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Interplay between orbital and spin degrees of freedom is theoretically studied for the phase transition to the
spin-singlet state with lattice dimerization in pyroxene titanium oxi8&&Si,Og (A=Na,Li). For the quasi-
one-dimensional spin-1/2 systems, we derive an effective spin-orbital-lattice coupled model in the strong
correlation limit with explicitly taking account of they orbital degeneracy and investigate the model by
numerical simulation as well as the mean-field analysis. We find a nontrivial feedback effect between orbital
and spin degrees of freedom; as temperature decreases, development of antiferromagnetic spin correlations
changes the sign of orbital correlations from antiferro- to ferro-type, and finally, the ferro-type orbital corre-
lations induce the dimerization and the spin-singlet formation. As a result of this interplay, the system under-
goes a finite-temperature transition to the spin-dimer and orbital-ferro-ordered phase concomitant with the
Jahn-Teller lattice distortion. The numerical results for the magnetic susceptibility show a deviation from the
Curie-Weiss behavior and well reproduce the experimental data. The results reveal that the Jahn-Teller energy
scale is considerably small and the orbital and spin exchange interactions play a decisive role in the pyroxene
titanium oxides.
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[. INTRODUCTION between spin and orbital is expecte@ihe lattice structure of

The orbital degree of freedom has attracted much atterihese compounds consists of characteristic one-dimensional
tion because it plays key roles in electronic properties of1D) chains Or: Sk?W egg_e-sharlnbg_('jla(bgtahgdraI;’;\S shownd
transition metal compound€. The orbital degree of freedom " Fig. 1(@. The TiQ; chains are bridged and well separate
couples with the Jahn-TellgdT) lattice distortion, and in PY SiOs tetrahedra, and therefore, interchain couplings are
many compounds the energy scale of the JT stabilizatiogonsidered to be much weaker than intrachain interactions.
energy is larger than that of the spin and orbital exchangd! €ach TiQ chain, as shown in Fig.(#), the edges of
interactions’ A typical example is the mother compound of Octahedra in they and yz planes are alternatively shared
colossal magnetoresisti{€MR) manganites, LaMng The ~ Petween neighboring octahedra, which leads to the zig-zag
JT energy scale is0.1—1 eV and the spin-exchange energystructu're. Eaph magnetic 3Tication has onel elect'ron in
scale is~10 meV. Consequently, the orbital-lattice transition 1€S€ insulating materials. Hence, we may consider that a

occurs at a much higher temperat(ire800 K) than the an- uasi-1D spin-1/2 system is realized.

. . o . 4 Pyroxene titanium oxides show a peculiar phase transi-
tgerromagneuc(ﬁF) trgt_ns]ltlmn_ temr?er_atu_rédm(_) K).% In q htrieon' The magnetic susceptibility shows a sharp drofd at
these systems, the orbital-lattice physics is dominant, and the; 14 k and 230 K in NaTiSDs and LiTiShO, respec-

orbital and lattice orderings modify effective spin-exchangeyely which indicates the transition to a spin-singlet state
interactions to lead a magnetic ordering in a secondary efyith"a finite spin gag. Below T., a dimerization of Ti-Ti
fect. Moreover, the JT distortion suppresses fluctuation efyistances along the chain was observed by the x-ray
fects in orbital and spin degrees of freedom. Hence, a larggcattering These remind us of a spin-Peierls transittén.
JT coupling masks bare interplay between spin and orbital iHowever, abovd, the magnetic susceptibility shows an un-
many real materials. usual temperature dependence which clearly deviates from
Quantum and thermal fluctuations in the competition bethat of other spin-Peierls compounds. In spin-Peierls sys-
tween the spin and orbital exchange interactions may yieldems, the dimerization is caused by the magnetoelastic cou-
exotic phenomena, and therefore, it is highly desired to expling, and therefore, the transition occurs when short-range
plore systems in which the genuine spin-orbital interplay ap-spin correlations develop enough to drive the lattice dimer-
pears explicitly. One of promising candidates is theelec-  ization. This development of spin correlations is manifested
tron system such as titanium and vanadium oxides. Irighe in a broad peak of the magnetic susceptibility ab@yeand
systems, the JT coupling becomes smaller than ingie the peak temperature gives a rough estimate of the spin-
systems such as CMR manganites, because spatial shapesgthange energy scale. Contrary to this conventional behav-
tyy orbitals avoid directions of surrounding ligands in theior, the magnetic susceptibility of the pyroxene compounds
octahedral positions. For instance, in vanadium perovskitat high temperatures increases as temperature decreases and
oxidesAVO; (A=La,Ce, the orbital-lattice transition tem- suddenly drops &f, without a clear formation of the broad
perature becomes even lower than the AF daad peculiar  peak® This suggests a breakdown of the simple spin-Peierls
interplay between spin and orbital is proposedpicture in these pyroxene compounds.
theoretically?’ For the peculiar transition to the spin-singlet state, an im-
Pyroxene titanium oxideATiSi,Og (A=Na,Li) are typi-  portance of thet,, orbital degree of freedom has been
cal examples of they, electron systems where such interplay pointed ou Theoretically, a scenario of the orbital-driven
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TiOg , correlations with decreasing temperature yields a sign

change of orbital correlations from antiferro- to ferro-type.

After the sign change, the ferro-type orbital correlations

3 grow with the antiferro-type spin correlations, and finally,
\

induce the spin-singlet formation with a dimerization. Fur-
thermore, the nontrivial temperature dependence of orbital
correlations modifies an effective magnetic coupling and re-
sults in a non-Curie-Weiss behavior of the magnetic suscep-
tibility. We show that our model with realistic parameters
reproduces the peculiar temperature dependence of the mag-
netic susceptibility in experiment.

The organization of this paper is as follows. In the follow-
ing Sec. Il, applying the strong-coupling approach, we derive
an effective spin-orbital-lattice coupled model for thgpy-
roxene compoundaTiSi,Og. In Sec. I, we discuss proper-
ties of the system in the ground state and in the high-
temperature limit using mean-field-type arguments. In Sec.
IV, we study thermodynamic properties of the effective
model by numerical simulations. We describe the method in

(b) 1 Sec. IV A. Section IV B shows the numerical results includ-
ing quantitative comparisons with the experimental data. Fi-

FIG. 1. (Color onling (a) Lattice structure of pyroxene oxides nally, Sec. V is devoted to summary and concluding remarks.
ATiSi,Og (A=Na,Li). Chains of TiQ octahedra are separated by
SiO, tetrahedra(b) Skew edge-sharing chain structure of FiQr-
tahedra. Balls in the center of each octahedron denote Ti cations,
and oxygen ions are on the corners of the octahedra. The octahedra |n this section, we derive an effective spin-orbital-lattice

share their edges in thgy andyzplanes alternatively. White objects coupled model for the pyroxene oxidesTiSi,Os, Whose
with four lobes denotel,, andd,, orbitals oft,, electrons, and™* Hamiltonian reads

(t?) is the o-bond transfer integrals betweelg, (d,,) orbitals. See
the text for details. H=HstHy+H,. (1

II. MODEL HAMILTONIAN

spin-singlet formation has been explored in spin-orbitalThe first term describes the intersite exchange interactions in
coupled models fot,, electron system¥. It was proposed spin and orbital degrees of freedom, and the second term
that the orbital ordering may modify effective spin-exchangeincludes the Jahn-Teller type orbital-lattice coupling. These
interactions and induce the spin-singlet formation. Howeverfwo are defined within each 1D chain. The third term de-
models were considered only for systems with cornerscribes the interchain coupling.

sharing octahedra, and hence, it is unclear that the argument The spin-orbital exchange Hamiltonials, is derived

is applicable to the present pyroxene systems with the edgérom at,q multiorbital Hubbard model by using the pertur-
sharing octahedra. A similar scenario has been proposed ftation in the strong correlation limit!3 The skew structure
the present systems$,however, the analysis was heuristic shown in Fig. 1b) distorts TiQ; octahedra in the form that
and not sufficient to conclude the mechanism of the finitefour Ti-O bonds in which the oxygen ions are shared with
temperature transition. In order to clarify the nature of theneighboring TiQ octahedra are longer than the remaining
transition and the low-temperature phase, we need morivo Ti-O bonds in each octahedr8he distortion leads to
elaborate analysis. In particular, it is indispensable to investhe splitting of threefold,, levels into a low-lying doublet
tigate thermodynamic properties on the basis of a microwith d,, andd,, orbitals and a singlé,, level when we take
scopic model. the coordinates as shown in Figlbl The splitting is esti-

In the present study, we will theoretically explore the mated as~300 meV in a pyroxene vanadium oxide, which
mechanism of the unusual phase transition in the pyroxenkas a similar lattice structufé.Because of this level split-
titanium oxidesATiSi,Og explicitly taking account of thé,,  ting, it is reasonable to start from the 1D Hubbard model
orbital degree of freedom. We derive an effective spin-with twofold degeneracy o, andd,, orbitals with tracing
orbital-lattice coupled model in the strong correlation limit out the highed,, level. The Hamiltonian is given in the form
and investigate thermodynamics as well as the ground-state
properties of the model by applying the numerical quantum ~ Huup= PP (tﬁﬁCiTijﬁﬁ H.c)
transfer matrix method and mean-field-type arguments. As a Lo
result, we find that interesting interplay between orbital and 1 PN _
spin degrees of freedom occurs in the system, and the inter- ¥ 2; 2 2 UaparpCalip G rCarn (2
play gives a comprehensive understanding of the peculiar
properties of the pyroxene compounds: Although both orbitaivherei, j are site indices within the 1D chaim, 7" are spin
and spin correlations are antiferro-type and compete withndices, andv,3=1 (d,,) and 2(d,,) are orbital indices. The
each other at high temperatures, development of AF spifirst term describes the electron hopping, and the second

aB,a’ B’
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term denotes the onsite Coulomb interactions where we use Jy
the standard parametrizations, UaNTE (12)

Uugarp =U' 8na ppr + In(8apr 8 + 84500 p),  (3)  where we use Eq4). The realistic value ofy will be esti-
mated asp~ 0.1 later. Therefore, we consider th#atB, and
4) C are all positive in the following.
We note that a part of the spin-orbital interactions, i.e.,
Here, we neglect the relativistic spin-orbit coupling. hPh.1 in Eq. (7), takes a similar form to the model proposed
The perturbation Ca'culation is performed in the Strong|n Ref. 12. O.Ur model derived from the multiorbital Hubbard
correlation limitt??<U,U’,Jy by taking an atomic eigen- model contains both ferro- and antiferro-types of orbital in-

state with one electron at each site. In the edge-sharing coferactions as well as the nontrivial contributions which are

figuration as shown in Fig.(h), the most relevant contribu- Missed in the previous model in Ref. 12. We will show that

tion in the transfer integral” is the overlap between the these factors play important roles in the thermodynamics. We
nearest-neighbof\N) pairs with the same orbitals lying in /S0 note that a spin-orbital model similar to E&) was

the same plane, which is called tle bond. Theo-bond stud|_ed in Ref. 11. The model was derlved_ for the corner-
transfer integrals aré',, for NN pairs in thexy plane and sharing conf|gura_t|on of t_he oc_tahedra, while our model is
t?2., for those in theyz plane as shown in Fig.(t. These for the edge-sharing configuration. o

two types of the transfer integrals take the same value, and 1he orbital-lattice coupling territ,rin Eq. (1) is given in

we denote them by, in the following. Other transfer inte- the form
grals are much smaller thay; in particular,t'%,=t*",=0

between NN sites from the symmetry. In the present study,

we take account of the-bond contributions only and neglect

other transfer integrafs. The approximation is known to The first term describes the JT coupling, wheyes the

give reasonable results for spinel oxides, which also have a@lectron-lattice coupling constant ay is the amplitude of

U=Ujq11=Upp pp=U" +2].

Hyr= ?’E QT+ %2 Q7. (13

edge-sharing network of octahedfa. the JT distortion which couples to the remaining twofold
The second-order perturbation tp gives the effective degeneracy of the,, andd,, orbitals. The second term de-
spin-orbital Hamiltonian in the form notes the elastic energy of the JT distortion. For simplicity,
we neglect the kinetic energy of phonons and redards a
i+l ii+1/ s

Heo=— I (hOAF + hOF, (5) classical variable. Here, we note that besides the onsite term
i there may be intersite interactions of JT distortions such as
2;;QiQ;. However, in the self-consistent scheme described in
Sec. IV A, which we will employ in the present numerical
study, the intersite interactions do not affect the results ex-
cept for a shift of the critical temperature. Such effect can be
hr=C(3-S-Su)(32T) (3£ Tiu), (7)  renormalized into they term in Eq.(13), and therefore, we
do not explicitly include the intersite term in the present
where S; is the S=1/2 spin operator at siteé and T; is the  Hamiltonian.
Ising isospin which describes the orbital state at biges T, In addition to the above two ternig., and H;y, we also
=+1/2-1/2) when thed,, (d,,) orbital is occupied. Note consider the interchain coupling tefh, in Eq.(1). We may
that theo-bond transfer integral,, which is orbital diagonal consider two contributions t6{,. One is the spin-orbital
and does not mix different orbitals, leads to the Ising naturexchange interaction arising from the interchain transfer in-
of the orbital isospin interaction. The signs in E@) take+  tegrals of electrons, and the other is the interchain interaction
(—) for the bonds within thexy (y2) plane. The coupling of JT distortions. The former is expected to be negligibly
constants in Eq95)—(7) are given by parameters in E@®) small due to a rapid decay and a large spatial anisotropy of
as the t,y wave functions. We therefore ignore it and take ac-
5 count of the latter JT contribution only. The explicit form of
J= (t,) ®) the JT coupling depends on the details of the lattice structure
’ among 1D chains and may be very complicated. In the
present study, we assume the following simple form:

= (A+BS - S (- 2TT), ©

A= 8 ,_1 , (9) H, =2 QQj, (14)
41-3p) 41-7m) (B);
where the summation is taken over the NN sites in four
1 1 neighboring chains. Since the Tj@hains are well separated

B= 1-3y - 7’ (10 by SIQ, tet_rahedra in the pyroxene compounds,_ the coupli_ng
constant\ is expected to be small. In the following numeri-
cal calculations, we will treat the interchain JT coupling in a
- 41 2 mean-field approximation, which is well justified for weakly

ot (11)

n -n

3 coupled 1D system$.

214404-3



T. HIKIHARA AND Y. MOTOME PHYSICAL REVIEW B 70, 214404(2004)

Finally, we discuss the realistic values of the parameters. (a) sF-oF
The o-bond transfer integral is estimatedtgs--0.3 eV for
pyroxene vanadium oxidé$.Typical estimates for Coulomb
interaction parameters areU~5-6eV and J,
~0.6-0.7 e\VA” Hence,7 in Eq.(12) is a small parameter of
the order of 0.1. From the estimates tgfand U, the ex-
change energy scalkin Eq. (8) is estimated ag~ 200 K.
As for the JT couplingsy and \, since to our knowledge (b) sF-0AF
there is no experimental estimates, we treat them as param-
eters that are determined by the comparison between the nu-
merical results and the experimental data in Sec. IV B 2.

dyy dyz

IIl. MEAN-FIELD ANALYSIS

Before going into the numerical study of the thermody-
namics of the mode(l), we apply mean-field arguments to (c) sD-oF
capture the behavior in the ground state and in the high-
temperature phase. For simplicity, we consider only the spin-
orbital partHs, in this section.

A. Ground state

In the ground state, we here consider four different types
of ordered states as shown in Fig. 2 schematicaly:the (d) sAF-0AF
spin-ferro and orbital-ferrqsF-oB, (b) the spin-ferro and
orbital-antiferro(sF-0AB, (c) the spin-antiferro and orbital-
ferro, and(d) the spin-antiferro and orbital-antiferr@AF-
0AF) states. For simplicity, we consider the fully polarized
states for the spin-ferro, the orbital-ferro, and the orbital-
antiferro orderings, where quantum fluctuations do not play a
crucial role.(Note that the orbital isospin is the Ising spin in
the present modgl.The important point is that as easily
shown by Eqs(6) and (7), the Orb'tal'ferro, O“?Ie””gv €., spin-antiferro and orbital-antiferi@AF-0AF) states. Circles denote
(TiTi,y=1/4 and(T;)=1/2 (or ~1/2) for all i, disconnects the lattice sites, and two separated spaces inside them denote two
every other bond. Hence, when the spin coupling is antifergjtferent orbital statesl,, andd,, as indicated ir(a). Arrows denote
romagnetic, the orbital-ferro ordering leads to the spin-spins, and gray ovals ift) represent the spin-singlet pairs. Crosses
singlet formation, i.e(S;-S;;1)=-3/4 for remaining isolated in (a) and(c) denote the disconnected bonds by the ferro-type or-
NN pairs. Therefore, the ordered st&® is denoted as the bital ordering. See the text for details.
spin-dimer and orbital-ferrgsD-oP state. We note that a
similar mechanism of the singlet formation driven by orbital Eror=0 (20)
ordering has been proposed for a related métlel. o ’

The ground-state energy for each ordered state is calcu-

FIG. 2. Spin- and orbital-ordering patterns(@ the spin-ferro
and orbital-ferro(sF-oB, (b) the spin-ferro and orbital-antiferro
(sF-0AB), (c) the spin-dimer and orbital-ferresD-oF, and(d) the

lated by replacing the spin and orbital-isospin operators in E :—J<A+E> (21)
Eq. (5) by the following expectation values: SF-oAF 4)
(S - Siv1) = 1 for sF pairs, (15)
C
. Esp.or=—J =, 22
(S -Sivp) = -2 for sD pairs, (16) sb-oF 2 (22
<Si . Si+l> =-—sfor sAF pairs, (17) Esaroar=— J(A-sB), (23)
wheres is a positive parameter less than Jive do not need )
the precise value of), and respectively. _
We compare EQqs20—«23) by using Eqs.(8)—«11) and
o413 N i obtain
(MiTi) = 7 (My=+% > for oF pairs, (18
_ (Esr-0ar OF Esp.op) < Esar-oar < Esr.or (24)
1 -1 .
ilv)==7, V=% Irs, ence, the ground state is eit sF-0AF or(c) sD-o
(T ==, (T)=+"—= for oAF pairs, (19) H h d is eith@) sF-0AF or(c) sD-oF

state. From the equation & -_,o,=Esp-os We obtain the
respectively. The obtained ground-state energies per site faritical value of» for the transition between the two phases
the statega)—(d) are as
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_l Za_o .
7:=3(V73 -8 =0.18. (25 Jﬁi+1=J[<2A—%) +(C+2B)(S -sm)] (3D)

Namely, we have the ground-state phase transition between

the sD-oF and sF-0AF phases by changimgthe sD-oF

(sF-0AF phase is stable forp< 7. (> 7). Hence, for a c/1

realistic value ofy~ 0.1, the ground state is predicted to be D= (= DIJE(Z (S 'Si+1>), (32)

the sD-oF phase within the mean-field argument. This will be

confirmed by the numerical calculations in Sec. IV. We will

also show that the sF-oAF state is realized fpr 7. in J C

Appendix B. Kﬁm = Z{ <2A + Z) - (C-2B)S - Sﬂ)} ) (33
The n-controlled phase transition is understood by the

competition between the spin superexchange interaction and ) o )

the Hund's-rule coupling. The former comes from the pertur-" the high-temperature limitS;-S;,1)=0 and the effective

bation process within the same orbitals and favors the spinSOSpin coupling constant becomes

singlet staté? The latter enhances the energy gain from the

perturbation process between different orbitals and stabilizes

the sF-0AF state. It is known that the sF-0AF state is favored

by a finite Hund's-rule couplingz>0) in multiorbital sys-

H H 1—422 . . . .
te_mszc\)/\g}h transfer integralg'=t**#0 between all the NN = rpg coupling constant is also positive fgr- 0.1, and there-
sitess”<* In the present systems, the specific form of thefore, we obtain a 1D antiferro-type Ising isospin model.

transfer integrals due to the zig-zag lattice structure gives fNote that the second term in EEB0) cancels out when
chance to stabilize the sD-oF state in the smatkgime. (S-S.1)=0]

P°,ps(T = 0) =J<2A— %) (34)

The above arguments indicate that both spin and orbital
correlations are antiferro-type in the high-temperature limit
in our effective model1). On the contrary, as discussed in

At high temperatures, both spin and orbital are disorderedsec. Il A, the ground state is either the sF-oAF or sD-oF
We here examine spin and orbital correlations in the paratate. This suggests that either spin or orbital correlation has
phase by a mean-field type argument. to change from antiferro- to ferro-type as temperature de-

First, to focus on the spin degree of freedom, we replacereases. It is implied by Eq(27) that development of
the orbital isospin operators in the effective mo@@| with antiferro-type orbital correlation$T;T;,;)<<O may change
their mean values, i.€T; —(T;)=0 andTTi;;—(TiTix). The  the sign ofJ,,, from positive(antiferro to negativeferro).

B. High-temperature para phase

resultant effective spin Hamiltonian reads In a similar way, Eq(31) suggests that development of AF
spin correlationgS;-S;;;) <0 may induce the sign change of
MF _ s WS
Hs ‘2 (Fi+1S * Se1 = Kijn), (26) J0i+1- In this manner, the spin and orbital correlations com-
pete with each other. The mean-field-level argument is
where clearly insufficient to clarify the competition, and we will

1 employ the more powerful numerical analysis in Sec. IV.
iS,i+1=J[Z(C_ 2B) +(C+ ZB)<TiTi+1>:|1 (27)
IV. NUMERICAL ANALYSIS
J|1 A. Method
Kfies = Z[Z(C +8A)+(C- 8A)<TiTi+1>] . (29
To study thermodynamic properties of the mo@bl, we

In the high-temperature limitT;T;,,) becomes zero and the apply the quantum transfer matr¢gQTM) method? com-
effective Spin_exchange constant becomes bined W|th the mean'ﬁeld treatment Of the JT diStOI’tiOI’]S.
Here, we describe the scheme of our analysis.

Since the present modgl) is highly 1D anisotropic, it is
justified to treat the weak interchain coupliig, as the
mean field® in the form

J
Fig(T— ) = Z(C -2B), (29

which is positive fory~ 0.1 and independent of Hence, we
end up with a 1D AF spin Heisenberg model. ~ ~ )
On the other hand, we can also consider a reduced Hamil- H, = ?\2 QQ=-2ZN2 Q7 (35
tonian for the orbital degree of freedom by replacing the spin Y :
operators in the modeb) with their mean values. The result _
is whereQ is the mean-field value of the JT distortion at gite
and z is the number of NN chains, i.ez=4 in the present

materials. As a result, the total Hamiltonialﬁso+HJT+’}-{l,
is reduced to an effective 1D spin-orbital-lattice coupled
where model in the form

Hy' = E [FiaTiTirs = Liaa(Ti+ Tiva) = Kjal, (30
I
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- 1- 27\ 5 the external magnetic field whose Hamiltonian reads
H=Heot Y2 QTi+ ———2Q _
[ i H- gMBHE SF (44)
- O I I
_Hs°+7; QTi+ 2; E (36) whereg is the g-factor, ug is the Bohr magneton, anid is

_ _ . __ the external magnetic field. The susceptibility is obtained
where the JT coupling and distortion are rescaledyas from the numerical derivative ah as

=y/N1-2Z\| and Q=V1-2Z\|Q;, respectively. For later

use, we define the JT stabilization energy as - m(AH) - m(0) (45)
AH '
Ayr=918, (37)
L _ o where we us@\H=0.001)/(gug).
which is the energy gain by the JT distortion in the absence e QTM method allows Us to treat the system in the
of Heo thermodynamic limitL — o directly (see Appendix A In-

The optimal values of the JT distortioﬁs_)i} are deter- stead, the results contain a systematic error due to a finite
mined in a self-consistent way. We start from an initial guesslrotter numberM. We need to check carefully the conver-

of {Q} and calculate the expectation values of the isospirgence of the results with increasity The values oM used
(T;) by applying the QTM method to the effective 1D model in the following calculations are up tl=4 for the case of

= i = ¥>0.
‘H. Note that the QTM calculation is numerically exact and” 0 while up toM=3 for y=0. Although these values af

: . . . ! ppear to be rather small, we will show that teconver-
includes all the fluctuations in spin and orbital degrees OfSence is excellent for the temperature range in the present

freedom for a given set ofQ}. See Appendix A for the study, T=0.1J.
details of the QTM method. The obtained valueS B} are

used to determinéQ} self-consistently. The self-consistent B. Results

equation is obtained by the energy minimizatia(it)/ 5Q, In this section, we show our numerical results for thermo-

=0 which gives dynamic properties of the modél) obtained by the method
Shew_ AT (38) in the previous section. In Sec. IV B 1, we clarify nontrivial
! v feedback effects between orbital and spin degrees of freedom

The values Of{ainem} are used as inputs for the next QTM in the absence of the JT coupling. In Sec. IV B 2, we switch

. . — on the JT coupling and compare our numerical results with
caI(_:uIatlon. We iterate the procedure urf);} converge to the experimental data.
optimal values.

Thermodynamic properties are obtained for the optimal

o ) 1. Interplay between orbital and spin
values of{Q;}. We calculate the magnetization per site,

First, we show our results in the absence of the JT cou-
pling (y=0). In this case, the model is reduced to the 1D
spin-orbital modelH, [Eq. (5)], and we can obtain thermo-
dynamic properties by performing the QTM calculation
and the average values of NN spin and orbital correlationswithout any self-consistent iteration.

1 Figure 3 shows the results of the magnetic susceptibility
Co= =2 (S - Siup), (40) in Eq. (45) for several values of;. Note that the results for
L7 different values of the Trotter numb&t=2, 3, and 4 almost
coincide with each other as shown in the figure, which en-
C = }E (TTon) (41) sures the convergence of the QTM results in this parameter
°T L i i+l range. The magnetic susceptibility at high temperatures in-
creases as temperature decreases and exhibits a broad peak at
respectively, wherd. is the length of the chain. We also some temperature. At lower temperatures, it decays rapidly
define the NN spin correlations on odd and even bonds asand approaches zero &—0. While the peak becomes
5 sharper and shifts to a lower temperature regionyas-
Codd= = > (S-S, (42)  creases, the rapid decay gfat low temperatures is com-
L codd monly observed. This indicates that our spin-orbital model
Hso In Eq. (5) exhibits the spin-singlet ground state in the
2 small » regime as predicted in Sec. lll ASee Appendix B
ce'= B > (S-Su), (43 for thenlargern regi%e) A PP
teeven To clarify the nature of the system in more detalil, in Fig.
respectively, to detect the spin dimerization. See Eqs4, we show the results of NN spin and orbital correlati@gs
(A6)—<A10) for the calculation of these quantities. Besides,and C, defined in Egqs(40) and (41), respectively. TheM
to calculate the magnetic susceptibiliyy we perform the dependence of the results is negligible also for these quanti-
calculation within the same framework for the system undeties. We note that at finite temperatures no true long-range

m= 3 (s, (39
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i =0.12
1M =0.10 |
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FIG. 3. (Color onling Temperature dependence of the magnetic
susceptibilityy for »=0.0, 0.05, 0.10, and 0.12. Symbols represent
the results forM=4 while solid and dotted curves are those for
M=3 andM =2, respectively.

0.2

order appears in the 1D spin-orbital modél,, and hence,
the NN spin correlations are uniform, i.eCo=C2%%=Cg"e"
As T—0, the spin and orbital correlations convergeQig= & 0.1
—-3/8 andC,=1/4,respectively. These are indeed the values '
expected in the sD-oF ground state shown in F{g),avhere
(§-S;1) takes the value of —=3/4 or 0 alternatively from
bond to bond whilg(T;T;;;)=1/4 for all bonds. Hence, we
conclude that the ground state of the system is the sD-oF 0.0
state in Fig. 2c) for the realistic values of~ 0.1, and the
rapid decay ofy at low temperatures in Fig. 3 is due to the
spin-singlet formation in the ground state. (b) ™
Let us examine the finite-temperature behavioCgfand _
C, in Fig. 4. At high temperatures, both the spin and orbital F!G. 4. (Color onling Temperature dependences @) the
correlations are negative, i.e., antiferro type, being consistediea est-neighbor spin correlati@y and (b) the nearest-neighbor
with the mean-field prediction in Sec. Il B. Here, the spin orbital correlationC, for #=0.0, 0.05, 0.10, and 0.12. Symbols
and orbital antiferro correlations compete with each othefepPresent tbe resuns_fd'ﬂ=4 Wh.'le solid and dotted curves are
. - . . . those forM=3 andM =2, respectively.
since the spin-antiferro correlation favors the orbital-ferro
correlation and vice versa as indicated in the forntQf in _
Eq. (5). We find that in this range of; the spin-antiferro  The results clearly show thdf;.,, is temperature dependent
correlation grows more rapidly than the orbital correlation aseVen in the temperature range where the Curie-Weiss fitting
T decreases. This growth Gf, suppresse€, and causes the 0 the experimental data has been attempted in RefTtée
Sign Change OK:O from antiferro- to ferro_type_ Onc@o energy scale of will be estimated as 200—-300 K from the
becomes ferro-typeC, and C, develop cooperatively, and f|t'g|ng in the next section.We ne_ed further careful con5|der-_
eventually, the ferro-type orbital correlation induces the spin&tions in the fitting of the experimental data of the magnetic
dimer formation in the ground state. These results clearlpusceptibility to estimate the model parameters.
indicate that our model, shows a nontrivial feedback ef- ) ) ]
fect between orbital and spin degrees of freedom at finite 2. Comparison with experimental results
temperatures. Next, we show our results in the presence of the JT cou-
The strong interplay between orbital and spin also showsling, i.e., for the case of>0 in Eq. (36), and compare
up in the temperature dependence of the magnetic suscepthem with experimental data quantitatively. The numerical
bility at high temperatures. There, we expect a deviationresults shown in the following are obtained from the self-
from the Curie-Weiss behavior due to the interplay becauseonsistent iteration of the QTM calculation wivM=3, and
J3i+1 depends on the NN orbital correlati¢mT;,;) as men-  we have confirmed th#l-convergence of the results.
tioned in Sec. Ill B. The deviation can be monitored by the Figure 6 shows the results of the magnetic susceptibility
temperature dependence of the effective spin exchange coy- The results show a singularity at some temperature and a
pling J;,, in Eq.(27), since it gives an effective Curie-Weiss sudden drop below there, which corresponds to the phase
tempefaturcw. (In the mean-field approximatio,,  transition to the low-temperature sD-oF phase as discussed
:Jﬁi+1/2 in the 1D spin-1/2 system with NN interactipn.  later. For comparison, we plot the experimental data for
In Fig. 5, we show the temperature dependenc Qf in NaTiSiOg,22 which increase a¥ decreases at high tempera-
Eq. (27) scaled by the value in the high-temperature limit.tures and exhibit a sharp drop B=210 K. The numerical
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FIG. 6. (Color onling Comparison between numerical and ex-
FIG. 5. (Color onling Effective spin exchange couplirdj, , in perimental results of the magnetic susc_eptibiLia:ySoIid, dotted,
Eq. (27) for 7=0.0, 0.05, 0.10, and 0.12. The results are scaled by?d dashed curves represent the numerical result&Jfar, g, A7)
their values in the high-temperature limif}, ,(T— ). =(213K,0.05,1.85,86 K (250 K,0.10,1.87,90 K and
' (296 K,0.12,1.90,89 K respectively. Bold gray curve represents
results are obtained for several typical parameter sets estihe experimental data in Ref. 8.
mated by the following fitting procedure: In our model, there

are four parameters, i.e., the _effegtive exchange coupling yation and suppress the magnetic susceptibjity is there-
the ratio of Coulomb interactiong=J,/U, the g-factorg,  fore reasonable that our method overestimatesound the
and the JT coupling parametgrFor a certain value of, we  cyjical point, where the effects become significant. We be-

perform the two-parameter fitting by usiigandg in the  jieve that better agreement neBy may be obtained by in-
high-temperature regime of 400KT<700 K, where the ¢|yding such effects, however, this interesting problem is left
JT couplingy is irrelevant in the present scheme of the cal-for fyrther study.

culation. Using the optimal values dfandg, we determine As shown in Fig. 6, the magnetic susceptibility of our

7y to reproduce the critical temperaturg=210 K. We  model shows an exponential decay at low temperatures well
thereby obtain the optimal set df g, and y for a certain  pejowT,. We estimate the spin gay, from the results below

value of 7. . 0.5T, by the fitting function
In Fig. 6, we show the results of the fitting for
7=0.05, 0.10, and 0.12 as typical examples. The estimates x % exp(— AJT). (46)

of the parameters are(J,g,A;)=(213 K,1.85,86 K,

(250 K,1.87,90 K, and (296 K,1.90,89 K for #=0.05, The estimates of\; are 665, 640, and 638 K for=0.05,
0.10, and 0.12, respectively. As shown in the figure, the nu©.10, and 0.12, respectively. In experiment, the spinyap
merical results well reproduce the experimental data, excepgstimated as-500 K2 which is comparable to our numerical
for a small deviation neadr,, (discussed beloyvAlthough we  results.

cannot determine the best set of the parameter values only Next, we show the results of the spin and orbital correla-
from the present fitting, we find that the estimates are quitéions in Fig. 7. Here, we plot only the results for the param-
reasonable in thist,; compound: The estimates ol  eter set of(J,7,A;)=(250 K,0.10,90 K as a typical ex-
~200-300 K are comparable to the estimate based on mample since essentially the same behavior is obtained for
croscopic parameters in Sec. Il. As for théactor, although other parameter sets in Fig.?6The correlations take the
there is no estimate for the present compound as far as wsame values as those fag;=0 aboveT,. Below T, the NN
know, it is known thaty becomes slightly smaller than two in spin correlations on odd and even bon@%!?andC2"*" take
somet,, compounds;?°and therefore, we believe that our different values and converge to —3/4 or 0 &s-0. This
estimates ofy are reasonable. Furthermore, the estimates adindicates that the translational symmetry is broken in the
Aj;~90 K, which are smaller than the exchange enelgy spin-dimer phase(Note that one of the doubly-degenerate

also appear to be reasonable fgy electron systemsWe  grdered states is selected depending on the initial SEDf

will comment on the magnitude af;r in the end of this  geq in the self-consistent calculatip@n the other hand,
section) Therefore, we believe that our effective mod®)  he NN orbital correlationC, is uniform and goes to the

vyith realisti.c parameters can describe successfu'lly the pecyziue of 1/4 ag — 0. As shown in the inset of Fig.(B), the

liar properties of the pyroxene compound Naj@. isospin polarizatiodT,) becomes finite belowW, indicating
We note that the small deviation negy can be attributed 0 5 range orbital ordering. These resuits explicitly show

to the approximation in the treatment of the JT distor@n  that the system beloW, is in the sD-oF phase in Fig(®.

Our method to determin®; is not able to include effects of In Fig. 8, we plot the effective spin-exchange coupling

the short-range correlations and thermal fluctuations of IatJﬁi+l, corresponding to Eq27) in the case ofA;7=0. For a

tice distortions, which tend to enhance the spin-singlet flucfinite Aj;, we have to keep the linear terms @) in the
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FIG. 7. (Color online@ Temperature dependences @) the
nearest-neighbor spin correlatiofig, C2% and C2®", and (b) the
nearest-neighbor  orbital  correlationC, for (J,%,A;7)
=(250 K,0.10,90 K. Circles show the data foA;r=0 for com-
parison. Inset inb): Polarization of orbital isospin.

reduced spin Hamiltonian in E@26), which give rise to an
additional term J(=1)'C((T;) +(Ti41))/2 to I, in EQ. (27).
As shown in Fig. 8, the value aF,, deviates from that for
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1000 %

A : A ;1=90(K), even bonds |

A : A ;=90(K), odd bonds |
0 1A u=0
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400
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FIG. 8. (Color onling Temperature dependence of the effective

spin-exchange coupling;,; for (J,7,A;7)=(250 K,0.10,90 K.
Circles show the data fak;t=0 for comparison.

Therefore, we conclude that the pyroxene compounds are
typical t,y electron systems where the JT energy scale is
relatively small and the bare interplay between spin and or-
bital degrees of freedom plays a central role in the thermo-
dynamic properties.

V. SUMMARY AND CONCLUDING REMARKS

In this paper, we have studied the effective spin-orbital-
lattice coupled model that we derived to understand the pe-
culiar phase transition to the spin-singlet stateAfiSi,Og
(A=Na, Li). Using the mean-field-type analysis and the nu-
merical quantum transfer matrix method, we have clarified
that the interplay between spin and orbital degrees of free-
dom plays a central role in thermodynamic properties of the
system. At high temperatures, both spin and orbital correla-
tions are antiferro-type and compete with each other. As tem-
perature decreases, the antiferromagnetic spin correlation
grows rapidly and yields the sign change of the orbital cor-

A;r=0 belowT,, and takes two alternative values from bondrelation from antiferro- to ferro-type so that the frustration is
to bond. This clearly shows the alternating behavior of thereleased. This ferro-type orbital correlation with the Jahn-
magnetic coupling in the spin-dimer state. At low tempera-Teller coupling finally causes a transition to the spin-dimer

turesT=<150 K, the dimerization is almost perfect, i.&;,,

and orbital-ferro ordered phase. The feedback effect between

on the weak bonds are almost zero. Hence, there the systeonbital and spin degrees of freedom results in peculiar tem-
consists of almost independent spin-singlet pairs. Note thaterature dependence of the magnetic susceptibility. We have
J%i+1 on the strong bonds is surprisingly enhanced up teshown that the magnetic susceptibility data for NaJ@gi
~1000 K. The almost perfect dimerization and the enhancedan be explained by our effective model with realistic values
exchange coupling are remarkable aspects of the preseat parameters.

spin-orbital-lattice coupled system.

Our estimates of the JT stabilization eneryy;~90 K
are considerably smaller than=210 K as well asl=200
—300 K. This suggests that the critical temperaflifés not

The transition to the spin-singlet state in the present sys-
tem shows several different aspects from conventional spin-
Peierls systems. One is the temperature dependence of the
magnetic susceptibility. In the present system, the rapid de-

determined mainly by the JT coupling, and that the balanceay of the susceptibility due to the spin-singlet formation
of the JT coupling and the spin-orbital intersite interaction isoccurs even without a broad peak as a fingerprint of well-
important in thist,, electron system. Moreover, we note that developed spin correlations. This is because the driving force
the phase transition occurs below the temperature where th# the transition is not the magnetoelastic interaction but the
orbital correlation C, changes its sign from negative orbital-ferro correlations assisted by the Jahn-Teller distor-
(antiferro-typé to positive(ferro-type as shown in Fig. ).  tion. However, this does not mean that the orbital-lattice
This indicates an importance of the interplay and the feedphysics is dominant as ig, electron systems such as CMR
back effect between spin and orbital in the present systenmanganites. In the presety, electron system, the Jahn-
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Teller energy scale is considerably smaller than the orbitaby applying the external magnetic field. We have investi-
and spin-exchange interactions, and the orbital-ferro correlagated this issue in our effective model and indeed observed
tion is induced by the keen competition between the orbitathe field-induced phase transition. The results will be re-
and spin degrees of freedom. These illuminate a peculigsorted elsewhere. The experimentalal study of this issue is
feature of the preserjy system, namely, there the interplay |eft for future study.
between orbital and spin appears explicitly without being
dominated by Jahn-Teller physics. ACKNOWLEDGMENTS
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interaction is strong between the nearest-neighbor sites in the
Xy plane in thisd,,-ordered state, the spin-singlet dimers are APPENDIX A: QUANTUM TRANSFER MATRIX
formed on the longer Ti-Ti bonds. This aspect is clearly (QTM) METHOD
different from the conventional spin-Peierls systems in _ ) ) ) _
which the spin-singlet pairs are on shorter bonds. In our In this appendix, we briefly review the algorithm of the
model, however, we take account of only the tetragonal JahrRTM methodZ* The QTM calculation is applied to the ef-
Teller mode which couples td,, and d,, orbitals. For de- fec.tlve 1D model(36) in the self-consistent scheme as de-
tailed comparisons with the experimental data, which show#cribed in Sec. IV A. N N
much complicated lattice structure at low temperatures, it is After the Suzuki-Trotter decomposition, the partition
necessary to include more general lattice distortions in oufunction is represented in terms of the transfer matrix as

theory. In particular, we note that the magnetoelastic cou- _ L2
pling can be substantial in the low-temperature orbital- Z=Tre " = lim TFHTM (A1)
ordered phase since the orbital-ferro ordering largely en- M—x =g

hances the effective spin-exchange coupling on strong bonds )
up to~1000 K as shown in Sec. IV B 2. The magnetoelasticVhere8=1/T (we set the Boltzmann constaki=1), M is
coupling will cause an opposite effect on the Ti-Ti bond the Trotter nu_mber, and is the system size. The transfer
lengths since it tends to shorten the spin-singlet Ti-Ti bondsMatrix 7y is given by
Further study is necessary to conclude the low-temperature
lattice structure. Note that the inclusion of such a magneto-
elastic effect does not alter our conclusions on the mecha:
nism of the phase transition because it becomes important =~~~ ~ o . )
only when the orbital-ferro ordering is well established far Hamiltonianhy i, for bond (i,i+1). We omitted the index
below the critical temperature. on th.e transfer matrisy, s.mceTM for.the present system is

In the present study, we have compared our results of thEvariant under the two-site translation.
magnetic susceptibility with the experimental data for the Na  The advantage of the QTM method is that we can calcu-
compound NaTiSOg. There is another compound in this late thermodynamic quantities dlr_ectly_ from the largest ei-
pyroxene family, i.e., LiTiSiOs. The Li compound also 9€nvalué\na and the corresponding righa") and left(v'|
shows the phase transition 8t=230 K showing a sudden €igenvectors ofy,.?” (Note that the eigenvectofs’) and(v'|
decay of the magnetic susceptibility beldw® However, the ~ are different, in general, sincg, is an asymmetric matrix.
susceptibility data show some extra anomalies probably du&he partition function of the infinite system is found to be
to impurity phases. We believe that our model describes eZ=lim,_..A5%, and consequently, the free energy per site
sential physics in both the Na and Li compounds. Furthe€an be obtained as
experimental study including the sample refinement is de- 1
sired to compare the data of Li compounds to our results. f=——In\pax (A3)

As shown in Sec. lll A and in Appendix B, the low- 2
temperature phase Qf our effective model turns into the SpinHence, once the value of,, is obtained, we can calculate
ferro and orpltal—antlferro ordered state for larger vglueasv of any bulk quantity in the thermodynamic limit by taking the
thqn the critical value of;ycz(_).18. The parametep is the appropriate derivative of the free enerfly
ratio of the Hund's-rule coupling to the intraorbital Coulomb £y rthermore, we can calculate expectation values of site
repulsion and considered to bg~0.1<7 in the present 4.4 hond operatofS.For instance, an expectation value of a

compounds. Unfortunately, it is difficult to control the pa- product of operator<),, 1 »Oanony defined at siteg2n
rametersn experimentally, however, it may vary for different _; 5, 2n+1) is obtained from the formula

compounds to some extent.s4fbecomes close tg. in some

compound, there would occur interesting phenomena related ) (U'|T‘,a|vf>
to the criticality of the phase transition @;. One interesting (O2n-1,2020,2040) = 'Jllm N
example is the phase transition from the spin-dimer and o max
orbital-ferro state to the spin-ferro and orbital-antiferro statewhere

TM = [e_.BEZn—l,Zw/Me_BFIZn,Znﬂ/M]M , (A2)

here H is decomposed into the summation of the local

(A4)
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/fl\i = OZn—l,Znozn,ZnﬂTM . (A5)

In the present study, we diagonalize the transfer m&gyix
numerically using the simple power method, which is known
to be stable in the diagonalization of asymmetric mattix.
Then, using Eqs(A4) and (A5), we calculate the magneti-
zationm [Eq. (39)] and the NN spin and orbital correlations
C, andC, [Egs.(40) and(41)] by

m= <%n—1> + <$n> '

A6
> (AB)
. + . (@) T
Cs: <SZn 1 S2n> 5 <SZn SZn+1>, (A?)
0.2f}
Ton1Ton) + (TonT
Co:< 2n-1 2n> < 2n 2n+1>’ (A8)
2
respectively. The NN spin correlations on odd and even
bonds[EqQs.(42) and(43)] are given by &
Ce"=(Spne1 - Sons (A9) _o2l
Cgven: <82n ' SZn+1>- (A].O) .
respectively. In the spin-dimer phasg2® and C&*" may -0.45 : 5 : " : s 3
take different values. (b) T/ () T/
APPENDIX B: TRANSITION TO SPIN-E FIG. 9. (Color onling Temperature dependencesafthe mag-

netic susceptibilityy, (b) the nearest-neighbor spin correlati@yg,
and(c) the nearest-neighbor orbital correlati®g for »=0.16, 0.18,
In this appendix, we discuss thermodynamic properties ofind 0.20. Symbols represent the results Nbor 4 while solid and
the model(1) for larger values ofy than those studied in Sec. dotted curves are those fdf=3 andM=2, respectively.
IV B. There, the sF-0AF ground state is expected to be stable
from the mean-field-type analysis in Sec. Il A. type orbital correlatiorC, develops rapidly, yielding the sign
We first discuss our numerical results for the spin-orbitalchange of the spin correlatidd. After the sign change, the
modelH,, i.e., the effective mod€BB6) without the JT cou- two correlations grow cooperatively and approach the values
pling y=0, corresponding to the results in Sec. IV B 1. Fig-of C;=1/4 andC,=-1/4 asT—0. These are the values
ure 9a) shows the results of the magnetic susceptibility expected in the sF-0AF ground state shown in Fig).2
The result for»=0.16 exhibits a sharp drop 8s—0 simi-  Hence, the system witly=0.20 exhibits the sF-0AF ground
larly to the results in Fig. 3, indicating the spin-singlet state. For»=0.18, C, and C, are both antiferro-type and
ground state. On the contrary, fg=0.18 and 0.20y exhib-  compete with each other down to the lowest temperature
its a divergent behavior a6— 0, suggesting that the ground studied here. This suggests that0.18 is close to the phase
state is magnetic. These suggest that there is a ground-stdieundary between the sD-oF and sF-0AF phases. Therefore,
phase transition between nonmagnetic and magnetic phaseae conclude that the ground state of the spin-orbital model
at »=7.~0.18. 'Hs, Undergoes a phase transition between the sD-oF and sF-
To clarify the nature of the transition in more detail, we oAF phases aty=7.~0.18. The critical value is in good
show the results of NN spin and orbital correlatidbsand  agreement with the mean-field prediction in Sec. Il A.
C, in Figs. 9b) and 9c), respectively. The results fop In the case of a finite JT coupling, we have found that
=0.16 show similar features to those for smalieshown in  there occurs a finite-temperature phase transition to the low-
Sec. IV B and indicate that the system exhibits the sD-oRemperature sF-0oAF phase fgr> 7. or to the sD-oF phase
ground state. For=0.20, on the other hand, the antiferro- for < .. The details will be reported elsewhere.

AND ORBITAL-AF PHASE
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