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We have proposed a device, a superconducting-lead/quantum-dot/normal-lead system with an ac voltage
applied on the gate of the quantum dot induced by a microwave, based on the one-parameter pump mechanism.
It can generate a pure charge- or spin-pumped current. The direction of the charge current can be reversed by
pushing the levels across the Fermi energy. A spin current arises when a magnetic field is applied on the
quantum dot to split the two degenerate levels, and it can be reversed by reversing the applied magnetic field.
The increase of temperature enhances these currents in certain parameter intervals and decreases them in other
intervals. We can explain this interesting phenomenon in terms of the shrinkage of the superconducting gap and
the concepts of photon-sideband and photon-assisted processes.
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Nowadays progressing nanotechnology allows one to fab-
ricate ultrasmall quantum dot(QD) devices, where the en-
ergy levels are discrete and the length scale is less than the
phase-breaking length. In such a system the quantum mecha-
nism plays an important role.1 Due to its potential applica-
tion in future quantum computation and quantum informa-
tion technology, the transport properties of a QD system have
been studied extensively both theoretically and experimen-
tally. Many interesting effects, such as Coulomb blockade,1

Kondo effect,2 electron pump,3,4 etc., have drawn much at-
tention in recent years.

The electron pump is an effect by which an electric cur-
rent flowing through the QD arises when there is no voltage
bias across it but some parameters of the system vary with
time. To produce a pumped current at least two varying pa-
rameters are needed in the adiabatic regime(i.e., parameters
vary very slowly). The pumped charge in one cycle is pro-
portional to the area of the surface enclosed by the evolution
loop in the parametric space,3 and the pumped current
reaches its maximum near the resonant level.5 Kouwenhoven
et al. have observed an integer number of electrons pumped
through the QD in each cycle in the Coulomb blockade re-
gime using a turnstile device.4 If any of the spin-dependent
mechanisms works, a spin pump effect may arise.6–8 If the
pumped currents carried by the electrons with opposite spins
flow oppositely and cancel each other completely, a pure spin
current results.8–11 Watsonet al. realized such a pure spin
pump in a QD system by the application of an in-plane Zee-
man field.12

Outside the adiabatic regime only one varying parameter
is enough to give rise to the pump effect. A first-principle
calculation implies that the photon-assisted(PA) process is
the key concept to understand it,13 and it has a relation to the
evolution of the system in phase space.14 The theory of a
nonadiabatic pump is under development by now. Experi-
mentally, Switkeset al. observed that the pumped current
does not vanish when the two parameters vary in phase
(which is equivalent to the one-parameter pump).15 A calcu-
lation in Ref. 13 qualitatively agrees with their experimental
result. A one-parameter spin pump is also possible theoreti-
cally, but no experiment has supported it up to now.

In this paper, we theoretically proposed a device, a BCS
superconductor-lead/quantum-dot/normal-lead system with
an ac voltage applied on the gate of the QD induced by a
microwave, based on the one-parameter pump mechanism. It
can generate either a charge current or a pure spin-pumped
current. Our calculation is carried out by means of the
Green’s function method in Nambu space. The calculated
current is up to the order of 10−11 A for a set of typical
parameters, which is detectable experimentally. The direction
of the charge current can be reversed by pushing the levels
across the Fermi energy. A spin current arises when a mag-
netic field is applied to the quantum dot to split the two
degenerate levels, and it can be reversed by reversing the
magnetic field. To our surprise, the increase of temperature
suppresses these currents in some parameter intervals but
enhances them in other intervals. We explain the interesting
temperature-enhancement effect in terms of the shrinking of
the superconducting gap and the concepts of the photon-
sideband and photon-assisted processes.

We start with the model Hamiltonian of the device:

H = HS+ HN + Hd + HT, s1d

where HS=oksekcks
† cks+okDsck↑

† c−k↓+H.c.d, HN

=oqseqbqs
† bqs, andHd= ẽ↑stdd↑

†d↑+ ẽ↓stdd↓
†d↓ are the Hamilto-

nians of the BCS superconductor lead, normal lead, and
quantum dot.HT=oksVkcks

† ds+oqsVqbqs
† ds+H.c. is the tun-

neling Hamiltonian.cks
† scksd, bqs

† sbqsd, andds
† sdsd are the

creation(annihilation) operators of the superconducting lead,
normal lead, and QD localized levels.D is the superconduct-
ing order parameter of the superconductor, which is pre-
sumed to be real. The Fermi energy is regarded as the energy
reference(i.e., eF=0). Only two levels in the QD are taken
into account. The two levels in the QD,ẽsstd=es

+V cossvtd, are oscillating with the same manner(the same
frequency and amplitude) with v and V being the angular
frequency and the amplitude of the ac gate voltage, respec-
tively. The influence of the ac gate voltage is modeled as the
oscillation of all the levels in the QD with the same manner
but without a transition between them. This description of
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the effect of ac gate voltage is widely adopted by many au-
thors, and it gives a sound result compared to the experimen-
tal one.16,17The ac voltage is applied to the gate by coupling
a microwave to it.16 For simplicity, the Coulomb on-site re-
pulsion of the electrons in the QD is neglected. Therefore,
the Kondo effect is not considered, which is important only
when the temperature is below the Kondo temperature.2

The time-dependent pumped current carried by the elec-
trons with spins from the QD to the normal lead isJsstd
=RefiopVpkbps

† stddsstdlg (" and e are set to be 1). In the
following, the Green’s function method18,19 is used to calcu-
late the pumped current. It is convenient to carry out the
calculation in Nambu space in a superconducting-normal hy-
brid system. The Green’s function of the QD in Nambu space
is

Gst,t8d = Fkkd↑std,d↑
+st8dll kkd↑std,d↓st8dll

kkd↓
+std,d↑

+st8dll kkd↓
+std,d↓st8dll

G . s2d

Hereafter we will use boldfaced letters to denote matrices.
By using the equation of motion method and the Keldysh
relation, the dc components of the pumped current are given
by

J↑ =E de

2p
fsedJ11sed, J↓ = −E de

2p
fsedJ22sed, s3d

where f =1/s1+ee/Td is the Fermi distribution function of
each lead(the Boltzmann constant is set to be 1). J is a
matrix representing the current carrying density of state, and
it is expressed as

Jsed = o
n

fG0
NG0n

r Gn
SGn0

a − Gn
NGn0

r G0
SG0n

a g, s4d

where Gn
N/S=GN/Sse+nvd, Gmn

r/a=Gr/ase+mv ,e+nvd with
Gr/ase ,e8d being the Fourier transform ofGr/ast ,t8d. GN/Ssed
= ifSN/S

r sed−SN/S
a sedg is the linewidth matrix of the normal/

superconducting lead in Nambu space.SN/S
r sed is the retarded

self-energy matrix defined as

SS
r sed = −

i

2
grsedF 1 − D/e

− D/e 1
G ,

SN
r sed = −

i

2
gI , s5d

where I is the 232 identity matrix,rsed=e /Îe2−D2 is the
dimensionless density of state of the superconductor, andg
=2pokuVku2dse−ekd=2poquVqu2dse−eqd is the linewidth
functions related to both leads in the normal state(assuming
they are equal and energy independent). The Andreev pro-
cess is not included in Eq.(4) because the two leads have the
same Fermi energy. So only the PA quasiparticle tunneling
contributes to the pumped current.

One can obtain some interesting features of the pumped
current from Eqs.(3) and (4). If the two levels are spin
degenerate(i.e., e↑=e↓), J↑ is equal toJ↓ and a pumped cur-
rent Jc=J↑+J↓=2J↑ arises. But ife↑=−e↓, thenJ↑=−J↓. So
the pumped charge currentJc=J↑+J↓=0 vanishes and a pure
spin currentJs=J↑−J↓=2J↑ arises. In both cases we have

uJ↑ue↑=E=−uJ↑ue↑=−E. Supposing the two levels both line up
with the Fermi energy, one can apply a dc gate voltage to
push the levels upward or downward from the Fermi energy
so as to generate a positive or negative pumped current. Fur-
thermore, one can apply a magnetic field upon the QD to
split the two levels and thus a pure spin current is generated.
The direction of it can be reversed by reversing the magnetic
field. Moreover, some general properties of the pumped cur-
rent in the system are revealed by Eqs.(3) and (4). For ex-
ample, the pumped current vanishes as soon as one of the
conditionse↑,↓→ ±`, D→0, `, andv→0, ` is satisfied.

Combining all theGmn
r/a into an infinite-dimensional ma-

trix, we obtain the corresponding Green’s functionG̃r/a for
the QD in Floquet representation. It can be worked out easily
using Dyson’s formula

fsG̃r/ad−1gmn=5
fgse + nvdg−1 − Sr/ase + nvd, m= n,

1

2
DiagfV,− Vg, m= n ± 1,

0, otherwise.
6
s6d

Heregsed=Diagfse−e↑d−1,se+e↓d−1g is the Green’s function
of the isolated QD without ac gate voltage. Diag[¯] repre-
sents the diagonal matrix. After the Green’s functions are
obtained, the pumped current is calculated numerically
straightforward. In the following, we will launch a discus-
sion about our numerical result. At first we concentrate on
the zero-temperature case to clarify the mechanism of the
one-parameter pump effect in our system. Next, we analyze
the temperature-induced enhancement effect based on the
analysis method at zero temperature.

Figure 1 is a sketch of the pump effect of our model at
zero temperature forv.D and v,D. When the levels of
the QD are oscillating, photon sidebands separated byv ap-
pear beside them. Electrons can go from each lead into these
sidebands in the QD, and it absorbs photons to jump into
other sidebands and finally get out of the QD. Because of
uJ↑ue↑=E=−uJ↑ue↑=−E for e↑= ±e↓, we will limit our discussion
in e↑,0.

The solid curves in Fig. 2 showJ↑ versuse↑ in the case of
e↑=e↓ at zero temperature. The features of these curves are
understood qualitatively via the concepts of photon-sideband
and PA processes. We consider the casev.D at first [Fig.

FIG. 1. A sketch of the pump effect induced by level oscillation
in the QD at zero temperature for the(a) v.D case and(b) v,D
case. Only one-PA paths contributing to the pumped current are
demonstrated. The levele↓ is not depicted.
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2(a)]. If −v,e↑,−D, the first sideband lies beyond the
Fermi energy and the zeroth one below the superconducting
gap [see Fig. 1(a)]. So electrons can enter the zeroth side-
band from the superconducting lead and get out from the first
sideband to the normal lead, which is a single-PA process
and has a positive contribution toJ↑. Therefore, the curve
experiences a positive maximum whene↑ is within this in-
terval. Because the zeroth sideband is near the edge of the
superconducting gap for the parameters selected in Fig. 2(a),
the leakage of electrons in the dot is very large, leading to a
suppression of the PA process to some extent. If −sv
−Dd,e↑,0, the first sideband lies above the superconduct-
ing gap and the zeroth one below the Fermi energy. In this
case electrons are pumped from the normal lead to the su-
perconductor lead via the path N→zeroth→ first→S as
shown in Fig. 1(b) (N, nth, and S denote the normal lead, the
nth sideband of the levele↑, and the superconducting lead),
and a negative contribution toJ↑ is obtained. Therefore, the
curve has a negative maximum within this interval and the
peak is much greater than the former one. Next, we consider
the casev,D [Fig. 2(b)]. In this case the one-PA path(we
call the electron tunneling through the QD withN photons
assisted as then-PA path for short) is forbidden and the
pumped current is induced by multi-PA processes, the peaks
induced by which is smaller than that induced by the one-PA
processes asV/v!1. The positive peak neare↑=−v and the
negative peak neare↑=−s2v−Dd are caused by the two-PA
paths S→−first→ first→N and N→zeroth→second→S,
respectively. Whene↑=0 or e↑→`, the current vanishes,
which verifies the conclusions drawn before.

The solid curves in Fig. 3 showJ↑ versusv at zero tem-
perature. We attribute the peaks of these curves to the PA
processes as discussed above. In the case ofe↑,−D [Fig.
3(a)] the curve has only one wide peak. Whenv. ue↑u, the
one-PA path S→zeroth→ first→N is open, but when
v.D+ ue↑u, the opposite directional path N→zeroth→ first
→S is open. Therefore, a wide peak forms within
−e↑,v,D−e↑. The wide peak is not so high and the peaks
of multi-PA processes are not so apparent compared to those
in Fig. 3(b) due to the large leakage mentioned before. One
may notice that there is an unexpected “dark resonance” at
the right edge of the wide peak nearv=2, which is due to
the correlation between the two levels. For the case of
−D,e↑,0 [Fig. 3(b)] the strongest negative peak appears

near v=D+ ue↑u due to the one-PA path N→zeroth→ first
→S, and a weaker positive peak nearD− ue↑u appears due to
the two-PA path S→−first→ first→N.

The dashed and dotted curves in Figs. 2 and 3 show the
variation ofJ↑ at T=0.2D0=0.35Tc andT=0.55D0=0.96Tc in
the case ofe↑=e↓ (D0 is the superconducting gap at zero
temperature andTc is the crictical temperature of the super-
conductor;Tc=0.57D0, according to the BCS theory). The
corresponding superconducting gaps areD=0.99D0 and D
=0.33D0, respectively, according to the BCS theory.20 It is
interesting to note that the pumped current can not only be
suppressed but also be enhanced in some special intervals by
the temperature increasing. This temperature-induced en-
hancement can be explained as following. When the tem-
perature is nonzero but belowTc, some electrons(quasipar-
ticles) in the normal(superconducting) lead situated below
the Fermi energy are exited to above it and leave some holes
below the Fermi energy, but the quasiparticles in the super-
conductor are less affected by the temperature than the elec-
trons in the normal lead due to the superconducting gap. The
holes below the Fermi energy provide some room to accom-
modate electrons from the other lead. Therefore some new
PA paths are opened, which are closed at zero temperature.
Figures 4(a) and 4(b) demostrate the one-PA paths opened by
the temperature increasing. Meanwhile, the electrons above
the Fermi energy shrink the capacity of accommodating new
electrons from the other lead; then some PA paths are sup-
pressed, which are already allowed at zero temperature. Fig-
ures 4(c) and 4(d) show the one-PA paths weakened by the
temperature increasing. On the other hand, the superconduct-
ing gap shrinks with the temperature increasing when the
temperature is close toTc. Therefore, the peaks of the
pumped current curves are displaced(the position of some
peaks isD dependent) if T<Tc. Whether the pumped current
is enhanced or suppressed induced by the temperature in-
creasing depends on the total effect of these PA paths and the
displacement of the current peak. For example, we consider
the dashed curve in Figs. 2(b) and 3(b), corresponding which
T=0.2D0 and D=0.99D0 (the superconducting gap almost
remains unchanged). The peak of the dashed curve in Fig.
2(b) neare↑=−s2v−Dd is suppressed because of the open of
the one-PA path S→−first→zeroth→N [see Fig. 4(a)]
whose direction is opposite to that of the path N→zeroth
→second→S, which results in the peak atT=0. However,
this new opened path enhances the peak neare↑=−v because

FIG. 2. Variation ofJ↑ with e↑ in the case ofe↑=e↓. The solid,
dashed, and dotted curves correspond toT=0, T=0.4D0, and T
=0.55D0, respectively.D0 is taken to be the unit of energy scale.
Other parameters are(a) v=1.3, V=0.5, andg=0.1 and (b) v
=0.7, V=0.5, andg=0.1.

FIG. 3. Variation ofJ↑ with v in the case ofe↑=e↓. The solid,
dashed, and dotted curves correspond toT=0, T=0.2D0, and T
=0.55D0, respectively.D0 is taken to be the unit of energy scale.
Other parameters are(a) e↑=−1.3, V=0.5, andg=0.1 and(b) e↑
=−0.4,V=0.5, andg=0.1.
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of the coincidence of the directions of it with that of the path
bringing on the peak atT=0. This path also magnifies the
pumped current ine↑,−v. The negative peak nearv=D
+ ue↑u of the dashed curve in Fig. 3(b) decreases because of
the diminishment of the PA path N→zeroth→ first→S [see
Fig. 4(c)]. The positive peak nearv=D− ue↑u is enhanced by
the open of the one-PA path S→ first→zeroth→N [see Fig.
4(a)]. This path also magnifies the pumped current as
v,D− ue↑u. When the temperature increases close toTc, the
superconducting gap shrinks markedly and the shape of the
current curves is changed distinctly. For instance, we con-
sider the dotted line in Fig. 2(b), corresponding whichT
=0.55D0 andD=0.33D0. Assuming the levele↑ moves from
−` to the Fermi level, whene↑ approaches toe↑=−v the
pumped current increases because of the opening of the PA
path S→zeroth→ first→N. When the level moves on and if
it near e↑=−sv−Dd, J↑ decreases because an opposite PA
path N→zeroth→ first→S is open. Whene↑ passes the
lower edge of the superconducting gap, thesS→Nd-oriented

path S→zeroth→ first→N is enhanced due to the large den-
sity of states near the gap edges of the superconductor.
Therefore, a peak neare↑=−D appears. The dotted curve in
Fig. 3(b) has only one positive peak nearv= ue↑u on this
curve because of the one-PA path S→zeroth→ first→N.
The notch on the top of the peak is led by the competition of
this path and some multi-PA path with opposite direction. If
the temperature is more close toTc, all peaks are diminished,
and the pumped current vanishes when the temperature ex-
ceedsTc. The features of curves with nonzero temperature in
Figs. 2(a) and 3(a) can also be explained similarly, but we
skip on to avoid the tediousness.

We have discussed the current curves in the case ofe↑
=e↓ only. The current curves in the casee↑=−e↓ share most
features as those in the casee↑=e↓. They differ quantitively
from each other because of the correlation between the two
levelse↑ ande↓ induced by the superconducting lead. There
are few anomalies of the current curves, for example, the dip
at v<2 of the solid curve in Fig. 3(a), which cannot be
explained if the correlation is ignored. We do not try to do so
for it is not our aim in this paper. In the case of neithere↑
=e↓ nor e↑=−e↓, we haveuJ↑uÞ uJ↑u. Therefore, there are both
charge and spin currents through the QD. One can discuss
the features of the current curves similar to the above.

Typically, the superconducting gap at zero temperature is
of the order of 10−4 eV. In our model the corresponding
pump frequency and ac voltage induced by it are of the order
of 1010 Hz and 10−4 V, respectively, which are reachable ex-
perimentally. The pumped current is of the order of 10−11 A.
The amount of current such as this is experimentally detect-
able.

In summary, we have proposed a device to generate both
charge and spin pump currents, the amount and direction of
which are controlled by a dc gate voltage and a magnetic
field. The temperature increasing enhances the pumped cur-
rent in certain parameter intervals and decreases it in other
parameter intervals.
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