PHYSICAL REVIEW B 70, 205304(2004)

Generation of squeezed states of nanomechanical resonators by reservoir engineering
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An experimental demonstration of a nonclassical state of a nanomechanical resonator is still an outstanding
task. In this paper we show how the resonator can be cooled and driven into a squeezed state by a bichromatic
microwave coupling to a charge qubit. The stationary resonator state exhibits a reduced noise in one of the
guadrature components by a factor of 0.5-0.2. These values are obtained for a 100 MHz resonator with a
Q-value of 10 to 10 and for support temperatures of=25 mK. We show that the coupling to the charge
qubit can also be used to detect the squeezed state via measurements of the excited state population. Further-
more, by extending this measurement procedure a complete quantum state tomography of the resonator state
can be performed. This provides a universal tool to detect a large variety of different states and to prove the
guantum nature of nanomechanical systems.
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I. INTRODUCTION we analyze the coupled CPB-resonator system and show that

With fabrication of nanomechanical resonators with fun-the cooling into the squeezed state is feasible. At last we
damental frequencies from 100 MHz up to 1 Gtzthe discuss possible ways to detect the squeezed state.
demonstration of their quantum nature, in particular, the cre-
ation of nonclassical states of these mesoscopic system#, SQUEEZED STATES AND RESERVOIR ENGINEERING
have attracted a lot of interest Apart from the fundamen- , . , Lt
tal interest in the study of these systems, nanomechanical For a harrfr\onlc oscillator W'th.a Ham|lt0n|_&|jl—ﬁva a,
resonators are also of great importance for technical applica/néréa anda’ are the usual creation and annihilation opera-
tions. While micron-sized cantilevers are already used to pet©rs; @ general class of Gaussian minimum-uncertainty
form atomic force measurements, their noise propertie§dueezed states is defined"by
which set the limits for the sensitivity of force detectidh A a
can be improved by scaling them down to the nanometer |a,€) =D(2)S(€)|0). 1)
regime. Residual thermal fluctuations can then be reduced N Fooea .
the quantum limit by active cooling schemes as proposed ify €€ D(@)=eéxpaa’-a*a) is a displacement operator, and
Refs. 11-13. S(e)=exd (e*/2)a®-(e/2)a'?] denotes the squeezing opera-

A further reduction of the quantum fluctuations below thetor. We refer to the statée)=|a=0,e) as the squeezed
standard quantum limit can be achieved by squeezing thgacuum state. The absolute value of the complex nuraber
resonator mode. The idea to use squeezed states for measusee'? is called the squeezing parameter. For these squeezed
ments beyond the stand_ard quantgm_l’rfna’ippeared firs_t ir_l states the quadrature components,, defined bya=(X;
fche context of the detection of gravitation waves. In pr|n0|p_le+ixz)eia/2 fulfill the uncertainty relatiomPAX,AX,= 1 where
I applt|)es to any Sé’Stem where a weak classr:call folrce V\.’Irl"dfhe variance of one componetdX;=€e"/2 is reduc4ed below
must be measured acts on a quantum-mechanical oscillatqy. S o
The measurement consists ofc![hree stages. In the first sta ¢ standard quantum limit of 1/_2,+:/vherea}s the noise in the

er component is enhancexlX,=e™/2. This property can

one prepares the oscillator in a squeezed state, so that t : . g .
dispersion of one of its quadratures is reduced below th e exploited to improve the sensitivity of measurements. It is

quantum limit. Next, one allows the measured force to act omPOrtant to note that this asymmetric distribution of the

the oscillator. At last one measures the squeezed quadratuféPise is stationary only in a frame rotating with the fre-

without touching the other one. To apply the squeezing ideaguency of the harmonic oscillator, since an initial squeezed

to the nanomechanical systems, all three stages have to BEate|e) evolves in time agee™"). Therefore, the error el-

implemented. In particular, for the third stage, one must delipse rotates in phase space with the oscillator frequency,

sign a setup in which only one of the quadratures is beings shown in Fig. 1.

measured. In this paper we restrict ourselves to the first There are several ways to generate a squeezed state of a

stage, i.e., the preparation of the squeezed state of a nanarmonic oscillator. A familiar method in quantum optftis

mechanical resonator. We show that by coupling the resond0® use a parametrically driven nonlinear potential corre-

tor to a Cooper Pair BoxJosephson qubitand irradiating ~ sponding to the Hamiltonian

the f,‘ystezn by bichromatic, phase coherent microwaves one H = hivala - ifin (a2 o8t — a2e90t) ?)

can “cool” the resonator down to the squeezed state.
We start by reminding the reader about the basics oBy going to a rotating frame, i.e., transforming the time de-

squeezing and discuss two different ways to achieve it. Thependence away and assuming a parametric pump field fre-
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FIG. 2. Coherent and incoherent processes as described by mas-
. o ter equation(6). The excitations of the qubit coherently decrease
|
FIG. 1. Representatlt_)n of t'he squeezgq stetere'?) in phase (g, “red sidebandf and increaseg,, “blue sidebandy the phonon
space spanngd by the dimensioniess position and momenium co umber of the resonator. The energy of the excite state is then
issipated with the decay rate of the TLS, These two processes
relax the system into the desired staie/e,g)(e,g| while the cou-

pling to the thermal phonon batl,thermalizes the resonator state.

dinates. The error ellipse indicates the reduced/enhanced fluctua
tions for the quadrature componesg/ X,.

quency w,=2v, the Hamiltonian is simply given by,
=iaN(a®-a'?). Starting from the ground state of the har-

T o i -
monic oscillator,|0), the time evolution withHg produces (acostir) +a' sinhrje™)]e) =0, “@
the squeezed stafe=2\t),. The application of this method gnd thus we choosg to be of the forri’

for mechanical resonators has been proposed in Ref. 5, but R

the requirements, a sufficiently strong nonlinearity to over- F=ga+ge'?al, (5)

come the losses, and an initial state close to the ground state )
are not easily met. whereg, andg, are related by =atanlig,/g,). For a single

A second method, which we will elaborate on below, is totraPPed ion driven by laser light and decaying via spontane-
“engineer” an appropriate coupling to the environment suctpus emission such a Hamiltonia, with F given in Eq.(5)
that a dissipative dynamics drives the harmonic oscillatoccan be constructed by applying two laser beams, one detuned
into a squeezed state, i.e., we “cool” the oscillator mode to 40 the “red sidebandlw=wq.~ ) and a weaker one detuned
squeezed state. Thigservoir engineeringpas been first pro- to the “blue sidebandw=wye+ ) of the two-level transition
posed in Ref. 17,18 in the context of ion traps, and has beeflequencywy.. This is illustrated in Fig. 2. For a detailed
experimentally implemented in part by the lon Trap Group atexplanation the reader is referred to the review article by
NIST in Boulder!® This reservoir engineering can be Leibfried et al?°
achieved, for example, by coupling the oscillator to a dissi- In the following section we show how such a Hamiltonian

pative two level systendTLS), where the form of the cou-
pling determines the stationary state.

The simplestalthough trivia) example is provided by a
reservoir which cools the oscillator to the ground st@be

can be realized for a nanomechanical resonator coupled to a
Cooper pair box, which plays the role of the dissipative two-
level systent3

For nanomechanical systems the coupling of the resonator

We assume that the oscillator is coupled to a two-level sysmode to the finite temperature phonon bath of the support

tem with ground and excited stalg), |€) according to the

must be taken into account, leading to additional contribu-

HamiltonianH,=g(ac,+a'c_), where we use Pauli spin no- tions in the master equation. As we discuss below, in the
tation o, = |e)(g|, etc. We furthermore assume that the two-limit of high resonator frequencies where the rotating wave
level system decays from the excited state to the ground stagpproximation(RWA) is valid the master equation is

with a ratel’. The time evolution in the interaction picture is

then described by the master equation, - i[H,,p]+ g(ZU_pm - 0.0_p=— po.0.)

dt

dp

dt

~ +(Ng + 1)%/(2apaT -a'ap-pa'a)

. r
=~ilH,p]+ 2 (20-po ~ou0-p=poro). (3
+ NB%/(Zana —aa'p - paad). (6)

For long times the system thus evolves to the steady state

p=|0)0| ® |g)(g| since|0)|g) is a “dark state” of the system
Hamiltonian, i.e.H,|0)|g)=0.

For a general Hamiltonian of the fori,=Fo,+F'o_
where F is a function ofa and a' only, the dynamics of
master equation(3) “cools” the system into the statp
=|y)(¥ ®|g){g|. The stationary oscillator state) is deter-

mined byF|y)=0. A squeezed vacuum state=re'®) obeys
the relation

The new terms in the master equation describe the heating
and dissipation of the nanomechanical resonator with a rate
v. Without the coupling to the charge qubit these terms lead
to a relaxation into a thermal state with a mean phonon oc-
cupation{a’a)=Ng. This will degrade the squeezing.

Ill. THE MODEL

We consider a nanomechanical resonator which is placed
close to a Cooper pair bq@CPB) as shown in Fig. 3. Similar
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systems have been considered in the context of coGlany

the generation of entangled stafeBhe energy spectrum of
the CPB alone is controlled by the gate voltayg,and the
Josephson energ¥;.2* To obtain a coupling between the
two systems the voltagé, is applied on the resonator, lead-
ing to a position dependent interaction via the capacitance
C,(x). The whole system is described by the Hamiltonian

_ 2
H :(Q—Q@I)——EJ cog ¢) +hva'a. (7)

2C,
_ . . FIG. 3. Setup, the mechanical resonathin, vertical bay is
HereQ,=CgVy+C,V, is the total gate charg€; is the total . g by the voltag¥, to achieve a coupling to the Cooper pair

capacitance of the island andis the frequency of the fun- box (CPB) via the capacitanc€,. The state of the CPB can be

damental_ flexural mode of the resonator._We decompose thg hirolied independently by the gate voltalgg,and the Josephson
voltages into a sum of a constant and a time dependent pagpergy £ .

Vi=V+V;(t) and therefor®,=2e[nJ+ny(t)]. For the desired
interaction and to minimize relaxatiqisee below the sys-
tem is operated close to the degeneracy poing=n
+1/2,n4(t)<1 and we reduce the CPB to an effective two

level system with the basis states, E
y H= +?J(rz—)\(t)(a+ aho, +hva'a. (12)

With these approximations the system Hamilton{a0)
reduces to

9= (M + I+ 1)12,
Up to now the result is valid for arbitrary driving signals. For
le)=(ny—|n+ 1})/\5_ (8) the generation of squeezed states we choose the driving volt-

. ) . . age to be of the form
Using the Pauli spin notationg,=|e)(e|-|g)(g| and oy

=|e)(g|+|g){€|, the Hamiltonian(7) simplifies to V() =V, co< (EJ;L v)t) v, co< (EJ;‘ )t .\ 0>'
E
H= + oy + AELONg(tX) o5 + B[ 1+ dng(tx)?] (12)
+hva'a ) It consists of a part tuned to the red sideband and a part tuned

to the blue sideband of the qubit transition frequency related
Note thatE,(x)=€?/2Cy as well asny(t,x) depend on the by a fixed phase differencé, Finally we perform a trans-
resonator coordinate via the capacitanc€(x). If we ex- ~ formation into the interaction picture with respect It
pandC, up to the first order irx/d, whered is the distance =Ej/20,+#iva'a. Under the assumption(t)| <7 the RWA

between the resonator and the CPB we obtain can be applied and we end up with
£.00 = Eor £ 2 @< X2> H=fi(gia+ g6 %a") o, +(g€a+gia)o., (13
X = + P + ) 1 -
) =E ‘Cyd d? with the parameters
cly,
1 X X2 __op Jodi
Ng(t,x) = %{Cgvg(t) + Cng(t)(l - a)} + O(d_2> - 9i=-2Ec d 2’ (14

wherexy=+v#A/2mv is the extension of the resonator ground
state.
Discussion For typical parameters value@SzZ
X 10 F, Ec~40 GHz,x,/d=~ 105 we obtain a value for
the coupling strength of abogt=~5 MHz for driving volt-
E, 4E, o 4E,| C° ages still below 1 V. Assuming a resonator with a fundamen-
H=+Z o+ z[Cng(t) + G V() ]oy + N C—Cng(t) tal frequencyr=100 MHz, this value is consistent with the
z RWA and the conditiomg(t) <1 used for the two-level ap-
c?) | x . X2 proximation.
-GV 1 T C. a“xJ’ﬁVa a+0 42/ (10) In practice, a perfect realization of the balance condition
. Qq(t)=0 is impossible which leads to direct excitations of the
The second term in E@10) leads to direct excitations of the charge qubit. However, an accuracy in the control of the
charge qubit. To avoid these excitations we choose the voltyoltages in the order of,/d is sufficient to neglect this term
age signals such that they do not alter the gate charggince the applied voltages are detuned from the qubit transi-
Qq(t)/2e= Cng(t)+C2VX(t) ~0. For the systems under con- tion frequency byw.
sideration the expansion parametes,/d is in the order of Insufficient precision in the knowledge of the resonator
1078 and we can neglect all higher order termsHn frequency as well as the qubit transition frequency leads to

Resubstituting these expansions into E9). and absorbing
small shifts of the equilibrium position of the resonator in a
redefinition ofa and a’ we obtain the following contribu-
tions:
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unavoidable detunings for the applied driving fields. Theirquality factor of the resonator. In contrast to the charge qubit
effect is taken into account by adding the termi@m’a  the temperature of the environment is higher or comparable
+5Cq|e><e| to Hamiltonian(13). A detuning from the exact to the frequency of the nanomechanical resonator. Therefore,
resonator frequencyy, destroys perfect squeezing becausethe phonon modes at the resonator frequency have a nonzero
the ideal statde) is not an eigenstate af'a. Since a mea- occupationNg=(e""*sT-1)"! and cause downward and up-
surement of the resonator frequency with a resolution of avard transitions. For temperatures of 10-50 mK the resona-
few ppm can be achievedg, is less than 1 kHz. The re- tor (v=100 MH2 has an equilibrium occupation number
sidual imperfection is a small effect compared to the influ-Ng=~2-10.

ence of the finiteQ-value and can therefore be neglected. Together with the Hamiltoniail3) the decay rate§’, y

The detuning from the charge qubit transition frequerdzy, and the bath occupation numbBk lead to a dissipative

is less crucial since it does not affect the steady state. Fatynamics of the system described by the master equédion
dcq< g it only slightly changes the excitation probabilities of

the qubit. A measu_remen;zwnh the required precision has IV RESULTS
been reported by Vioet al:
Damping Apart from the unitary evolution given b, We are interested in the properties of the steady state so-

the coupling to the environment provides the dissipative partution of master equatioii6). For a characterization of the
of the system dynamics. While a finite decay rate of thestationary state we concentrate on the variance ofXhe
charge qubit is crucial foreservoir engineeringhe damping  quadrature componer(tAX1)2 —<X Y—(X,)?, where the aver-

of the resonator mode sets the limits of this method. Here nge is taken with respect to the Steady state dens|ty matrix,
give a brief discussion of the dominant effects in our systen)_ Wwe compare the varianckX; with the zero point fluc-

due to the influence of the environment. tuations (AX1)o <o|x2|o> and define the ratio
The mechanisms of dissipation in superconducting qubits
have not yet been fully investigated. The early experinfénts (Axl)pS
reported decoherence times of order several nanoseconds. R:(AT:L)O 17

This has been attributed to the effect of the low frequency

(1/f) noise. In Ref. 22 it was demonstrated that this effectas a measure for the degree of squeezing.

can be substantially reduced by operating at special symme- To study the effect of the different terms in E®) it is

try points(degeneracy pointsThe decoherence time of 500 convenient to look at the master equation in the sAqueezed
ns was achieved. Moreover, it became clear that a substantithme, i.e., we perform the unitary transformatidi:S(e)

part of the decoherence at such points is due to the energyhere the value oé=re'? is chosen according to E¢p). For

relaxation(Ty in NMR) processes. Here, for simplicity, we the transformed density operatgizU'pU we obtain the
assume that only the energy relaxation is important at thequation

symmetry point. It is provided by the high frequency modes

of the environment. One of the possible relaxation channelsdp _
is the electromagnetic environment in the external circuits dt
which created fluctuations of the gate voltages. Taking into
account these fluctuations by substitutiig— V;+8V; we + X(N+ 1)(2apa’ - a'ap - pa'a)
obtain the additional term@E./2e)C; 6V, oy due to this volt- 2

age noise. Assuming equal noise characteristics¥grand

IO R -~ ~
~i[§(ac, +a'e.),p] + E(Zo:po:, - 0,0_p—po,o.)

8V, this implies a decay rate + %/N(Za*ﬁa— aa'p - paa') - %’M(Zaﬁa - adp —paa)
r ¢ CZ;Q E,j/h 1
e~g= 72 2 Sv(+ Eyfh). (15 _ %/M * (2a'pa’ - a'a’p - Fa'al), (18)

For an external impedanc&w) the noise spectrum of the

whereg=|g,|/cosHhr) and
voltage is given byS/(w)=2 ReZ(w)iw(1-e"eT)"1 Be- G=l0,] Hr)

cause the temperatures reached with dilution refrigerators are N = (Ng + 1)sint?(r) + Ng cosR(r),
in the order of 10-50 mK which is much smaller thag kg
e_xcngt;ons of the qubit can be neglected and the decay rate M = (2Ng + 1)&” coshr)sinh(r).
simplifies to

P The master equation can be written as the sum of three Liou-

C+Cy RE, il
=T, 4=m (16)  Ville operators,

Cz RQ i g
whereRy=h/4¢€? is the resistance quantum. The decay rate &7’: (Lg+ Ly +L,)p. (19
can be adjusted by the gate capacita@gand has typically
values of 1-10 MHZ? In the squeezed frame the first two terms correspond to the

The dominant mechanism for the damping of the resonamaster equation that is known from sideband cooling in ion
tor mode is the coupling to the phonon modes of the supportraps[Eg. (3)]. Excitations of the qubit on the red sideband
This leads to a finite decay rate=v/Q, whereQ is the followed by a spontaneous decay successively reduce the
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+|n—1,e)), |0)=|0,0). Since these are the eigenstates of the

ot HamiltonianH=g(ac, +a'c_) the steady state density opera-
tor of Eq. (18) becomes diagonal in that basis@s: . By
neglecting the off-diagonal terms the density operator can be
approximated as

P=pol0)(0] + X pifR, + )@, + |+ prA,— )@, -|. (2D)

Because the Liouville operatoid- and £, do not discrimi-
nqate between the stat@is +) we define the joint probabili-
les p,=p,+p,. With this ansatz the master equati¢tB)
reduces to the rate equation

FIG. 4. Coherent and incoherent processes in the squeez
frame as described by master equaiid8). In this picture the qubit
is only excited on the red sidebafig). Followed by a spontaneous
decay(I') these transitions cool the resonator to its ground state. Pn= +T.(N=)ppq+ T_(N+ 1)ppey — [To(n) + T_(N)]py,
The cooling is compensated by tNhe squeezed heat bath which apart 29)
from the enhanced heating rateN) also induces coherences be- (
tween the statef) and|n=2)(yM). with the heating and cooling rates
phonon number and drive the resonator into the ground state T-(=[T+¥N+D(Zn-1})2, T(0=0,
which corresponds to a squeezed vacuum state in the original - ~
frame, [e)=U|0). The third contribution,£,, describes the T.(n)=yN(2n+1)/2, T,(0)=yN. (23
coupling of the resonator mode to a squeezed resefoir.

The degree of squeezing of the reservoir is maximal since thIn the stationary state the occupation numbers are deter-

o~ ] Fined by the detailed balance conditioh.(n+1)p,;
parameterdN andM are related byM[>=N(N+1). The dif- -1 (n)p_and an analytic expression for the mean occupation
ferent processes of the system dynamigs in the squeezemper is given by

frame are summarized in Fig. 4. Note thdtand M grow
exponentially with the squeezing parameter while the Rabi
frequency,g decreases exponentially. Therefore, even for a
weak coupling,y the effects of the environment become es-
sential as soon as~ 1. (24)

Weak couplingWe first consider the limit where the de- ; ; ;
cay of the charge qubit is much faster than the rest of thé':1 denotes the hypergeometric function depending on the

system dynamicd > §(r). yKI(r). In this regime the excited parametew=I"/[2y(N+1)] and is evaluated at the argument

state can be adiabatically eliminated by treating the coupling=N/(N+1). S'”Ce<a2f' (a')y;—0 in the limit of strong
term, L, in second order perturbation theory. After tracing cpupllng, a transformation back to the original frame simply
over the qubit degrees we obtain a new master equation f¢HVeS

the resonator density operatd’r,. The_excitations__of the R:e"r\fm. (25)
charge qubit on the red sideband provide an additional cool-

ing rate of 4%/ for the resonator. The master equation for ~ Perturbation theory The interesting regime where the fi-
the resonator alone can be solved by transforming it into aal state of the resonator is squeezRds 1, obviously re-
partial differential equation for the Wigner function. The de- quiresyN<g, I'. With this restriction a solution for arbitrary
tails of this calculation are given in Appendix A. In this limit narameterg andI” can be found by taking the ideal solution,

_ YN(ZgFl[g,Z,g + a,Z] - Fl[l,%% + a,z])

(a'a); ~ 2
P 33
F'+yN+1)+ 7N2F1[1,§,§ ta,z

we obtain the result $=10,0X0,9|, and treat the corrections df, in first order
> perturbation theory. The details of the calculations are listed
2(wie—zr + Z(ZNB+ 1) in Appendix B and the result of this approach is
r 2
R = . (20) AM  ~(2 T
75y Rze"\/1+—+yN —+—]. (26)
T2 S
o ) _ B While this expression gives the correct interpolation between
For smallr and y this is close to the ideal behavi®=e"  the weak and the strong coupling limit it is only valid for

while for high values ofr it saturates at the value d®  (afa);<1. A rough estimation shows that this is still true up
=\(2Ng+1) which corresponds to the unperturbed thermakg tne minimum, R,i,=min{R(r),r >0} in the case of
state. . _ ~ _ g1<I' while expression26) gives rather poor results for
Strong coupling In the strongly driven regimeg R . in the case ofy;>T.

>T", yN, the system performs rapid oscillations between the Numerical resultsFor numerical calculations the master
stategn,g) and|n-1,e) on a time scale which is much faster equation (18) is evaluated in the number basis. In the
than the incoherent processes. It is therefore convenient wgueezed frame the solution is close to the ground state so a
work in the basis of dressed statfs, +)=(1/\2)(Jn,g)  relatively small number of matrix elements is sufficient to
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observe the reduced fluctuations of a squeezed state also this
back action is enhanced. A quantum mechanical analysis of
the properties of SET-based displacement detectors is pre-
sented in Refs. 27,30. Using the results of the analysis done
by Mozyrski et al?” the charge fluctuations on the SET is-
land would destroy the squeezed state, especially in the ex-
perimentally attractive sequential tunneling regime.

In quantum optics with trapped ions and in cavity QED
experiments, information about the oscillator state is often
obtained via a coupling to a two level atom. Efficient readout
techniques for the state of an atom can be used to measure
properties of the not easily accessible oscillator mode. Since
CPB and other TLS are currently developed for quantum
computatior?!?231which in particular implies a read out of
the qubit represented by, e.g., the charge states of the CPB,
this “measurement toolbox” is being developed in mesos-
copic physics. Motivated by this, we discuss the detection of
the resonator state via the readout of the charge qubit. We
concentrate on two detection methods that can be performed
with the setup shown in Fig. 3 extended by a measuring
device for the state of the CPB.

o 1 2 3 4 5§ 6 71 g
b)

Ruin

04

0.2

16*‘ 102 10" 7y [MHz)
A. Dark resonance

FIG. 5. Minimum values for the noise reductioR,;, for vari- A simple way to verify the generation of a squeezed reso-

ous parameter valuegy, I', y (all in MH2) andNg=5. (&) shows nator state is to look at the excited state populatmrof the

the dependence dR,,, on the driving strengthg, for a fixed I" . . i
=2, while (b) shows the dependence on the decay rate of the charg(éharge qubit. Since the squeezed state is a dark state of the

qubit, T for fixed g,=5. The different values foy in (a) and(b) are system Hamiltonian13) the qubit excitations are signifi-

0.001(solid), 0.005(dasheg} 0.01(dotted 0.02(dashed-dotted In cantly s_uppressed even in the presence of the driving_ f_ields.
(¢) Ry is plotted as a function of the phonon damping ratéor By varying the detuning, a dark resonance .becomes visible
g,=5 andI'=2 (solid), I'=5 (dasheg| I'=8 (dotted. at 5,=0'" which corresponds to the generation of a squeezed

state. Figure 6 shows the expected correlations between the

describe the exact state. Figure 5 shows numerically calcud—egree of squeezing and the steady state excitations of the

lated values ofR i, for various parameter values fgg, I’ qubit as a function of th? Qetunlr@(. . .

andy. The results show that the noigeX,; can be reduced to In the presence of a finitg the populatlorpe retalr_ls ata

half of the standard quantum limit for damping ratgs Value of aboutyN/I'<1 (see Appendix B In the regime of

<0.02. This corresponds toQfactor of 5000 in the case of Strong coupling,g,, g,;>T" this is clearly distinguishable

a 100 MHz resonator. Fa@=10P a reduction by a factor of from the valuep,~1/2 as expected for, e.g., a thermal state.

5 is possible, still assuming a “hot” environment of aboutFor weak driving fields and a thermal resonator state we

T~20-30 mK. Obviously, higher mechanical frequencies of€XPect a excited state population ot~ (A)g7/ T2+ ((A)

lower temperatures would improve the results even further.+ 1)g§/1“2. Therefore the conditiog%/l“> yN iS necessary to
distinguish the squeezed state from a low temperature ther-

mal state.
V. DETECTION OF A SQUEEZED STATE

Below we discuss schemes for detecting nonclassical
states, in particular squeezed states, of a nanomechanical sys-
tem. The displacement measurements based on laser interfer-According to its definitior{Eq. (1)] a characteristic prop-
ometry, which are used for mechanical resonators with #rty of the(idea) squeezed statge) is that only the even
length in the order of a hundred microns, cannot be appliethumber states are populated. The measurement of the reso-
in the nanometer regime. Alternatively displacement detechator populations via the Stark shift of the qubit resonance
tors based on a single electron transiS®ET)?> have been frequency was proposed in Ref. 7 while in Ref. 32 it is sug-
considere#f2” and were recently used by the groups ofgested to utilize the anharmonic coupling between bending
Cleland® and Schwaf? to measure the fluctuation spectrum modes for a Fock state readout. Here we follow a different
of nanomechanical resonators. While in current experimenttne® and use the linear coupling to the TLS to determine the
the displacement sensitivity is still limited by the amplifier occupation numbersQ,=(n|p,|n). The basic idea is as fol-
noise, the quantum limit is determined by the back action ofows. Suppose we start from an initial density operator
the current shot noise on the resonator. By increasing the(0)=p,®|g)(g| and switch on a Jaynes-Cummings cou-
signal amplification of the detector, which is necessary tling, H,=%g(ac, +a'o_) between the charge qubit and the

B. Occupation numbers
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a) °° . o 1Ttk
04} b pO(nat) = 1 _e—Ft/ZE E(E) ’ (29)
I ] k=0 K-
@ °'3: 2 in the limit I'> y(Ng+1). The exact time dependence for
0.2} v>0 is not important since the changesptn,t) are slow
i compared to the Rabi oscillations. For an arbitrary initial
o state with occupation numbeg, the polarization of the qu-
0 . . . . . . s bit is given by
-4 -3 -2 -1 0 1 2 3 4
b ] (@) == 3 Qipo(n,t) + cog20,He ™. (30
b) 0.25 3 n
0.2 ] The extraction of the occupation probabilities from a given
function {(o,)(t) requires the resolution of the individual
0.15f . . . . .
& Lorentzian peaks in the Fourier transform of this signal. The
01} nth peak can be resolved if the conditi®y+R,.;<g/Vn is
true. Therefore, a lower bound for the maximum occupation
0051 probability which we can determine with this method is
0 given by the solution of the equation
4

6z [MEz] (T + 2yNg)nhia + 2y(2Ng + Dy =g.  (31)

max

FIG. 6. Correspondence between the excited state population, A first order approximation, valid foyg?/T'?<1 gives
(solid line) and the degree of squeezing,(dashed lingas a func-

. . 2 4y(2Ng + 1)g?

tion of the detuningd,. The values are plotted for the parameter N = 9, _ N<Np g (32)
values y=0.01 MHz,r=0.7, and Ng=5 for (a) g;=5 MHz,T max 12 I3+6y(2Ng+1)g?/°

=2 MHz (strong couplingand(b) g;=1.5 MHz,['=5 MHz (weak

For the parameter valueg=5I", Ng=5, and y=0.001-
0.01T we obtainn,,=8-17, which is sufficient to detect
slightly squeezed or low number states.

Figure 7 shows the time evolution ¢fr,)(t) and the ex-
tracted occupation probabilitie®,, for a nonideal squeezed
state. A clear distinction between the squeezed state and a

(o)t =~ % Qn co82€t). (27) thermal state with the same mean occupation number is pos-
sible.
Due to the different Rabi frequenciéz%:g\s‘“ﬁ the values of Although this method prc_)vides a complete determination
Q, can be extracted from the Fourier transform of this signaI.Of the number state populations for states close to the ground

In our system the required coupling of the nanomechaniState: it is not possible to distinguish between coherent su-

cal resonator to the qubit is realized by Hamiltonidi®) perpositions and mixed states. Therefore, in the next section,

with g;=g andg,=0. In contrast to the ideal situation of Eqg. we disc_uss the im_plement_ation of quantum state t(?mography
(27) the decay of the charge qubit and thermalization of theto ok_)taln the full information about the resonator’s density
resonator mode lead to modifications of the signal and rematrix.
strict the applicability of this method.

Obviously, a necessary condition to resolve the oscilla-
tions of the qubit polarization is the strong coupling regime
g>T, y(Ng+1). An approximate time evolution of the sys-  The ultimate determination of an arbitrary quantum state
tem can be obtained by the following considerations. Startings the measurement of the complete density operator. The
from a pure statgn,g) the system will oscillate between this procedure of estimating the density matrix by repeated mea-
state andn-1,e) with a frequency 2,, where Q,=gVn. surements on the same initial state is callgdantum
During this oscillation it decays into neighboring numbertomography* For a harmonic oscillator the Wigner function
states with a ratd},=T,(n)+T_(n) as defined in Eq(23).  of a state, a quasiprobability distribution in phase spgide,
Since all other stategm# n,g) and|m+#n-1,e) are popu- contains the same information as the density matrix. The
lated gradually their oscillations wash out and with the ex-implementation of a method to reconstruct the Wigner func-
ception of the ground state they give no contribution fortion for a nanomechanical resonator provides a universal tool

coupling.

resonator. The evolution of the qubit polarization is then
given by

VI. QUANTUM STATE TOMOGRAPHY

o,(t). Therefore, for the initial statf,g) we obtain to detect and characterize various nonclassical states, and
therefore a tool to clearly demonstrate the quantum nature of
{o)(t) = = po(n,t) — cog2Qt)e Rt (28) this still macroscopic system.

In quantum optics, methods for state tomography are well
where py(t) is the population which accumulates in the knowr®>-37 and have been successfully implemented to de-
ground state which has the form tect nonclassical states of a cavity fi&dr the motion of a
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a) Applying the displacement operatdrhe first step of the

04| | procedure described above requires the shift of the resonator
by the complex amplituder. In the setup shown in Fig. 3
this displacement can be achieved either by applying an ad-
ditional voltage to a lead opposite the CPB or by exploiting
the existing coupling to the charge qubiit)(a+a’)o,.

In the first case a voltage drdfy over a capacitandgy(x)
formed by the lead and the resonator generates the driving
Hamiltoninan,Hy=A(t)(a+a") with A=3C3V3x,/d. The evo-

(02)

0 05 1 &:51] 2 25 3 lution of the resonator undéd=%va’a+H, is?*
o
R et
b) |(t)) = D(a(t)e"* 3 y(0)), (34
0.6
0.6 1
£94 with
0.2 o
0.4 0 23466788910 T- t oo
S 06 | a(t) =—if dt’ "N (t). (35
o 0.4 0
0.2 (& 02 I
) L l3 L o ] Becausen ~1 GHz> v, a short constant voltage pulse is suf-
o m o A e mw o o ficient to obtain displacements of| < 10.
2 3 4 5 ne 7 8 9 10 If the coupling to the CPB is used for the displacement,

we first transfer the ground state of the qubijtinto one of
FIG. 7. Measurement of the resonator occupation numigys, the eigenstates af, by adiabatically changing the CPB pa-
A squeezed state is generated as explained in the preceding sectidi@neters Vg and E; Since the coupling strength)
with (all in MHz) g;=5, 9,=3.5r=0.88, '=2, y=0.01, andNg ~5-10 MHz is much lower than the resonator frequency a
=5 MHz. For the detection we assume the same valuegbg;  radio frequency pulser(t) ~cogrt) must be applied to
=8 andg,=0. (a) shows the exact time evolution ¢5,)(t) (solid)  achieve shifts in the order ¢&|=1.
which is compared to the expected behavidashegl as given in Especially in the second case the Wigner function of the
Eq. (28). The difference for larger times is due to the deviations of resgnator is modified during the displacement due to ther-
the exact time dependencemf(n,t) from Eq.(29) for y>0.1In(b)  malization with the phonon bath. The diffusive dynamics of
the extracted occupation probabilitiedark gray are compared 5 driven oscillator and therefore the resulting errors can be
with the exact valueglight gray). The inset shows the estimated ~z|culated exactlysee Appendix ¢ If we assume an initial

number distribu_tion for a ideal squeezed §t(1tm) and a thermal Gaussian distribution and a displacement timB=|a|/|)\|
state(bottom) with the same mean occupation numkie)=1. <1/y we obtain the relative errors for the widths

trapped ior?® We consider the method discussed in Ref. 39 o Na + 1
and show that it is appropriate for the implementation in s(Aip):ﬂ(l 3—22> (36)
nanoscale mechanical systems. ’ IN 200,
To determine the Wigner function at a certain point in
phase spacey=x+ip we start from the identip The damping also modifies the displacement amplitude. To-
m gether with the deviation caused by a small detuning in the
W(a) = EE (- 1)"Q(a), (33) driving frequencyw= v+ 4,, we obtain a relative error
T n=0
where Q,(a)=(n|D'(a)p,D(a)|n) are the occupation prob- e|a]) = M(@ + Z). (37)
abilities of the displaced density operator. The values of N\ 2 4

Q.(@) are measured as discussed in the preceding section.
A complete state tomography consists of the followingFor the parameter values considered in this pagiés|)
steps. For each point in phase spékgp) we displace the ~1073,

original density operator byw=—(x+ip). Then the occupa- Occupation numbersThe measurement of the probabili-
tion numbers of the resonator are determined by measuriniies, Q,(«) is done as discussed in the preceding section.
the time evolution of the qubit polarizatiofg,)(t). In the For an estimation of the error due to truncation we con-

end we obtain the measured value of the Wigner functionsider an initially density matrix of a pure number stae,
W(a) by summing up the,(e) according to Eq(33). =|m)y(m| with m<n,.. The application of the displacement

In the following we discuss the limits for the implemen- operator shifts some part of the wave function out of the

tation of the individual steps for a system consisting of adetectable subspa¢®), ..., [nmag}. This leads to an absolute

nanomechanical resonator coupled to a charge qubit. error in the estimated Wigner functioh(e) of
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R cp .
12 0.005 MH: o °
x y=0. 3
0 . .
6 ° ° ° " ® * * *
4 e v 8 ox 7
L]
2 e
0 2 4 6 8 10 12 n

FIG. 8. Coefficientsc, which determine the error of the esti-
mated occupation numbers according to E9). For a large num-
ber of measured data pointsp the ¢, are proportional to 1VNp.
See text for details.

o

s(ma) = e ~ W] =~ 5 (KBl

(38)

The matrix elements of the displacement operator are given 2 A5 4 o5 o o5 1 15 2
by z = Re(a)

A mi FIG. 9. Results of the numerical simulation of the state tomog-
|KK|D(= a@)|m)|? = —|'|a\zm"k)e"“‘z[Lﬁ;mda|2)]2, raphy for a squeezed state as described in Sec(aylshows the
k! reconstructed Wigner functioV\(«). In (b) a cut of W(«) (solid
line) in thex direction[Im(«)=0] is compared with the correspond-
where Lﬁ]—m are the generalized Laguerre polynomials. Theing values of the real Wigner functiohy(a) (dashed lingand the
sumX,(m|p|m)e(m,«) <1 provides an upper bound for the wigner function of the resonator ground stedetted ling.
total truncation error and rough estimation whether the . .
method is applicable or not. In practice the determination of For the displacement of the nanomechanical resonator we
the Q, is done by fitting the actual signal by minimizing the US€_ the coupling to the CPB as described above with
deviations in the least square sense. For a linear fit the staf}v—_| 8| g';;, Equation (36) predicts an error ofz(4,)
dard deviation of th&, can be written as For the determination of the occupation numb&g,«)
we apply a red sideband signal with=8 MHz. For this
a(Qp) = Chop. (39 value we obtaim,,,,= 8. The estimatiorE(m|p|m)e(m, @)
<0.15 for the phase space regipy <2 shows that an ac-
The error in the measured data poia, includes the error  curate reconstruction of the Wigner function is possible. To
from the measurement of the qubit polarization as well agesolve oscillations of frequenayynya, Over a time much
deviations of the system evolution from expected evolutiononger than the characteristic decay time the number of mea-
as given in Eq(28). The coefficientsg, depend on the pa- sured data pointNp must fulfill Np> 2g\nma/ (71). In our
rameters of the system and the fitting proceddi@/hile the  example we choose a measurement tifire3 I'"* and Np
C, increase on a scale set hy,, it is still possible to deter- =150. For these values the coefficiemisin Eq. (39) are
mine theQ, beyondn,,,, in the expense of accuracy. For the plotted in Fig. 8. We suppose that the qubit polarization can
example given below the, are shown in Fig. 8. be measured with an accuracy of 0.02 and that the values for
Example To summarize the considerations made in thisQo...12 (We choosen,,,=12) are estimated. Adding the errors
section we discuss the generation of a squeezed state and ®fethe occupation numbers, the error due to truncation and
reconstruction of its Wigner function for a specific examplethe error from the displacement we expect an accuracy for
in some detail. We consider a nanomechanical resonator witthe reconstructed Wigner function pf/(«) —W(«a)| < 0.05.
a fundamental frequency of 100 MHz andQavalue of 2 The results of a numerical simulation of the generation of
% 10% cooled to a temperature of 25 mK. For the coupling tothe squeezed state and the reconstruction of its Wigner func-
the CPB we assume the valueg=5 MHz, g,=3 MHz tion is shown in Fig. 9.
(r=0.7) and a decay ratE=2 MHz. Using the results of the In Appendix D we also briefly discuss a different method
previous section, this drives the resonator into a state with for a state tomography as proposed by Lutterbach and
noise reductionR=0.5 in one of the quadrature compo- Davidovich3” While this method is experimentally more at-
nents. After the resonator has reached its steady state vigactive since it requires less measurements, a stronger cou-
switch off the coupling and wait for a short time~1/T" to  pling and longer decoherence times of the qubit are required
reduce the excited state population to less than 1%. Accorder its implementation.
ing to Eq.(36) this delay leads to a broadening in tie
direction of about 17%, so we end up wilR~0.6. The VII. CONCLUSION
exact Wigner function for this state is well located in the In this paper we showed that by reservoir engineering the
phase space regide|<2. fundamental mode of a nanomechanical resonator can be
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driven into a squeezed state. The stationary state exhibiBy introducing the new variable¥, p defined by a=(X

noise reduction in one of the quadrature components by &ip)e??, Eq. (A3) separates into two independent Fokker-

factor of R =~0.5-0.2 below the standard quantum limit. For Planck equations and their steady state solution is

a 100 MHz resonator these values are obtained)foalues 5 =

in the order 0fQ=10*~1C° and standard dilution refrigerator WED) :Nexp[— (Zi n Z)(X_ n p_)] (A4)

temperatures off =30 mK. The detection of the squeezed ' r 2/\Dy D, '

state can be done within the same setup as used for its gen- . o

eration by measuring the excitation probability of the chargeVhere/\is a normalization constant and

qubit. Furthermore this measurement procedure can be ex- Ty 1

tended to obtain a complete reconstruction of the resonator’s Dyp= T + E(NB + 5)&”.

Wigner function. This tool provides a universal detection

method for nonclassical behavior of the resonator. Because these calculations have been performed in the

squeezed frame we need another change of variables to undo
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APPENDIX A: ADIABATIC ELIMINATION with

We consider the master equatigh9) in the limit T (er 0 )( cog6/2) sin(6/2))
>, yN. To zero order ifg/T", y/T the equation reduces to 0 e"/\-sin#/2) cod0/2))
dp=Lrp and a steady state solution is located within the.l_he variances of the two

_ quadrature componekts, are

sub;pac§T$X®|g><g|}. The te'rm,Cy leads to'a slow dy- given by the widths of the Gaussian functisV(X;, X,),
namic within this subspace whilg, couplesSto its comple-
ment. SinceLrp=0O(T"), Op ¢« S we can project the master AX)2= 1 2_g2 o, Y N+ 1 2_92 LY
equation(18) on the subspacg and treat the coupling of (AXy) 4 € 2( B+ 1) r 2/)
in perturbation theory. After tracing over the charge qubit

states we obtafi 2 2
1/2 2
& (AX2)2=Z(%e2r+%/(2NB+ 1)>/<%+g)
X ~ 1~
—— =L o= Treo LoLr Lopx @ . Al
dt ¥Px CQ{ g~T ~gPx |g><g|} (A1) (A7)
An evaluation of this expression leads to a master equation
for the reduced density operator of the resongipgiven by APPENDIX B: PERTURBATIVE SOLUTION
dpg 7 oy~ -t ot~ o~ _t For a weak coupling of the resonator to the phonon bath
at (? * E(N +1))(28p,@’ —a'dpx~p,@'a) we write the master equatiqii8) as
YX2a™ = _~ ooty = Yoas ~ dp _
+ 2N(2a pa—aap,—paa) - 2M(2apxa—aapx at =Lo(p) + L,(p), (B1)

e CYanw ot ottt o~ tat where Lo=Lgy+ L contains the terms proportional gpand
P,@2) oM (2a’p@’-a'a’p—paa)).  (A2) 1 ith the steady state solutighy=|0)(0|®|g)g|. In the

. . imi issSi i N + ISl i -
Because the master equation now only contains the operatol}mIt of weak dissipation,y(N+1) <g,I" we write the den

aanda’ it can be transformed into a partial differential equa- lsj'stytg?i?;?frrdgf’;pow 1. and calculate the corrections,
tion for the Wigner functiort® P v

dp
ez z)(i G *)~ PL = L4+ £4(Fo)
ﬁtW(a)_( r +2 r?aa+(9a*a W) dt o o
2 i N ~ =—ila U _'E -
+<%+g(2N+l))aaaa*W(a) | 9@o, +alo) |2|e><e|'pl
+Z(M P P )w a5 +Topao, + N(1X(1] - 0X0))
2\ g2 gaz) M) (A3 + yM[0)(2] + yM * [2)(0). (B2)
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The steady state solution can be calculated, e.g., by evaluat- 1 la-a e‘§|2
ing this equation in the number state basis. Using the nota- \W(a,t) = d?ay Wi(ag)exp| - = ToE 4l
tion P,=(g,n+1[p,|e,n)—(e,n[psg,n+1), E,=(e,n[p;le,n), 2mo(t) 20%(1)
andG,=(g,n[p;|g,n), we obtain the set of coupled equations (C3
-igVn+1P,-T'E,=0, with 262(t) :(NB+%)(1—e‘7t). For the special case where the
initial distribution is a Gaussian function centered at the ori-
-T/2P,-i2gVyn+ 1(E, - G,,1) =0, gin the time dependent solution can be evaluated as
- ~ ~ [x=c)]* [p- cp(t)]z)
iy - = W(X,p,t) = N(t)exp — - )
ig\VnP,_y + TE,+ YN8, 1 — YN, ,=0. (x,p,t) = M) 2 2Ap%(1)
Because all matrix elements for>1 are zero we find a very (C4)
simple solution for the mean occupation number and the ex-
cited state population with a normalization factor\(t) and the time dependent
parameters
(P, =Gy +E N(1+ r )
p=LiTE = YN ST 5, IN. + 1
I' 43 Ax(1) = A0+ (1 e,
WN
(|leXel); =Eo= " (B3) 2Ng + 1
ST AP = Ap(0)e "+ T2 (1-e ),

Another set of equations for the matrix elements between the
states(n| and |[n+2) gives two nonzero contributions for

_ a2
(9,0lp1|g,2) and(g, 2|p,|g, 0) which lead to ox(t) =2 1m() (1 -y,

(@5 @75 = T M M), ®4) cplt) =2 RN (L -& ). (s

The variance of th&; quadrature component in the original APPENDIX D: FAST TOMOGRAPHY
frame is just given by
The reconstruction of the Wigner function as described in

-2r
(AXy)?= e—(<a2>7) +(@)y + 2y + 1). (B5)  Sec. Vlrequires a lot of measurements since it relies on the
4 whole time evolution of the qubit polarization. A direct mea-
This leads to the result of Eq26). surement of the Winger function form a single value(a§)
has been proposed by Lutterbach and DavidoViébr cav-
APPENDIX C: DISSIPATIVE, DRIVEN OSCILLATOR ity QED and ion traps. Here we give a brief summary of this

We consider a harmonic oscillatdd=fira'a driven by ~ Procedure which relies on the identity

the linear term Hy=\e"a+\*ea’ which is weakly

2 . A
coupled to a reservoir. The master equation in the interaction W(a) = =TH{D(a)p,D()€™ 4} (D1)
picture is given by T

dp ¥(Ng + 1) Again the measurements on the qubit are used to deduce the

— =-i[za+\a',p]+

at (2apa’ - a'ap - pa'a) expectation value of the parity operatef™ 2. To do so we

assume that a certain evolutibhcan be applied to the sys-
tem with the following properties:

+ Y—NB(Zana -aa'p-paad). (C1)
2 U(lg)ln) = |g)ln) if n'is odd,

This equation can be transformed into a Fokker-Planck equa-

tion for the Wigner functiod® For the coordinates=(« U(g)ln)) =|e)|n) if nis even. (D2)

* = (v—y* i i
+ta*)/2 andp=(a-a®)/2i we obtain Starting from an initial density operatp(0)=p,® [0)(0| the

Wigner function at the pointr can then be reconstructed in

dw 9 9 Yo 9 three steps: First, apply the displacement operddr;a)
at Re(}\)a—p FIm) == (WS { 25X ap” =D'(«). Second, let the system evolve according to )
and third, measure the polarization of the charge qubit. Then
1
NPT (0) = ThucalUD ()p(0)D(a)U'or}
T2 (ﬁ i a_pz) W (€2 = TryecolDT(@p(OD(@)U o)
ﬁ\ygeneral solution for an initial distribution)Vi() is given _ Trx{DT(a)pr(a)e"TaTa} _ gW(a).
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Due to the special properties of the evolution operatpthe
summation of Eq(33) is performed by the system itself and
therefore only one value dir,) already determinegV(«).

The crucial point for the implementation of this method in
mesoscopic systems is the construction of the time evolutiofhe number state dependent part of the energy difference,
U as given in Eq(D2). It can be achieved with a Hamil- nA=n4|\|?E,/(E5-(#v)?), can therefore be used to imple-
tonian of the forrd’ ment U. For the parameter values given in the preceding

1 parts of this paper (A\=10 MHz, »=100 MHz, E;
H=3(E;+ fA(ta'a)o, + Ava'a. (D3) ~10 GH2 the shiftA=40 kHz is actually too small but by
Then a Ramsey interferometry produces the result of Eqoptimizing the system parameters valuesfaup to 4 MHZ
(D2) if the waiting time, 7 satisfiesA7=m. In Ref. 7 it has are possible. With such a system the evolutibhcan be
been pointed out that a static coupling between the resonatgerformed within the decoherence timg, of the charge
and the CPB leads to the desired shift of the energy splittinglubit®?> which would allow the implementation of this fast

(2n+1)E;

— 2
Ee,n_ Eg,n_ E;- 2|)\| E?— (ﬁv)z-

(D4)

of the charge qubit, tomography method.
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