can be estimated to be at least H ‘]Ei: {[1+8-1/SS1 + aSS.2}- (18)

T=0.25) independent of the parameter sets that we analyzel this way, we imitate the standard procedure one would

in our investigations. apply to experimental data. The objective is to see to which
Finally, we illustrate the reliablity of our extrapolations by

a comparison to QMC data. For two different sets of param- 0.1 —T T T T

eters, Fig. 6 displays thg7, 4] extrapolations of the series E

and the corresponding QMC data. The valges0.66 and aggk

»=0.66] in the left panel imply that the system is gapped.
The valuesg=0.44 andw=0.88] in the right panel corre- / e g ]
spond to the gapless regime. The agreement between the,,*%[ / o—o ﬁ‘tfpgﬁ}?n"eﬁ;‘”w &=l

extrapolated series results and the QMC data is very good. £ } /

For temperatures abovd J= 0.2 the results coincide. Below = ik | HM(T,,= 0.67)) i
T=0.2) the QMC data and the series data deviate from each I

other. At present, we cannot decide whether the deviations [ o SSlieRer

for 0.1J<T<0.2] are due to problems in the QMC simula- 0.02 ',’ ——  0=0.12,8=0.05 (T =0.59) i
tion, such as statistical errors or finite-size effects, or whether I E

they are due to problems in the series extrapolations. Below 00/ —— e
T=0.1J, spurious poles occur in the extrapolated integrands ' T '

leading to defective extrapolations. For illustration, these de-

fective extrapolations are shown as dotted lines in Fig. 6. FiG. 7. (Color onling “Theoretical” experiment: The data for

We emphasize that the convincing agreement of thy=1 andw,=J (symbolg are taken agmock) experimental input. It
QMC, and the series results in the regifiz 0.2) supports s fitted by the susceptibility of static spin modsblid lineg. The
the reliability of these results. In particular, the position andtemperatureT,,,, denotes at which temperature the susceptibility
the height of the important maximum of the susceptibility arehas its maximum; this value sets the natural energy scale of the
described quantitatively. problem.
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extent such an analysis yields agreement. In particular, we 1 T T T T
are interested to see where such a description remains unse -2
isfactory. Such an unsatisfactory description based on stati I
spin models is the signature of the dynamic nature of the I
spin-phonon coupling. -

In Fig. 7 the experimental susceptibility is analyzed by the 0.8
susceptiblity of static spin modeJse., the isotropic Heisen- :
berg model(HM)], the purely frustrated spin chain, and the © 06

dimerized and frustrated chain. Obviously, the HM is not L + free phonons ]
appropriate to describe the data depicted by the symbols. Bu o4} 1 with o=0 4
the other two parameter setg=0.1,6=0) and («=0.12,6 [l
=0.05 describe the experiment data very well for not too [ .i’ i
low temperatureéi.e., T>0.5T,,,0. This temperature regime I /!

corresponds to the range of temperatures where the extrapay ol o o+ . o . o . 4
lated high-temperature series for the dimerized and frustrate«
spin chain are reliablé&® — T T T
Of course, it is possible to distinguish between different 1.2
models if reliable(experimentgl data down to low tempera-
tures are available. In practice, however, this is often not the 1}
case because the data at low temperatures can be contan
nated by impurity effects or other imperfections, such as in- (gl

clusions of other phases, or simply the presence of othel I l I + free phonons with

structural elements in the sample. In such a situation, the® ;L ! / ~ |

determination of the appropriate microscopic model is diffi- [ ! II w=1.350,

cult and ambiguities are hard to avoid. oak 1 S—- 0=0850, _
One way to make progress is to use the parameter se [ 1 L el

determined from the susceptibility data and to examine ,| I/ 0 _

whether other properties can be understood with the sami __I/I

parameter set as well. Here we choose to study the specifi oy

heat. In the upper panel of Fig. 8 the phonon frequencies art 0 0.5 1 TIS] 2 2.5 3

assumed to be knowa priori; therefore, the free phonon
contribution added is the one for this known frequengy

= Wo- Cl_ea_Lr_Iy, none of the Stat_'(? spin mod_els des_crlbes th%arameter sets determined from the susceptibility in Fig. 8. For the
susceptibility dateand the specific data satisfactorily. From upper plot the phonon frequency is assumed to be known before-

the knowledge of both que_lmitie,S’ compelling e\(idence Cahand. For the lower plot na priori knowledge is assumed for the
be deduced that a dynamic spin-phonon coupling must bghonon frequency; thus, it is also fitted. The line styles are the same

present. _ _ as those used in Fig. 7; that means, the exchange couplings used are
But the situation can be less advantageous in practice. Lekose from the corresponding curves in Fig. 7.

us assume that we do not possess knowledge about the fre-

quency of the phonon to which the spin system may or MaY¥jata down to low temperaturgaot considered heyeor to
not be coupled. Then this frequency could be seen as

i ) L 4 85 Ahnsider at least two independent thermodynamic quantities.
?dd't'onlal T't E@rame_lt_(ar. This view pomt_wals.aa_dopt?dhln theOtherwise, one may easily be misled by a good agreement in
ower plot in Fig. 8. The parameter S@_O' 6=0) of the one quantity alone to conclude that a simpler static model is
dashed-dotted curve can be clearly discarded. The parametgic iant for a microscopic description
set(a=0;6=0, the Heisenberg model H\bf the solid curve IV. SUMMARY AND OUTLobK
can be discarded because it does not describe the suscepti- '
bility (cf. Fig. 7). The parameter sétv=0.12;5=0.05 of the The problem of a one-dimensional spin system coupled to
dashed curve seems to fit the data downTts 0.7J. For  phononic degrees of freedom is investigated. A cluster ex-
lower values, however, the agreement is poor. So this data spansion is applied to obtain a series expansion in the mag-
must also be discarded. Note that we refer only to the temnetic couplingl. Results are computed at finite temperatures
perature regime where the extrapolated series yield reliablor the free energy, the specific heat, and the magnetic sus-
results. ceptibility. No truncation in the phononic subspace is neces-
Thus, we have shown for the above example thatiios  sary because the expansion is performed @bout the limit
possible to describe the data of a dynamic spin-phonon sysl=0, not in the inverse temperature. This is the realization of
tem in the intermediate regime, where all energy scales ara cluster expansion at finite temperatures for an extended
of similar magnitude, in the framework of static spin modelsspin-phonon problem. The implementation of the expansion
plus (decoupled phonons. But it is not sufficient to consider in a computer program yields high orders in the expansion
only one quantity atrelatively) high temperatures. In order parameter.
to obtain unambiguous evidence of the presence of a dy- The comparison of the results obtained from the extrapo-
namic spin-phonon coupling, one has to dispose of eithelated series to data from quantum Monte Carlo simulations

FIG. 8. (Color onling Comparison of the specific heat for the
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shows very good agreement. This supports the reliability otannot be imitated by a static spin model and decoupled
the approach. Hence, our results can serve as input for quaphonons. But it is necessary to study low temperatures or at
titative data analysis because the features of the magnetigast two quantities, such as the susceptibility and the spe-
susceptibility and the specific heat at moderate and at higbific heat, carefully. Otherwise, one may be easily misled by
temperature§ =0.15-0.23 are described reliably. a good agreement in one quantity alone to conclude that a
A possible route to improve the extrapolations is to un-static microscopic model is sufficient. We think that this con-

derstand the limil — in the Hamilton operatofl) better.  cjysjon is helpful for future experimental analyses of low-
At first glance, this limit looks simple because it correspondsyimensional spin systems.

to the adiabatic situation with/J— 0. But this limit is not
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