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We present a detailed analysis of spin-orbit couplings in zinc-blende narrow-gap parabolic quantum dots
built in the plane of a two-dimensional electron gas. Such couplings are related to botDleskelhausand
surface(Rashbainversion asymmetry terms in the Hamiltonian of the system. We start by focusing on how the
pure Fock-Darwin spectrum of an InSb quantum dot is modified by the addition of separate terms of spin-orbit
coupling; we then deal with the presence of all spin-orbit terms in the numerical diagonalization of the
single-particle model. We also consider a two-electron quantum dot—by antisymmetrizing the one-electron
basis—and study the competition between electron-electron and spin-orbit interactions. All these effects are
analyzed in the presence of a magnetic field perpendicular to the quantum dot. Selection rules for spin-orbit-
induced level anticrossings, as well as critical fields and energy minigaps related to them, zero-field energy
splittings, and the role of thg-factor on the spectrum are also addressed.
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I. INTRODUCTION electronic structure of the system. We will show how these
The creation and manipulation of spin populations infour possible SO terms are derived; two other possible terms

semiconductor nanostructutelsas been receiving growing vanish, as we will see.

i i i 5
attention, mainly because of the Datta-Das propofal a In wide-gap QDs like GaAs, a unitary transformafibr

spin field-effect transistor, whose working is based on thd'@S been used in the full SO Hamiltonian. It yields, in a

Rashba spin-orbitSO) coupling of the electrons in a two- perturbative fashioR® only an effective diagonal SO term so

dimensional electron gg2DEG). Such a device has practi- that no state mixture—or level anticrossitgC)—is ob-
cally given origin to spintronics researdff,where not only served in the QD spectrum. This approach is justifiable for

the charge of electron but also its spin is able to transpor‘fvr'ge;g%?l mfg\?vrclae\lllgrsit:‘\cgaarfo?vﬂs’ ﬁ;g?grig}egljssomfgﬂﬁlé%gs
information; recently, the inclusion of the Dresselhaus S : ' gap '

L . where both BIA and SIA effects are strongéthe treatment
coupling in this dispositive has been proposed as an altern

. . - CMNBt the original full SO Hamiltonian is required. Here we
fuve to |t_s orlglnal c_onc_ep‘i.Anothe_r reason fo_r t_he growing - consider a numerical diagonalization for both one- and two-
interest in spintronics is the possibility of building quantum

. : — article QD problems. Among some of the few works that
computation devices, whose working is based on a cohereplye dealt with narrow-gap nanostructures, Refs. 28-30, re-

superposition of states in a two-level system by using, folspectively, study spectroscopic properties, magneto-optical
example, quantum doi®Ds).” For those reasons, a clear properties, and conduction band nonparabolicity effects of
understanding of spin relaxation mechani&in§ caused, |nSh QDs. Experiments in this material have explored the
among others, by SO effects, is essential. Studies about thgr-infrared response in lithographically defined d8tss
distinct SO couplings are carried out, for example, in quanwell as photoluminescence features in self-assemblecftots.
tum wells in Refs. 14 and 15, in heterostructures in Refs. 1&owever, Refs. 32 and 33, which deal with SO effects in the
and 17, and in zinc-blende nanocrystals in Ref. 18. In thispectrum of InSb QDs, have a closer relationship with our
work, we are interested in the SO effects induced in thewvork; the former takes into account both SIA terms due to
Fock-Darwin (FD) spectrum of parabolic zinc-blende the perpendicular and lateral confinements, where clear level
narrow-gap QDs defined in a 2DEG. ACs are visible in the spectrum, while the latter considers
In zinc-blende structures, the implicit bulk inversion only the SIA term related to the lateral confinement, and no
asymmetry(BIA) induces a SO coupling in the electronic AC is observed in the spectrum.
states of the material known as the Dresselhaus €effect, We analyze in this work the role of each SO term in the
which is cubic in the electronic momentukn If a confine-  definition of the electronic properties of narrow-gap QDs.
ment potential is applied to the structure so that a 2DEG ig-or example, we will see which SO terms are able to induce
formed in the plane perpendicular to the confinement, théACs in the spectrum at given magnetic fields, where a strong
resulting bidimensional system also acquires a surface inveand intrinsic(no phonon-assiste¢dpin mixing, and conse-
sion asymmetrySIA), which imposes another SO coupling quently intense SO-induced spin-flip relaxation processes are
in the structure known as the Rashba eff@atjhich is linear  present. Other features related to ranges of critical magnetic
in k. Under this two-dimensional confinement, the BIA fields, QD vertical and lateral sizegsfactor, zero-field en-
mechanism produces another contribution that is line&r. in ergy splittings and their possible cancellation by tuning SO
Notice also that further lateral confinement to define the QCterms, energy minigaps opened at the ACs, electron-electron
produces anothek-linear SIA coupling, which affects the interaction, and ground state singlet-triplet mixture for a two-
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electron QD are also detailed. We find that the Rashba terrmagnetic, and effective sizes of the system. The eigenfunc-
is the one responsible for inducing level ACs, and the critications of H, are given by

fields where they occur are shifted by the linear Dresselhaus 1

term; the cubic BIA term becomes visible only at higher L il

interfacial electric fields, when cancellation of linear BIA Poio %, 4r02) V’%an(x)e' Xog: @

and SIA terms also occurs. For the two-electron problem, a _ . L . :
singlet-triplet AC involving the QD ground state is observed,Wher?X'p/)" Xo 1S the spin eigenfunction, and the radial
and the SO coupling is shown to act agaifistfavor of) the ~ functions

direct (exchangg Coulomb interaction. on! ,
The paper is organized as follows: Sec. Il describes the Ryt (%) = \/)\Z(—WX|"e‘X 2 1(x?) (4)
n !

theoretical approach embodying all the terms present in the
full Hamiltorl]wian; Secl.fllll(tja);plorﬁs }he selection rulss of eachare given in terms of the associated Laguerre polynomials
SO term, the critical field for the lowest energnticross- 37t i i ; ; ; ;

ing, and an important feature of thefactor sign; Sec. IV L tis interesting to rewriteH, in units ofA©, as

shows the results for a one-electron QD, where an inital Hy, 1 d( 4 L2 X% w, gm

study is done separately for the influence of each SO termin 0 =~ 2xgx '
the FD spectrum, and only then analysis of the simultaneous

addition of all SO terms is done for different parameters (5)
defining the QD; Sec. V shows the results for a two-electronyheref=m/m, andL,=-id/ d¢ is thez-orbital angular mo-
QD, where states are constructed by antisymmetrizing theghentum.
FD basis, by looking at the competition between SO and
electron-electron energies and also by discussing the mixture

involving its ground state; at last, in Sec. VI we include our ] ) o
main conclusions. Because of the surface inversion asymmetry originated

from the perpendicular confinement defining the 2DEG, as

well as the lateral confinement defining the QD, the SIA SO
[l. THEORETICAL METHOD coupling must be added td, for a correct description of the
problem. Its usual Hamiltonian is

X—|+—S+—+—(L+=—
ox) 2@ 2 20\ 7T 2%

B. Rashba effect

A. Fock-Darwin spectrum

We assume the perpendicular confinemé(a, which de- Hgia=ao - (VV X k), (6)
fines the 2DEG where the QD is built, to be strong enough s nere V(r)=V(p)+V(2) is the total confinement potential

that the_electronic states are completely localized in the firsénda is the SO coupling parameter. After averaging over the
conduction subband of the systémquantum well or a het- o ,antizeds direction, this SO coupling can be decomposed
erojunction); for example, in a triangular well(z) =-eEyz, asH<x=Ho+H® +H. where

E, being the interfacial electric field. We consider also that > & SATTK
the magnetic field is applied perpendicularly to the 2DEG He . awg
plane,B=B(0,0,1). We assume further that the lateral con- T '%6
finementV(p) defining the QD is parabolic; that i8/(p) _

=mw3p?/2, wherem (wy) is the electronic effective mass IS Z€r0 becausék,) =0,

X\(kp (oL~ o-L,) (7

(confinement frequengylIn the absence of SO interactions, H  wo 02
the Hamiltonian for the cylindrical QD so built is —SA_ 220 (L + —°—> 8
Y Q 0 2’47 a2 ®
ﬁz 2 mwg 5 Oup . . . . . .
Ho= 2—k + P + 78 o, (1) is the spin-diagonal contribution due to the lateral confine-
m ment, and
wherek=-iV +eA/(fc), A=Byp(-sin¢,cos¢,0)/2 is the
i . . Hgr 1 adV
vector potential in the symmetric gaugeg=ef/(2myc) is 20 =- EXd_[O-+L_A_+ o L,A,] 9
z

the Bohr magnetong is the material bulkg-factor, ando
stands for the Pauli matrices. The analytical SO|Uti0fH@f is the well-known RashB&term induced by the perpendicu_
yiE|dS the well-known Fock-Darwin Spectrlﬁﬁ‘,% lar confinement. In these equationslri:eii‘#", O
I o :(O'xiia'y)/z, and

Enio, = (2n+[I| + DAQ + ~hiwg + QueBo—=,  (2)

z 2 2 _ 0 Ly
A= F—+—=+ X (10

where o,=%1; n=0,1,2,... andl=0,%£1,%2,... are, re-
spectively, the radlglzL(jzzﬂlmuthal quantum numbers;  Notice that both nonzero terms are written in units:6¥, are
=eBy/(mg and Q=ywy+w:/4 are, respectively, the cyclo- linear ink and, in principle, are tunabléi2,, depends on the
tron and effective frequencies of the system, and the QRonfinement frequencyy,, while Hg depends on the interfa-
typical length scales argy=\%/(Mmwy), lg=yA/(Mw.), and  cial field dV/dz (in a triangular well, for exampledV/dz
A=\h/(mQ), which refer, respectively, to the confinement, =—eE).
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TABLE I. All of the terms present in the expression for the cubic Dresselhaus SO contributiofl,&tg.

Term i=1 i=2 i=3 i=4
1 1 1 1

A L Lt L o

Aip 7(1+L) 2(1-L7) 7(1+Ly) 1(1-Ly)
Az —;(3+5L7+3L)) ~3(3-5L,+3L9) —3(1+37+L%) —3(1-3L,+L%)
Ai 1(8L +4LZ+LY) 2(-8L +4L2-LY) 14L2-13) 2(4L2+L3)
B 3 _3 1 _1

i1 . 8 8 . 8 . 8
Biz —5(1+2Ly) —5(-1+2) —5(5+2L7) —5(-5+2,)
Bis 2aL,+L2 S(2L,-L2 —SL,+LY) -32L,-L)
C _3 _3 _1 _1

i1 316 316 . 16 ) 16
Ciz 16kz ~16Lz -16(8+3L2) -16(8-3L2)
D. 1 1 _i 1

il 32

32

It is interesting to mention that if the total Hamiltonigh ~ term vanishes sincé&,)=0. The linear contribution can be
of the problem was only the sum bf,+H3,, it would have  written as
an analytical solutiof® Its spectrum would be the same as . . )
given in Eq. (2, with the substitution Q by Q, Ho __ i %k)
= w2+ w2l 4+05(all?)wow, and the added contribution RQ hQ N
o l(alldfiw, to that equation. Its radial functions would be where(k3)=(/zy)? if an infinite well defines the 2DEG

t_he same as given in Eqd), with A substituted byA,,  peing the typical length scale in tiedirection. As for the
=y#/(mQ, ), changing also the variable top/\,,. The  cpic contribution, after some algeb° it can be ex-

[U+L+A+ - O'_L_A_], (14

inclusion of Hz makesH a nondiagonal operator. pressed as
HE _ 0 v s, @en , @0 . @
C. Dresselhaus effect RETE o L3 A+ 5314. @Cl + &Dl
If the QD is built in a zinc-blende crystalline structure - 5 3
material, its implicit lack of bulk inversion symmetry gives +o 3 A+ &B + &C + &D
origin to the so-called Dresselhd®sSO coupling, or BIA TPt 02t 037
term, which must also be added Hy in order to get an - 2 3
appropriate description of the system. The bulk BIA Hamil- +o L | Ag+ B, + "’_gcg + “’_03D3
tonian is | Q Q 0° 7]
_ 2_ 12 2_ 12 2_ 2 [ 2 3 ]
Hgia= V[O'ka(ky -k + O'ka(kz =K + ok, ~ ky)]v +o,L| Ayt &84 + w—;C4 + w_%D4 , (15)
(12) | Q Q O° 7
wherey is the SO coupling parameter. After taguantiza- Where the abbreviations
tion defining theL ZDEG il’cl thay pIanLe,HEW3 can be sepa- e 1 2 19 1
rated asHga=Hp+Hg+Hp, where Hp= %K) ovk,—oxk,] A= Ail% + Aiz;ﬁ + Aie,;a_x + Ai4;,!

is linear in k, H3=yo,(k)(K;~K’) is quadratic ink, and
HE =Y oxkd< —avk/kZ] is cubic ink. One can notice that the

guadratic(spin diagonglterm can be written as B = BilX% + Bizai + Bigl,
X X X

HS 1 wk

Ho_ 1 22> o L?B, +L%B], (12

Q. AQ N — 2l

Ci=Cixx*— + Cipx,
where we have defined x
D; =D, (16)

Ly ==

_( J +112Lz+ﬂx>li

X X /2% with i=1,2,3,4, aréntroduced, and are given in Table I.

£2+L, w\Ly w§ 5 One must point out that in a magnetic field the matrix
- 2 T35 /)5 a0z (13) elements oHS are not Hermitian, so that the usual symme-

X Q/2 8Q o D . . 2340 ;
trization procedure is requiréd;*°at zero field, such a prob-

This term corresponds to a mass renormalization in théem does not occdf Notice that alsd—|E can, in principle,
2DEG plane, which would then become spin dependent anbe varied by changing the sizg and that both nonzero BIA
would be different inx andy directions; however, such a terms are written in units aiQ.4!
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D. Electron-electron interaction and total Hamiltonian and the lowest AC occurs between the levis0,-1 and
For the inclusion of the Coulomb interaction in the QD, {0.~1, +1 ata given critical fieldBc. In addition, at a finite
we expand the quantityr,—r,/™t in the HamiltonianH,, field and via thes—L; terms,Hg is able to induce sets of
=€?/(&|ry—r,)) in terms of Bessel functioRJ,; this yields, ~ACS in levels wheré\l=+3 andAo,/2=+1, the first(sec-
in units of .0}, ond) one at low energies involving the level®,1,-1 and
{0,-2,+1 {0,0,-1 and{0,-3,+1). The termso.L, in
He 3o both H5 and HS do not induce ACs at low energies, but
Ly eip(¢1—¢z>f ngp(gxl)Jp(gxz)e—&d\ (17) rather split and shift the FD spectrum due to matrix elements
Q) agp-— whereAl=+1=Ag,/2. Notice that matrix elements between
states with different’s are in general nonzero, so that the
where e is the material dielectric constant andg  full diagonalization involves mixings with various values.
=eh2/(mé) is the effective Bohr radius in the material. The  The pureH, spectrum at zero field has three lowest en-
two-particle states are properly antisymmetrized in the conergy shells that contain, in increasing energy, the states:
struction of Slater determinants based on the one-particlé0,0,+1}; {0,-1,+1} and{0,1,+1};{0,-2,+1,{1,0, 1},
functions of Eq.(3), so that both direct and exchange Cou-and{0,2, 1. Inclusion of SO couplings produces the first
lomb contributions are included; such states may be labeleshell to havej=1/2, while the secondthird) shell is subdi-
by the projections of the orbitalM,) and spin(Mg) total  vided in j=1/2 and 3/2(j=1/2, 3/2, and 5/ A finite
angular momenta. Even though thesum in Eq.(17) is in-  magnetic field lifts orbital and spin degeneracies of the states
finite, in practice, when one makes the angular integration ofso that levels with negativieand positives; acquire lower
an element likg M, MdH.JM; Mg, which involves calcula- energies in a QD having a negatigefacton and introduces
tions of<\Ili(]_)\Ilj(2)|He‘J\IIk(]_)\II|(2)>, one has only one non- @ competition between external magnetic field and SO effects
zero p contribution obeyings, ., | .. Therefore, the Cou- N the one-electron QD spectrum. In the two-electron case,
lomb matrix elements must séti]ééo,lLM/ as expecte@®@and  Such competition also involves both direct and exchange
UL

certainly they also satisfg,_u-, since the Coulomb interac- Coulomb interact.ions. .
. . MsMg Becauseg<<0 in an InSb QD, its ground state h&s0
tion is not spin dependent.

: ando,=+1, while the lowest energy crossing ldf, related
After separately exposing Eq$), (8), (9), (14), (15), and {4 the stateg0,0,-1 and{0,-1,+1, occurs at a critical
(17), all Hamiltonians must be taken into account in the full magnetic field given byEqy_,=Eq_1.,, Which yields

diagonalization of the system, so that the QD total one-

o

0

particle HamiltoniarH is given by o _ hag m (20)
Cc~ = A
H = Ho+H3,+ Hg + H5 + HS; (18) me Nmig|(mig| + 2)

when an interacting two-particle QD is studied, its total Notice thatB2 may be decreased by reducing the QD con-

HamiltonianH will then be given by finement energy. Its moderate value in InSthich we an-
ticipate to be around 2.5 T fofiwyg=15 me\) is a direct

_ 2 consequence of its high-factor; on the other hand, in a
H= E H+Hee. (199 GaAs QD, even in a weak confinemeitw,=2 meV), we
=t haveB2=9.5 T, a field where the Landau levels are already
well defined. As already discussed, the inclusiotgftrans-
IIl. SELECTION RULES, CRITICAL FIELD, AND forms 0such cr_ossing into an AC, op_ening an energy gap at
g-FACTOR SIGN Be= BC; we Wlll'see beIQW how the linear BIA term is able
to shift such a field to higher values.

Before showing spectra of parabolic QDs under the influ- There is an interesting feature related to the influence of
ence of SO coupling, the way in which Eq®), (8), (9), the g-factor sign on the QD spectrum. We have just men-
(14), (15), and(17) were written allows us to anticipate some tioned that in ag<0 QD, Hg induces ACs in the low-energy
general features of the SO influence on the system. The s&D spectrum whileH} shifts them to higher fields. On the
lection rules describe which levels will cross or anticross at ather hand, in ay>0 QD, the level sequence is permuted
given magnetic field. Notice immediately theg,,, Hg, and  and consequently the roles idf, andHg, are interchanged; to
HB have only linear dependence on the magnetic fi&jd  visualize such a fact, it is enough to verify that the ground
while HS has linear, quadratic, and cubic contributions onstate turns to havé=0 and o,=-1, while the lowest FD
Bo. crossing is between the statgs 0, +1 and{0,-1,-1, and

The various Hamiltonian terms yield explicit selection to remember out the form of the operators in E(®.and
rules dictating which levelgn, |, o7} of Hg will be influenced  (14). Notice that in a silicon QQbeing a non-zinc-blende
by the distinct SO effects. At zero field and due to the,  material having positiveg), for example, the BIA Hamil-
term, Hg,, splits the FD spectrum according to the total tonian is absent while the SIA term is not able to induce
z-angular momentumj=I+o,/2. At a finite field, Hg in-  those ACs in the spectrum.
duces a set of ACs in the FD spectrum wheneXér +1 RegardingH,, at zero field the Coulomb interaction is
=-Ao,/2; due to theo.L; terms, mostly negativé's are  able to split the spectrum in singlets and triplets. A magnetic
affected since their magnetic dispersions allow for crossingdijeld may alter the sequence of levels; for example, the QD
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TABLE Il. Parameters for the InSb QD used in our calculations, if no other numbers are specified. See text for definitions of different
quantities.

Ey (MeV) dv/dz (meVv A v (eV A3 ag (A) aB) € m g
23 -0.5 160 625 500 16.5 0.014 -51
fiw (MeV) Egia (MeV) Er (MeV) Eg (meV) Eg (meV) Ece (MeV) lo (A) 2 (A)
15 0.2 1.3 0.02 5.2 4.5 190 40

ground state may oscillate between singlet and triplet stategalues are the ones of Ref. 33, although they cannot be taken
as the field is increased. Inclusion of SO couplings is able t@s unique: for example, Ref. 27 yields=220 eV A. Cer-
mix such states at different critical fields and to induce in-tainly, such typical energies vary for different levels, and
trinsic (non-phonon-assistgdmixing involving the QD change with magnetic field and QD material, although they
ground state, as we will see below. provide a measure of the rggtive importance of various
Hamiltonians terms; notice th& is comparable td,, and
V- RESULTS FOR ONE-ELECTRON QDS that Eg can be made equal 15'5 by quadruplicatingdV/dz

It is important to emphasize that the perturbative approach To avoid repetition in the following, one should keep in
used in GaAs QDs is not valid in narrow-gap materials,mind that the next 10 figures—from Fig. 1 to Fig. 10—have
which are the focus of this work, so that an exact diagonalthe same structure: panels A show QD spectra for the full FD
ization of the full Hamiltonian becomes necessary. For a betbasis(110 states panels B show a zoom of the three lowest
ter understanding of the one-particle full spectruntofis a  energy shells, with insets showing another zoom of the four
function of By in an InSbh QD, we will progressively discuss levels of the second energy shell; panels C and D show,
the changes in the FD spectrumtgf as induced by each of respectively, thé, evolution of the expectation values of the
the four possible SO terms; next, we consider all SO termspin operatoKY|o,|Y)=(s,) and of the corresponding angu-
simultaneously. In the numerical diagonalization we considetar momentum(Y|L,|Y)=(l,) for each statéY') obtained af-
all states in the FD basis having<4 and|l|<9, which is  ter diagonalization oH for the full FD basis, while their
equivalent to the first ten energy shells at zero field and eminsets do the same, but only for the seven lowest energy
bodies a basis of 110 states. The defining parameters of thevels. Parameters of Table Il are used from Fig. 1 to Fig. 8,
QD are given in Table Il if no other numbers are specified.while Fig. 9 (Fig. 10 considers a doubled, size (a four
The SO and Coulomb energies are taken from their respegimes strongedV/dz field). One has to keep in mind that,
tive prefactors, that iSEQa=(a/I9)hwy, Er=(a/\)dV/dz,  when referring to state labels in this work, the FD quantum
E5=9Kk)/\, ES=7/\% and E,=(\/ag)hQ); the @ and y  numbers will be used even when SO coupling is present,

60
180 |
150 50
— m
fé 120 40 3
= «
> 90 =
5 - 30 3 FIG. 1. Hy FD spectrum of an
::J’ 60 % InSbh QD as defined by parameters
- 20 in Table Il (no SO terms Notice
30 - the energy shell structure at zero
10 10 magnetic field, and the presence
8 of several accidental degeneracies
-1 6 at finite fields. The states apaire,
0.5 1.0 . .
-4 since the expectation values of
b2 = 012 spin and orbital angular momenta
A, 0.0 BB - PO A are only integer numbers at any
¢ o5 2" field.
-0.5 1 T T o 1 5 3 arF 'g
-8
-1.0 -10

01 2 3 4 5 6 7 8 9 01 2 3 4 5 6 7 8 9
Magnetic Field (T) Magnetic Field (T)
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77 I B BT 2 17 N T 60
180 /////%// _ 31 - =
150 €277 1 /// 7 0|50
7z ’ 2 _" __\ ——
> 120 7 O T 40 =
aE) - - = 3
g 90 0 S
5 3 FIG. 2. QD spectrum when
o 60 20 3 only the diagonal SIA termg, is
30 | (b) I added toH,. States continue to be
pure at any field, and new acci-
| 10 ; . .
1.0 8 dental degeneracies are induced in
6 the low-field spectrum as exempli-
0.5 - 1.0 2t 4 fied in inset of panel B; this intro-
05 — ol 2 duces a competition between SO
AL 0.0 e 00 (@) oo a and magnetic flel_d effects in QD
@ 05 L2 ™, electronic properties.
05 N a e aas s R B 3 'g
-8
10 -10

2 3 4 5 6 7 8 9
Magnetic Field (T)

01 2 3 4 5 6 7 8 9 o 1
Magnetic Field (T)

where then the FD levels are certainly no longer pure. By=0.2 T the “normal” ordering of state@xistent in the
As a starting and reference point, we show in Fig. 1 theabsence of SO termg$or g<0 is restored{0,-1, +1, {0,
pureH, spectrum, with no SO effects. The main features in-1, -1}, {0,1,+1}, {0,1,-1 in increasing energyalso no-
panel A are the zero-field QD energy shell structuméth  tice that bothj=3/2 andj=1/2 states are equidistant from
separation of 15 meV between successive shete lifting  the pureH, value of 30 meV atB,=0). This competition
of spin and orbital degeneracies by a finite field, the presencgetween SO and magnetic field effects is identical to the
of accidental degeneracies at Specific magnetic fields, thzeeman and Paschen-Back regimes of real af@rﬂma same
IargerBO dispersion of thé> 0 orbitals, and the formation of level ordering is observed in Ref. 33, where the SIA tﬁm
well defined Landau levels at high fields. It is easier to see iffis not taken into account. Panels C and D and their insets
panel B the level sequence for the first three shells menconfirm that this diagonal SO Hamiltonian does not intro-
tioned before; for example, &=0.5 T, before any acciden- duce any level mixture in the FD states, and so the QD levels
tal degeneracy point, the twelve lowest states, in increasingontinue to be pure even undeg,, effects.
energy, are{0,0,+%, {0,0,-1, {0,-1,+1, {0,-1,-1, The addition of the Rashba SIA terHk to Ho, shown in
{0,1,+1, {0,1,-1, {0,-2,+3, {0,-2,-1, {1,0,+1L, Fig. 3, introduces a strong state mixture, whatever be the
{1,0,-3, {0,2,+3, and {0,2,-%. Notice also thatB2  magnitude ofe, whenever a pair of FD levels satisfyiry
=2.6 T gives the lowest energy crossing. In the inset of thiss—Ao,/2=+1 cross in a given accidental degeneracy of the
panel we show that the second shell, away from accidentai, spectrum(panel A. This mixture converts the crossing in
degeneracy points, presents no further level crossing in thB into an AC and opens an energy gap at a slightly shifted
FD spectrum. Panels C and D and their insets confirm that neritical field Bo=2.5 T< B?: (panel B. Panels C and D and
level mixture is present in thidy spectrum, since every state their insets show that higher energy levels also satisfying that
takes only integer valuegs,)=+1 and —9<(l;) <9. All of selection rule exhibit ACs approximately at this saBg
these general features are clear signatures of parabolic QDg&lue, giving origin to the ¥” collapse seen in botfs,) and
(Iz) values around 2.5 T; the range of critical fieltietween
2.1 and 2.6 7, as well as the size of the energy gaps opened
at those ACs, are proportional to the magnitudenpfsuch
The addition of the diagonal SIA teri3,, to Ho, shown  thatBc decreases upon increasing Hg also induces small
in Fig. 2, causes small splittings in the zero-field spectrumgplittings in the zero-field spectrum and slightly shifts acci-
but it is not able to shift the accidental degeneracy pointglental degeneracy points at finite fields. Notice in the inset of
present at finite fieldgpanel A, so that the critical field-.  panel B that the zero-field level sequence in the second shell
where the first level crossing occurs is not alteredHgy,  is opposite to the previous figure, that jss1/2 (j=3/2)
and then one haBCzBOCzZ.G T (panel B. The splittings,  state has the highedbwes) energy, and th¢=1/2 state has
however, induce new level crossings at low fields, as exempractically the same value as fbl; for Bp=0.1 T, the nor-
plified in the inset of panel B for the second shell; this resultmal ordering of states is restored. Notice in panel D that
is due to the fact thai’t-lgIA orders states according to th¢ir every originally negative evehstate(I=-2,-4,-6,-8 an-
value, and the highegtowes) zero-field energy level hajs  ticrosses, while only some of the states having an original
=3/2 (j=1/2) in this shell, where it can be noticed that for negative odd value df also anticross.

A. Influence of SIA terms

205315-6



SPIN-ORBIT AND ELECTRONIC INTERACTIONS IN..

PHYSICAL REVIEW B 70, 205315(2004)

180 1 = %0
150 30 5/-&.’{//—4-/7 - 50
7“-“%{'»\“*»-;
— 29 m
%E’ 120 =K 0.0 0.1 0.2] 40 5;
— [(=}
e
5 90 (@) 30 35
:Cj 60 2 FIG. 3. QD spectrum when
1 - ol [ 20 only the Rashba SIA terniy is
30 éﬁ/’__,/ added taH,. Strong level mixtures
10 P 10 occur atBc=2.5T for all states
8 satisfying the selection rules,
6 causing the observed AGpanels
051 0 P -4 C and D. Notice the inverted
0.5 ol -2 level crossing in inset of panel B
;N 0.0 0.0 ] oA when compared to Fig. 2.
v -0.5 —% L2 ™,
05 4.0 1 3 5 a4
0 1 2 3 4 5 -6
8
-1.0 -10

2 3 4 5 6 7 8 9
Magnetic Field (T)

0o 1

2 3 4 5 6 7 8
Magnetic Field (T)

o 1

9

Figure 4 shows the simultaneous addition of both SlAhappen inside the same range of critical fields, which is clear
terms,HgIA and Hg, to Hy. Observe in the inset of panel B in panels C and D. It is important to remember that both SIA
that the ordering of states is the one derived figBy, how- influences can be reduced by decreasing(in H2,) or
ever, their energiegj=3/2 at 30 meV andj=1/2 at a dV/dz(in Hy).
slightly smaller valug as well as the fieldBy=0.1T)
where the normal state ordering is restored, are determined
by Hg. The range of critical fields is widgbetween 2.2 and B. Influence of BIA terms
3.6 T in panel G, and one can see in panel D that orbitals  The addition of the cubic Dresselhaus tetf to H, (Fig.
having (l;)<0({I;)>0) present ACs at fields smaller 5) has practically no effect on the pukg spectrum, as seen
(greatey than the fieldB-=2.55 T of the first AC(shown in  in panelsA andB. In panels C and D, small state mixtures
insets of panels C and)DFor future comparison, notice in are visible atBy=1 T and B,=5 T, both involving ACs
panel B that the first AC involvingn=1 states(=50 meV, satisfyingAl=+ 3 andAo,/2==*1; the firstAC at1 T5 T)
related to{0,1,-1 and{1,0, + 1 levels occurs at that same is between state§0,1,-3 and{0,-2,+1 ({0,0,-1 and
B¢ value; in general, ACs between states with anyalue  {0,-3,+1}). Hg is also able to induce zero-field splittings in

FIG. 4. QD spectrum when
both SIA termsH2,, and Hg, are
added toHg. The critical field
range for ACs becomes wider
(panels C and I even though the
first AC happens practically at the
same field of the previous figure
(Bc=255T in insets of those
panel3. Anticrossings involving
| <0 (I>0) orbitals are shifted to
N lower (highep fields as seen on
panel D.

Energy (meV)
(naw) ABi1sug

3 4 5 6 7 8 9
Magnetic Field (T)

Magnetic Field (T)
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the FD spectrum due to matrix elements whe¥be=+1  The respective matrix elemental=+1=Ac,/2) are not
=Ao5,/2; however, such splittings and gaps opened at thable to introduce low energy ACs in the system, as seen on
ACs are negligible because of the weak influence of thidgnsets of panels C and Rhe ACs visible around 8.5 T on
cubic term when it is considered separately from the othethese panels are related to higher energy lgvAls seen on
SO terms. Its influence will be more important when we laterPanels A and B, the zero-field splittings are so strong that
consider the fulH for the QD. QD states cease to be puggen at zero fieldas shown in
The addition of the linear Dresselhaus teftto Hy (Fig.  panels C and D. As an example, notice in panel C that at
6) drastically changes the general features of the FD sped,=0, values of(s,)| =0 are found for higher energy states,
trum, inducing strong zero-field splittings and shifting thewhile in its inset, related only to the seven lowest energy
accidental degeneracies to higher fielganels A and B levels, one finds values dfs;)|=0.5. As an example of the

: : . 60
L 50

Cad m
= -40 3
£ 3
~

= =
o 3
i =

601 2 3 4 5 6 7 8 9 01 2 3 456 7 8 9
Magnetic Field (T) Magnetic Field (T)

FIG. 6. QD spectrum when only the linear BIA tem is added tdH,. HLD is not able to induce low energy ACs. However, it drastically
alters the spectrum by introducing enormous zero-field splittings and large shifts of several crossings at fin{jgafieldsA and B for
example, the first crossing has moved to about 3.3 T. Even the lowest energy states cease to be pure at(losefielfspanels C and)D
Notice only one crossing of the second shell levels in inset of panel B, instead of two as in previous figures.
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shifting of the level crossings to higher fields, observe thatlose to zergpanels C and D and their insgtas well as
the first one occurs aB:.=3.3 T (remember thath splitting, position, and ordering of statgsanels A and Bare
=2.6 T). Other essential feature tb‘flb is shown in inset of dominated b)HIB, although with contributions from the SIA
panel B: only one crossing is present in the second ghell terms. From the two sets of low energy AQ@ssets in panels
about 0.45 7, the second one occurring only at a field C and D, the one aroun@®.=3.3 T is due to the1g selec-
around 3.5 T, so that the normal state ordering is no longe#ion rules, while the other around 5.7 T is dueHf. These
restored with field. This makes impossible the identificationACs are shifted by=0.7 T to a higher field because of the
of distinct Zeeman and Paschen-Back regimes in the Qmnfluence of Hy: remember that in Fig. 4 we ha@c
spectrum as has been happening with the previous SO ternts;2.55 T, while in Fig. 5 the respective AC happened at 5 T.
HE is responsible for most of the QD states being no longeHigh energy ACs inside those setsiainly at 3.3 7 have
pure atany field, a point which will be essential later in the their respective magnetic fields slightly decreased due to
discussion of the full Hamiltonian spectrum. As a note, inHS,x The distinct feature of the ful spectrum is the clear
that same panel B inset, the highésives) energy state at presence of more than one value of critical fields where ACs
zero field hag=3/2 at 30meV, the same energy of the pure occur. By comparing panels Aand C, and considering mainly
Ho (j=1/2 ataround 27 meYy. Remember also that the in- the ACs originated from the Rashba te(t_an; those gaps are
fluence ofH} in the spectrum can be decreased by increasing€ largest one notes that the first family of AQground
the well sizez,,. 3.3 T, related to states between 20 and 70 jeWolves
Figure 7 shows the simultaneous addition of both BIAONly n=0 levels, occurring between pairs such{@s0, -1
terms,HS andH, to H,. It is visible on panels A and B, as and{0,-1,+1%, {0,-1,-% and{0,-2,+%, {0,-2,-% and
expected from the last paragraphs, that the linear contribu0,-3,+3, etc. The second family of AC&round 5 T, re-
tion dominates over the cubic one in the overall features ofated to states between 70 and 120 meWolves onlyn
the QD spectrum and in the strong mixing of levels. For low=1 levels (except the first one involving states{0,1,-1
energy states, notice in insets of panels C and D the strongnd {1,0,+1, {1,0,-% and {1,-1,+%, {1,-1,-1 and
mixing at low fields(due toHE) and the AC(due toHS)  {1,-2,+1, etc. The third family of ACgaround 8 T, related
shifted to 5.7 T(from 5 T in Fig. 5. We emphasize, how- to states between 130 and 180 meéwolves onlyn=2 lev-
ever, that the influence of the cubic term will be larger whenels (except the first and secopdnvolving states{0,2,-1
we later consider nonzero Rashba fields. and{1,1,+%, {1,1,-1 and{2,0,+1}, {2,0,-1} and{2,
-1, +1}, etc. Although the main ACs in the QD spectrum are
caused by thédz mixtures, one can conclude that the pres-
ence ofH} in the full H dislocates them in such a way as to
Figure 8 finally shows the QD spectrum when all SOgroup ACs related to a sanmevalue around the same critical
terms are simultaneously taken into account; that is, the ondield. The reason for that can be understood by comparing
particle full H spectrum from Eq(18). From the previous panels B and their insets in Figs. 4 and 6. In the former, there
isolated term discussions, one may identify which SOare two crossings at low fields in the second shell, so that the
mechanisms are dominant in each of the main features of thearrangement of levels produces the first AC involving an
spectrum. An enormous state mixture even at magnetic fields=1 level (between {0,1,-13 and {1,0,+1 around

C. Influence of all SO terms
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50 meV) at the same critical field as the ACs involvimg  again around this critical fielgpanels C and I since theH'[')
=0 levels; in the latter, the existence of only one crossing atontribution is no longer strong enough to dislocate and
low fields in the second shell displaces the AC betweergroup ACs involving states with differentvalues. However,
{0,1,-% and{1,0, +1 to a higher field and energy. For this as Hf, is not zero, the range of critical fields arouBg is
same reason, the ACsat1 T duel—t§ and visible in Fig. 5 wider than in Fig. 4. The ACs seen in panels C and D around
no longer occurs in the ful. 1 and 5 T are again related to the small influence ofHﬁe

In the next two figures we consider a QD defined by dis-term.
tinct values from those in Table Il. In Fig. 9 we consider a In Fig. 10 we simulate the case where the zero-field split-
wider well QD by using a doubleg, size, which is equiva- tings are cancelled even in the presence of all SO terms,
lent to reducing the influence of the linear BIA term in the which is reasonably obtained by taking an interfacial field
system. As expected, the spectrum becomes very similar tV/dz four times stronger than in Table II; this clearly en-
that one of Fig. 4, where only SIA terms are included. Noticehances the influence of the Rashba tdimin the system.
that the first AC is shifted back tBo=2.55 T (panel B and Notice in panels A and B that not only the zero-field split-
insets of panels C and)Pand everyHg-induced AC occurs tings reasonably vanish, but also that the Zeeman splittings

60
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| 00 02 04140
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Energy (meV)
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FIG. 9. FullH spectrum of an
InSb QD with doubledz, size
1 (other parameters as in Table.ll
5 Because of the reduction bff in-
6 fluence, the spectrum shows very
5 4 similar features to the ones seen in
2
0

Fig. 4, even though a wider range
of critical fields is present here.
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FIG. 10. FullH spectrum of an InSb QD with four times stronger Rashba fiBlddz (other parameters as in Table.INotice the
cancellation not only of the zero-field energy splittings but also of the spin splittings at low (Edels A and B Under such stronger
Rashba coupling, the set of ACs related to Hﬁeselection rules becomes visible around 1.@p@nel B and insets of panels C ang yhile
B¢ for the first AC is shifted back to about 2.7 T, the same occurring for the ACs around 5 T dl-l@ tdotice also the enormous state
mixture in panel C. At zero field, most states hais)| < 0.5, except for the ground statimsed, with [(s;)|=0.7.

are practically suppressed at low fiel@=<1.5 T). At zero  showing the intricate competition between the possible SO
magnetic field, an energy shell structure identical to that oterms in the definition of the electronic properties of narrow-
the pureH, (Fig. 1) is formed but displaced to smaller ener- gap QDs. Comparison of three of such properties—zero-field
gies, with the same level separation of 15 meV. In the insegnergy splittings, critical magnetic fields where ACs occur,
of panel B one sees that the energy of {e3/2 level is ~ and energy gaps opened at those ACs—is made in the next
reduced to the one df=1/2, going from 30 to 26.5 meV two figures. Figure 1112) shows results as function of the

(compare with the same inset of Fig. 8Vhile the zero-field QD lateral radiud, (vertical widthzy); in both figures, the
deft panel _shows the zero-field splitting between states

at the ACs are even bigger, as seen in panel B. In additionzg/2 andj=1/2 o_f_the second_ energy shell, the middle

the critical field is moved back t8c.=2.7 T, close to the panel shows the critical magnetic field where the second and

value of 2.55 T of Fig. 4, where no BIA terms are included;thlrd QD lowest energy levels exhibit an AC, and the right

C . panel shows the energy gap opened at such AC. In these two
the same occurs for the AC due My, which has moved g0 o5 curves having square, circle, and triangle as symbols

back to=5 T; that is, the value in Fig. 5. The rearrangement, ofe respectively, to a QD as defined in Table II, a QD with
of electronic levels is so remarkable that the other set OfACﬂoubIedzo, and a QD with four times strongetV/dz the
related to the cubic BIA term become visible 1.1 T grows atl,=190 A andz,=40 A indicate the QD dimen-
(compare insets of panels C and D in this figure with thesjons for which the spectra of Figs. 1-8 were calculated,
ones in Figs. 5 and)8involving the stated0,1,-1 and  while the dotted line in the middle panels indicates Bfe
{0,-2,+1, as well ag1,0,-1 and{0,-3, +1, and visible  field as given in Eq(20), where the first crossing of the pure
in panel B at 33 and 44 meV, respectively. One must emphaFD levels{0,0,-1 and{0,-1, +1 occurs.
size that even though the electronic levels disperse less than Starting with the zero-field splittings, one should remem-
in Fig. 8, the SO-induced state mixture is much stronger antber that they are dominated I, if a weak Rashba field is
it is no longer possible to define narrow ranges of criticalconsidered. Notice in Fig. 11 that they decrease by increasing
fields for higher energy ACs, as visible in panels C and D.,, going to 1.8 meV whey,=330 A (Awy,=5 meV) for the
Notice also that even at low fields, the lowest QD levels havgparameters of Table Il. Observe that such a drop is faster if
[(s)| < 0.5, only the ground state havirs,)| =0.7. one increaseg, or dV/dz almost cancelling the splitting
whenl,> 250 A. The same behavior, and for the same rea-
son, is observed with respect zpin Fig. 12 for the param-
eters of Table Il, where the splitting almost vanishes when
Although decreasing the influence by may, in prin-  z,>120 A; in this figure we also verify that itlV/dz is
ciple, seem similar to increasing the influenceHyf in the  made four times stronger in =40 A QD, the splitting
system, observe that Figs. 9 and 10 are totally differentpractically vanishes as discussed in Fig. 10, and increases

D. QD size dependence
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= —A—H (dV/dz x 4) \' ——H (dV/dz x 4) W —A—H(dvidzx 4) netic fields for the lowest level AC

B., (equation)] (middle pane), and energy gaps
opened at that ACright pane) as
function of the QD lateral radius
lo- Squares, circles, and triangles
indicate, respectively, a QD de-
fined by parameters in Table Il, a
QD having doubledy, and a four
times strongedV/dz Dotted line
s,howsBOC as per Eq(20). Arrows

N at 1,.=190 A show QD radius
‘\A\O\ where spectra from Figs. 1-8
01 A —R————p| I——" * S S —— were calculated.
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with z, until saturation at 2.6 meV foz,>100 A. To pro-  Table Il, thatB. decreases by increasigin a similar way
duce cancellation of level splittings, authors in Ref. 6 cite theto Bg as given in Eq(20) (dotted ling. Increasing the field
possibility of achieving this in a 2DEG by including ori% dV/dz produces sizeable changes only at larger radiiyat
andHg contributions; however, the inclusion BiS andH3,, =330 A, for example B goes from 1.6 to 1.1 T. As ex-
terms is also necessary in order to get precise values ipected, by increasing, B¢ becomes practically identical to
narrow-gap QDs. In our InSb QDs, for example, the needecBg. Notice in this figure that critical fields lower than 1 T are
values ofz, or dV/dz for such cancellation are about 10% feasible; effects at such low fields are perhaps easier to verify
smaller than those obtained by considering drlyandHg.  experimentally. It is clear in Fig. 12 that, depending on the
Regarding the critical fields where ACs occur, we havefield dV/dz, B saturates at 2.5 or 2.6 (Elose toBZ, dotted
seen that they are mostly determinedHby (for the pair of  line) whenz,>100 A. Now it is interesting to make a com-
levels consideredand have values close Iag when BIA  parison of our results with the ones from Ref. 32, where an
terms are not present; the inclusionl-ﬂ% is able to shiftB¢ InNSb QD with 1,=270 A (hwy=7.5 meV} was considered
to higher fields. Observe in Fig. 11, for the parameters ofwithout taking into account BIA terms, arB=1.7 T was

5 : ' AP X 0 f ! A—A——X1 5
Zero-field energy splitting Critical magnetic field —
E,,-E,, (meV) B, (T) L Energy minigap at B
4] —A—H (dv/dzx 4) | —a—H (dVidz x 4) By11 7 Bogs (MEY)

—=—H (table) —a—H (table)

----- BL, (equation) | —A=H [dVidzac4)

—a—H (table)

/‘ =
A/

2 ! e 2
1- 1 .'—/—/' o A
| ]
\.
S
ok B S S o

40 sb a'o 160 15040 6'0 s'o 160 1ﬁ04'0 s'o s'o 160 150
QD Vertical Width (A) QD Vertical Width (A) QD Vertical Width (A)

FIG. 12. Zero-field energy splittings for second energy shell si@éspane), critical magnetic field for the lowest level ACGniddle
pane), and energy gaps opened at that &ight pane) as function of the QD vertical widtl,. Squares and triangles indicate, respectively,
a QD defined by parameters in Table I, and a QD having a four times stronger Rashl&/figidThe dotted line shong as per Eq(20).
Arrows atz,=40 A show QD width where spectra from Figs. 1-8 were calculated.
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found. Atl,=270 A in Fig. 11, one sees that the critical field problem, one can define the expectation values of the total
decreases from 2.1 to 1.8 and then to 1.5 T by, respectivelgpin operator agS,) and of the corresponding total angular
increasingdV/dz and z,, this last value is the one in our momentum agM,).
calculations that better simulates Ref. 32, sinceHheinﬂu- Figure 13 shows the two interacting particle QD spectrum
ence is almost negligible. The 0.2 T difference is probablywithout SO couplings; that is, in Eq19) one assumest
due to the fact that such reference takes into account nonpaH,, If the two electrons inside the QD were noninteracting,
rabolicity effects of the InSh conduction band which can, inwe would have, at zero field, energy shells between 30 and
fact, shiftB. to a slightly higher field. 120 meV, separated again by 15 meV; under a magnetic
For the gap opened at the AC occurringBg, the main  field, states having negativd, and positiveMg (again be-
contribution comes from the Rashba teffor the pair of  cause of the InSb negativgefacton would acquire smaller
levels considered Notice in Fig. 11 that the gap decreasesenergy. The presence of Coulomb interaction, however, shifts
by increasing the QD lateral radius; an enhancement ifhose shells to higher energies, and also introduces zero-field
dVv/dz drastically widens the gap, that goes from splittings in the spectrum. Although the left panel shows all
1 to 4.2 meV at,=190 A, for example; the influence of a states obtained from the numerical diagonalization, it is the
largerz, seems important only at larger radii. Observe in Fig.zoom in the right panel that yields a better appreciation of
12 the enhancement of the gap withuntil it saturates at the interacting QD levels. If only the direct Coulomb energy
aroundz,=100 A. Notice again the enormous enhancementyere effective(by not taking into account the antisymmetric
of the energy gap opened at this AC if a larger Rashba fielghature of the QD wave functionsthe zero-field energies
dVv/dzis considered. would be shifted up by about 5 meV; in such a case, the
A measurement of the quantities in Figs. 11 and 12 inground statgtwo electrons in the firstl, shel) would be at
similar samples would be able, in principle, to yield better3s meV, the first excited shefbne electron in the first and
estimates for ther andy SO coupling parameters, and pro- other in the secondd, shell) at 50 meV, and the second
vide experimental bounds to the broad range of values avaikxcited shel(one electron in the first and other in the third,
able in the literature for nominally the same material. or two electrons in the secortd, shell) at 65 meV. How-
V. RESULTS FOR TWO-ELECTRON QDS ever, the presence of the exchange Coulomb energy is able to
break apart the degeneracy of states at zero field—except
After having described in detail the one-particle QD prob-obviously for the singlet ground state—and induce splittings
lem, we are now in a position to deal with the two interactingin the spectrum, even with no SO interaction. For example,
electron problem. The QD defining parameters are againotice the first excited energy shell: while two singlets re-
given in Table II, and we have opted to not detail the isolatecnains at 50 meV, two triplets are shifted down by the ex-
influence of each of the SO terms. The construction of thechange contribution to 47.5 melthe singlet ground state
antisymmetrized two-particle states includes 20 one-particlgemains at 35 me)/ A small magnetic field<0.1 T) yields
orbitals havingll|<3 andn=1 (they complete the first four the normal sequence of QD states for increasing energy:
energy shells at zero field ¢fy), amounting to 190 possible {M, ,MJ={0,0} for the singlet ground state{-1,1},
two-particle states that can be labeled, in the absence of SQ.1 o7 {-1,-1}, {1,1}, {1,0}7, {1,-1} for the first excited
interactions, by the projections of orbitsd, and spinMs  triplets; and{-1,0S {1,0}S for the first excited singlets,
total angular momenta, as already mentioned. When SO COyghere the superscriptS/T have obvious meaning. For the
pling is included(full H), in analogy with the single-particle following discussion, it is useful to remark three features: the

205315-13



DESTEFANI, ULLOA, AND MARQUES PHYSICAL REVIEW B70, 205315(2004

T
[=2]
o

FIG. 14. Two interacting par-
ticle QD spectrum when all pos-
sible SO terms are taken into ac-
count in Eq.(19). Comparing the
ground and first excited states in
panel B with those in right panel

| 30 of Fig. 13, one can see that SO
-6 energy acts against the direct Cou-
lomb term and favors the ex-

o
o
{Asw) AB1aug

Energy (meV)
=
o

4 .
change electron-electron inter-
2 action. The first excited triplets, at
A S : A zero field, are split according to
00 S hEs I S Spesa - 0 = the M; values. ACs at around 3 T
v ; o s e 2V [panelsC ({S;)) andD ({(Mz))] are
-05 i : e : due to the Rashba term; the lowest
- ;| <l -4 ACs are indicated by the rectangle
40 ' . ' . — [ = . . = in panel B, detailed on Fig. 15.
0 1 2 3 4 0 1 2 3 4
Magnetic Field (T) Magnetic Field (T}

lowest level crossing occurs &2?=2.1 T involving the basically the same as betweBg and B (~0.7 T) for the

states{0,0} and {-1,1}; at 0.75 T,{-1,0;°> becomes the one-electron problem; this means that the critical field shift
fourth QD state, with energy that parallels the third statecaused byHg on this AC appears not to be affected by the
{~1,07: the two stateg-1,09T cross with the lowest state QD occupation, even though the critical fields themselves are
from the next energy shel{-2, 1}, respectively, at 2.1 and decreased by such occupation. Whether such a result is valid
2.6 T. The B, evolution of (S,) and (M) values is not for higher occupations and also for other parameters is still a

. . oint under investigation. That crossing at 0.7%Fig. 13
shown, as they are obviously pure states, taking only th . 2 S
integer values —& (M,)<6 and(S,)=0, +1 at any field. ér)wolvmg the state{-1,0}° now occurs at around 1 T, and

2 X _ those two state$-1,0;°T now exhibit ACs with the state
Figure 14 shows the QD spec'@m obtained by c0n3|der{_2,l} at fields of 2.6 and 3.2 T, respectively, instead of the
ing the full two-particle Hamiltoniaii of Eq.(19). One may  crossings at 2.1 and 2.6 T of the previous figure. The ACs
identify in panel A similar features to the one-electron caseyisible in the rectangle of panel B, as well as in panels C and
for example, the linear Dresselhaus term almost destroys the, are again due to the Rashba term and are displaced by the
energy shell structure at zero field by shifting level crossingdinear BIA term to higher fields.
and inducing new zero-field splittings, while the Rashba term To clarify the two lowest ACs, we show in Fig. 15 tBg
introduces level ACs and opens energy gaps in the spectruravolution of(S;) and(My) values for the states indicated in
It is in panel B that one can appreciate more details of thehe rectangle of panel B of Fig. 14. Panels A and B include
competition between Coulomb and SO interactions in thehe ten QD lowest energy levels, while panels A1 and B1
narrow-gap QD spectra. Observe that the SO interaction, A2 and B2 separately show the ) states that participate
zero field, acts against the direct Coulomb term and, esseiin the first (secong AC occurring at around 3946) meV;
tially, favors the effect of exchange; the ground state, fonabels 1 to 5 indicate the level sequence in increasing energy.
example, is shifted back from 3¥ig. 13 to 31 meV, close The AC between states 1 and(£,0} and{-1,1}) clearly
to the noninteracting value of 30 meV, while the first excitedgceyrs atB<029>:2_7 T. The AC involving states 3, 4, and 5
shell starts with energies even lower than its noninteracting{_l,o}T, {-1,0S, and{-2,1}) has distinct features; notice
value of 45 meV, within the range of 43 to 47 meV. Other inat first a mixture between states 4 and 5 occurs at 2.6 T,
important feature can be seen, for example, in this first exollowed by another mixture at 3.2 T involving states 4 and
cited shell, where the original triplets are broken into theirg | this way, state 4 acts as an intermediary of two ACs,
three possible components according to the projection of thgng the(s,) and(M,) values of such state, before and after
total angular momentuni,=M_ +Ms. Notice that, at zero s region of critical fields, are conserve@xchanged
field, such cor’rT1ponents are the stated, 1} and{1,-1 twice); this gives the appearance of only one effective AC
(M;=0), {~1,0" and{1,0" (IMy[=1), {~1,-1 and {11}  petyeen states 3 and 5. These ACs obey a selection rule
(IMy[=2), with increasing energy, while the grourt0,0},  AM, =+1=-AMg similar to that of the one-particle Rashba
M,=0) and first excited{-1,0}°> and{1,0}% [M,|=1) sin-  problem. As discussed for the one-electron problem, when
glets remain the same. At finite field, one sees that ACs dughe parameters of Table Il are used, the influence of the cubic
to Hg occur at around 3 T, as evident in panels C and D. Theyresselhaus term is small on the opening of gaps in the spec-
first AC is between statef0,0} and{-1,1 atBZ®=2.7 T,  trum; its selection rule becomesM, = =3 and AMc=+1,
so that the difference betweere) and BOC(ZE) (~0.6T)is and the first possible ACs due tldg involve the states
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FIG. 15. By dependence ofS;) (upper panelsand{M;) (lower panelg values for the lowest ACs shown in the rectangle of panel B in
Fig. 14. Panels A and B include all the ten states present in that rectangle. The right panels include only the five lowest states, labeled by their
ordering in increasing energy: panels &nd B, are related to the first AC between states 1 and 2, while panets@d B, are related to the
next two ACs. Although it appears that only one AC between states 3 and 5 is effective, state 4 acts as an intermediate state for this
three-state mixture.

{-2,1 and{1,05T. Similarly to what happens with the one- diagonal and the other the so-called Rashba term, while the
particle case, they become visible in the spectrum for higheBIA Hamiltonian is also separated in two contributions: one
interfacial fieldsdV/dz k-linear and the othek-cubic. We have seen thii2, intro-

A very important difference between the one- and two-duces small zero-field energy splittind$i produces strong
particle problems must be emphasized. While in a onestate mixtures and level A%s at critical magnetic fields that
particle QD there is no AC involving its ground state, noticedepend on QD parameteisy; has relatively small influence
that the lowest energy AC in a two-particle QD does involvefOr @ certain range of QD parameters; a induces large
its ground state, and is related tosiglet-triplet mixture ~ State admixturgmainly at low fieldg but without introduc-
Observe also that the critical magnetic field where this firsfni% lﬁig?\slnatrzet;?(vgneinrﬁgg);cilguﬁei?\tﬁz. d\{ggﬁgaellillz ;8;0\2;:
Ac occu_rs decreas?zse)tiy mcrggsmg the QD occupgtlon, gc’mlinsave seen thalt-IE shifts the critical fields OHR-produceé
from Bc=3.3 T toB{™=2.7 T; in Ref. 32(where different

. ACs to higher fields, and it is also able to group ACs related
QD parameters are usgdt goes from 1.7 to 1 T, which ) X
yields basically the same field variation, and the small gif.Ll0 the samen value. We have shown that when the interfacial

ference may again be attributed to the conduction band nori'-(ald t?vr/n c.iztrl]s Igrger%i a} dnu:}nt;er of Ifi(:.t?r']tures a;p;z)earmm dth(f
parabolicity effects considered in that reference. One shouigPectrum. the zero-lield: energy Spiitings can be made 1o
remember from Eq(20) that such critical fields may be re- vanish, the spin splitting is cancelled at low fields, ACs re-

duced by decreasing the QD confinement energy. The strorﬁiid to'{'D seletcttlon r.”'f’sl(&”if;%tge. onvdenergy fp(lactrum,
intrinsic (i.e., no-phonon-assistgg@inglet-triplet mixture in- a strong state mixturgs; - IS Inguced at close-

volving the QD ground state at low magnetic fields can, into-zero magnetic fields even for the lowest energy states. The
principle, be explored in the implementation of quantum”egat've sign of the-factor, as well as the relatively large

computing devices, as one could envision state swapping Va/ué of the SO constantén comparison with those in
tation) of the two-electron QD controlled by an external G@AS, for examplg are essential for the appearance of such

magnetic field** features. _ _
For the two interacting electron QD problem, we have
VI. CONCLUSIONS shown that the direct Coulomb interaction increases QD

level energies, while the exchange interaction decreases

We have analyzed in detail the influence of different SOthem, as well as induces zero-field splittings in the spectrum.

mechanisms originating from both surface and bulk inver-The SO interaction, in a sense, acts against the direct Cou-
sion asymmetries in the FD spectrum of parabolic zincdlomb while it favors exchange, and also creates zero-field
blende narrow-gap QDs. We have shown that the SIA Hamilsplittings in the spectrum. The critical field where the lowest

tonian is decomposed in twé-linear contributions—one AC occurs decreases when compared with the one-particle
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QD. The difference between this field and the lowest crossedefined spin, so that careful attention has to be paid to
ing without any SO coupling is basically the same as in thephonon-assistéd or hyperfiné® spin-flips. The intrinsic
one-particle QD; the behavior under higher occupations isnixtures described here provide an inherent upper bound to
still to be investigated. An interesting fact that, in principle, the spin lifetime in QDs, given byso=%/(27A), whereA is
could be better explored for qubit design is that, differentlythe energy gap at the AC, tunable by changing the QD pa-
from what happens with the one-particle problem, the interyametergsee Figs. 11 and 32The application of magnetic
acting QD ground state also exhibits AC, where strong intie|ds could then produce undesirably smaj,, in a given
trinsic spin-flip processes occur. Such state rotation maY?D which proper qubit design would have to address
have an easier experimental access given that the critical '’ '
magnetic field be relatively low, especially for properly cho- ACKNOWLEDGMENTS
sen QD material and parameters.
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