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Based on the exact numerical simulation and physical analysis, we have demonstrated all-angle single-beam
left-handed behavior and superlens for both transverse electric and transverse magnetic modes in a two-
dimensional coated photonic crystal. The imaging behaviors by two-dimensional photonic-crystal-based super-
lens have been investigated systematically. Good-quality images and focusing, with relative refractive index of
−1, have been observed in these systems for both polarized waves. In contrast to the images in near-field region
for the lowest valence band, non-near-field images, explicitly following the well-known wave-beam negative
refraction law, have been demonstrated. The absorption and compensation for the losses by introducing optical
gain in these systems have also been discussed. Thus, extensive applications of such a phenomenon to optical
devices are anticipated.
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I. INTRODUCTION

Recently there has been a great deal of interest in studying
a class of media that has become known as the left-handed
materials(LHMs).1–20 These materials are characterized by
simultaneous negative permittivitye and negative permeabil-
ity m. Properties of such materials were analyzed theoreti-
cally by Veselago over 30 years ago.1 As was shown by Ve-
selago, the LHMs possess some peculiar electromagnetic
properties such as inverse Snell’s law, reversed Doppler shift,
and reversed Cherenkov radiation. It had also been suggested
that a slab of the LHM could be employed as an unconven-
tional flat lens.

Due to the absence of naturally occurring materials hav-
ing both negativee and negativem, Veselago’s prediction did
not receive much attention until recently, when a system con-
sisting of an array of split-ring resonators and metallic wires
was prepared and demonstrated to have negative refractive
index experimentally.3,4 Subsequently, some physical proper-
ties of the LHMs were analyzed by many authors.5–20

Pendry5 predicted that the LHM slab can amplify the evanes-
cent waves and the flat lens constructed from such a material
with e=m=−1 could in principle work as “perfect” lens(su-
perlens). Although the concept of superlens was questioned
by a number of authors,21 more detailed physical consider-
ations had shown that the construction of an “almost perfect”
lens is indeed possible.22–27 Recently, such image behaviors
have been observed by some numerical simulations22–24 and
experimental measurements.24–27 However, only near-field
images were demonstrated and extensive applications of
such a phenomenon were limited.22–27

It was shown that negative refraction could also occur in
photonic crystal(PC).28–39The physical principles that allow
negative refraction in them arise from the dispersion charac-
teristics of wave propagation in a periodic medium, which
can well be described by analyzing the equifrequency surface
(EFS) of the band structures.28–37 In the PC structures, there
are two kinds of cases for negative refraction occurring.31

The first is the left-handed behavior as being described

earlier.29–32 In this case,k, E, andH form a left-handed set
of vectors(i.e., S·k ,0, whereS is the Poynting vectors).
Another case is that the negative refraction can be realized
without employing a negative index or a backward wave
effect.33–37 In this case, the PC is behaving much like a uni-
form right-handed medium(i.e., S·k .0). Recently, Luoet
al.33 have shown that all-angle negative refraction could be
achieved at the lowest band of two-dimensional(2D) PC in
the case ofS·k .0. The advantages of the negative refrac-
tion in the lowest valence band are single-mode and high
transmission. These can help us to design microsuperlens
and realize the focusing of the wave. Very recently, the sub-
wavelength focusing and image by 2D PC slab have been
observed experimentally.34–36 Absolute negative refraction
and imaging of unpolarized electromagnetic wave by 2D PC
slabs have also been obtained.37 However, due to the aniso-
tropy of dispersion in 2D PC, such images only appear in
near-field region.38,39

How to realize a good-quality non-near-field image be-
comes an important issue. The prerequisite condition to real-
ize such a phenomenon is the negative refraction which pos-
sesses the single-mode and high transmission. Although
some works29 have shown that the left-hand behavior and
focusing exist in the 2D PC, the multiple-mode and low
transmission in high frequencies affect the features of
focusing.31,32 It is well known that the electromagnetic(EM)
wave can be decomposed into transverse magnetic(TM)
modes(S wave) and transverse electric(TE) modes(P wave)
for the 2D PC structures.40 However, the investigations29

have shown that air-hole-type 2D PCs possess good left-
handed behavior for TM modes, and a pillar type 2D PC
prefers TE modes. In this paper, we will demonstrate that
coated cylinder PCs with triangular lattice posses double fea-
tures. They have not only good left-handed behavior for the
TM modes, but also for the TE modes. Most interestingly,
the all-angle single-beam left-handed behaviors with relative
refractive index of −1 for both polarized waves have been
found in these systems. Thus, high-quality focusing and im-
aging behavior have been obtained. In contrast to the images
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in the near-field region for the lowest valence band, non-
near-field images, explicitly following the well-known wave-
beam negative refraction law, have been demonstrated. The
absorption and compensation for the losses by introducing
optical gain in these systems have also been discussed.

The rest of this paper is arranged as follows. In Sec. II, we
demonstrate the all-angle single-beam left-handed behaviors
for both TE and TM modes in a two-dimensional coated
photonic crystals. The good-quality non-near-field imaging
behaviors are discussed in Sec. III. In Sec. IV, we analyze the
effect of absorption and gain. The conclusions are given in
Sec. V.

II. LEFT-HANDED BEHAVIOR IN 2D COATED
CYLINDER PC

We consider a 2D triangular lattice of coated cylinders
immersed in an air background with lattice constanta. The
coated cylinders have metallic cores coated with a dielectric
coating. The radii of metallic core and coated cylinder are
0.25a and 0.45a, respectively. The dielectric constants of di-
electric coating are taken as 11.4 for the S wave and 7.0 for
the P wave. For the metallic component, we use the
frequency-dependent dielectric constant,41

e = 1 −
fp
2

fsf + igd
, s1d

where fp andg are the plasma frequency and the absorption
coefficient. Following Ref. 41, for all numerical calculations
carried out in this work, we have chosenfp=3600 THz and
g=340 THz, which corresponds to a conductivity close to
that of Ti. However, our discussion and conclusions given
later can apply to other metal parameters as well. In order to
simplify the problem, we first consider the cases without
absorptionsg=0d. The effect of absorption will be discussed
at the latter part.

For all calculations throughout this paper, we adopt the
multiple-scattering Korringa-Kohn-Rostoker method42 as our
main computational tool, both to calculate the photonic band
structure in the reciprocal space and to perform numerical
simulations for wave propagating in the finite real space. The
multiple-scattering method is not only success in the calcu-
lations of band structure, it is also best suited for a finite
collection of cylinders with a continuous incident wave of
fixed frequency. For circular cylinders, the scattering prop-
erty of the individual cylinder can be obtained analytically,
relating the scattered fields to the incident fields. The total
field, which includes the incident plus the multiple-scattered
field, can then be obtained by solving a linear system of
equations, whose size is proportional to the number of cyl-
inders in the system. Both near-field and far-field radiation
patterns can be obtained straightforwardly. So, such a
method is a very efficient way of handling the scattering
problem of a finite sample containing cylinders of circular
cross sections, and it is capable of reproducing accurately the
experimental transmission data, which should be regarded as
exact numerical simulation. The detailed description of this
method has been given in Ref. 42.

The calculated results of band structure for the S wave
and the P wave are plotted in Figs. 1(a) and 1(b), respec-
tively. We focus on the problems of wave propagation in the
second bands marked by dotted lines in Figs. 1(a) and 1(b).
Owing to the strong scattering effects, it is generally difficult
to describe the propagation behavior of EM wave in the PC
in a simple yet accurate way. However, a lot of theoretical
and experimental practices28–39 have shown that the overall
behavior of the wave propagation within a PC can be well
described by analyzing the EFS of the band structures, be-
cause the gradient vectors of constant-frequency contours in
k space give the group velocities of the photonic modes.
Thus, the propagation direction of energy velocity of EM
wave can be deduced from them. The EFS contours of the
earlier system for the S wave and the P wave at several
relevant frequencies are demonstrated in Figs. 2(a) and 2(b),
respectively.

It is clear from the figures that some EFS contours such as
v=0.42−0.47s2pc/ad for the S wave and the P wave are
very close to a perfect circle, indicating that the crystal can
be regarded as an effective homogeneous medium at these
frequencies. At the same time, we also notice that the fre-
quencies increase inwards for both cases, meaning that
S·k i ,0 and the group velocitiessvgd are opposite to the
phase velocity. Here,S andk i represent the Poynting vector
and wave vector, respectively. These indicate that the trans-
mitting features of the wave in the earlier PC structures are
the left-handed behavior. The conservation of the surface-
parallel wave vector would result in the negative refraction
effect in these cases, which the direction of the refracted
wave inside the PC can also be estimated from the EFS.
Then, we apply Snell’s law in these cases, the negative in-
dexes of refraction can also be obtained. Figures 3(a) and
3(b) show the negative effective indexes as function of fre-
quencies for the S wave and the P wave, respectively. It is
interesting that the cases with relative refractive index of −1
for the S wave atv=0.42s2pc/ad and the P wave atv
=0.43s2pc/ad have been found.

FIG. 1. The calculated photonic band structures of a triangular
lattice of coated cylinder in air for the S wave(a) and P wave(b).
The radii of the dielectric cylinder and inner metallic cylinder are
R=0.45a and r =0.25a, respectively. Herea=3 mm. The dielectric
constants aree=11.4 for the S wave ande=7 for the P wave.
Dotted lines mark the region for negative refraction.
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In order to test the above analysis, we do numerical simu-
lations in the present systems. We take the slab samples
which consist of 13-layer coated cylinders in the air back-
ground with a triangular arrays. The surface normal of the
PC slab is alongGK direction. The parameters of coated
cylinders are the same to the cases in Fig. 1. When a slit
beam with a half width 2a goes through the slab material, it
will be refracted two times by two interfaces of the slab. The
shape of the sample and a snapshot of the refracted process
are shown on the top of Fig. 4. There are different ray traces
for the wave transmitting through the slab sample with vari-
ous effective indexes, when the wave does not incident on
the interface with normal direction. From the ray traces, we
can deduce the effective refraction index of the slab material.

The simulations are based on a highly efficient and accu-
rate multiple-scattering method.42 In our calculations, the
widths of the samples taken are large enough, such as 40a, to
avoid the edge diffraction effects. The calculated results for
the S wave and the P wave are plotted in Figs. 4(a) and 4(b),

respectively. The field energy patterns of incidence and re-
fraction are shown in the figures. The arrows and texts illus-
trate the various beam directions. The geometries of the slab
are also displayed. It can be clearly seen that the energy
fluxes of refraction wave travel following the negative re-
fraction law for both polarized waves. The negative refrac-
tion indexes for the S wave and the P wave obtained from the
exact numerical simulation are marked as dark dots in Figs.
3(a) and 3(b), respectively. Comparing them with the esti-
mated results[solid lines in Figs. 3(a) and 3(b)] from the
EFS we find that the agreements between them are well
around the region of effective refractive index of −1 for both
polarized waves. When the effective refractive indexes devi-
ate largely from −1, some differences can be found. This is
due to the Goos-Hanchen effect, which had been discussed in
Ref. 43.

Varying the angle of inclination of the sample, we have
checked the cases with various incident angles. The calcu-
lated and analytical results of refracted angleu versus inci-
dent angleu0 at v=0.42s2pc/ad for the S wave andv
=0.43s2pc/ad for the P wave are summarized in Fig. 5 by
the circle and triangular dark dots, respectively. Because the
frequencies are below 0.5s2pc/ad, all-angle single-beam
negative refractions have been observed at these frequencies.
More interestingly,u is linearly proportional tou0 in the
whole angle region for both polarized waves. This feature is
close to the ideal LHM system that can serve as a perfect
superlens.5

FIG. 2. Several constant-frequency contours for the S wave(a)
and P wave(b) of the second band of the 2D PCs which are corre-
sponded to the cases in Figs. 1(a) and 1(b), respectively. The num-
bers in the figure mark the frequencies in unit of 2pc/a. ki andvg

represent the wave vector and the group velocity, respectively.

FIG. 3. Effective indexes vs frequencies for the S wave(a) and
P wave(b). The crystals and parameters are identical to those in
Fig. 1. The positions of relative refractive index of −1 are marked
by dotted lines.
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III. IMAGE DEPENDING ON SLAB THICKNESS
AND OBJECT DISTANCE

It is well known that an important application of negative
refraction materials is the microsuperlens.5 Ideally, such a
superlens can focus a point source on one side of the lens
into a real point image on the other side even for the case of
a parallel sided slab of material. It possesses some advan-
tages over conventional lenses. For example, it can break
through the traditional limitation on lens performance and
focus light on to an area smaller than a square wavelength.

In order to model such a superlens, we take a slab sample
with 40a width and 11a thickness. A continuous-wave point
source is placed at a distance 5.5a (half thickness of the
sample) from the left surface of the slab. We first discuss the
case for the point source of the S wave. The frequency of the
incident wave emitting from such a point source is
0.42s2pc/ad, which is corresponded to the case with relative
refractive index of −1. If the wave transmits in such a 2D PC
slab according to the well-known wave-beam refraction law,
one should observe the focusing point in the middle of the
slab and the image at the symmetric position in the opposite
side of the slab, as being depicted by the simple picture on
the top of Fig. 6.

To see whether or not such a phenomenon exists, we em-
ploy the multiple-scattering method42 to calculate the propa-
gation of waves in such a system. A typical field intensity
pattern for the S wave across the above slab sample is plotted
in Fig. 6(b). X andY present vertical and transverse direction
of wave propagating, respectively. The field intensity in the
figure is over 30a330a region around the center of the
sample. The geometry of the PC slab is also displayed for
clarity of view. The high quality image in the opposite side
of the slab and the focusing in the middle of the slab accord-
ing to the wave-beam refraction law are observed clearly. A

FIG. 4. (Color online) Simulation of negative refraction. The
shape of the sample and a snapshot of refraction process are shown
on top of the figure. The intensities of electric field for S wave(a)
and magnetic field for P wave(b) for incidence and refraction are
shown. The 2D PC slabs with 13 layers are marked as dark dots in
figures. The frequencies of incident wave arev=0.42s2pc/ad for
the S wave andv=0.43s2pc/ad for the P wave. The crystals and
parameters in(a) and(b) are corresponded to those in Figs. 1(a) and
1(b), respectively.

FIG. 5. The angles of refractionsud vs angles of incidencesu0d
at v=0.42s2pc/ad for the S wave andv=0.43s2pc/ad for the P
wave. Circle dots are corresponded to the S wave and triangular
dots to the P wave.
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closer look at the data reveals a transverse size(full size at
half maximum) of the image spot as 0.7a (or 0.3l), which is
well below the conventional diffraction limit.

In order to clarify the sample thickness dependence of the
image and focusing, we have also checked a series of slab
samples with various thickness. Similar phenomena have
also been observed. For example, Fig. 6(a) shows the calcu-

lated field energy pattern for a 7a thick sample. A monochro-
matic point source withv=0.42s2pc/ad is placed at a dis-
tance of half thickness of the samples3.5ad from the left
surface of the slab and its image is found again near the
symmetric position in the opposite side of the slab.

To have a more complete vision on the imaging effect of
this type of superlens, we move the light source and see what
happens to the imaging behavior. We first put a point source
near the left surface of the slab. In this case, the refracted
process following wave-beam negative refraction law is
shown on the top of Fig. 7. The calculated intensity distribu-
tion is plotted in Fig. 7. In our simulations, the point source
is placed at a distance of 2.0a from the left surface of the
sample and the image is found near 9a from the right sur-
face. The excellent agreements between the simulations and
the estimated results from the rules of geometric optics are
obvious. The corresponded result that a point source is far
from the left surface is displayed in Fig. 8. In this case, the
point source is placed at a distance of 9.0a from the left
surface of the sample and the image is found near 2a from
the right surface. Comparing the simulations with the snap-
shot of refracted process according to the wave-beam nega-

FIG. 6. (Color online) (a) The intensity distributions of point
source and its image across a 7a 2D PC slab at frequencyv
=0.42s2pc/ad for the S wave.(b) The corresponding case for a slab
with 11a thickness. Schematic picture depicting the lensing of a
source by a PC slab to an image are shown on top of the figure.

FIG. 7. (Color online) The intensity distributions of point source
and its image across a 11a 2D PC slab at frequencyv
=0.42s2pc/ad for the S wave. The point source is placed at 2a
distance from the left surface of the slab. Schematic picture depict-
ing the lensing of a point source by a PC slab to an image are
shown on top of the figure.
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tive refraction law shown on the top of Fig. 8, we again find
the excellent agreements between them.

The earlier results are only for the S wave, in the follow-
ing, we will investigate the case of the P wave. We take the
PC slab samples with 40a width and various thicknesses. A
point source of the P wave is placed at a distance of half
thickness of the sample from the left surface of the slab. The
frequency of the incident wave emitting from such a point
source is 0.43s2pc/ad, which is corresponded to the case
with relative refractive index of −1 for the P wave. The
propagation behaviors of the P waves in such systems are
still calculated by the multiple-scattering method.42 Figures
9(a) and 9(b) show the cases with 7a and 13a thick slab,
respectively. Similar features to Fig. 7 for the S wave are
found. If we move the source position, the effect of source
position on the image for the P wave can also be checked.
The calculated results under two kinds of source position for
the P wave are plotted in Figs. 10(a) and 10(b), respectively.
The cases for the P waves are similar to those of the S waves
in Fig. 8.

These observations indicate clearly that the imaging be-
haviors depend on the slab thickness and the object distance,
explicitly following the well-known wave-beam negative re-
fraction law. Therefore, such PC slabs in some frequencies

can be considered as homogeneous effective medium with
effective refraction index of −1. The high-quality focusing
and images can be realized in these PC systems for both the
S wave and P wave.

IV. EFFECT OF ABSORPTION AND GAIN

The earlier investigations have shown that the PC slab
consisting of coated cylinders is actually considered as a
good superlens for both polarized waves. The common fea-
tures of these coated systems are that they all include metal
components. Therefore, the absorption for these systems is
inevitable. Louet al.38 have pointed that the central image
peak disappear and the image degrade gradually with the
increase of absorption. However, fortunately, the loss can be
overcome by introducing the optical gain in the systems.

FIG. 8. (Color online) The intensity distributions of point source
and its image across a 11a 2D PC slab at frequencyv
=0.42s2pc/ad for the S wave. The point source is placed at 9a
distance from the left surface of the slab. Schematic picture depict-
ing the lensing of a point source by a PC slab to an image are
shown on top of the figure.

FIG. 9. (Color online) (a) The intensity distribution of point
source and its image across a 7a 2D PC slab at frequencyv
=0.43s2pc/ad for the P wave.(b) The corresponding case for a slab
with 11a thickness. The point source is placed at a distance with
half thickness of the sample from the left surface of the slab.
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Recently, Ramakrishna and Pendry19 have suggested a
method to remove the absorption by introducing optical gain
into the lens made from a multilayers stack of thin alternat-
ing layers of silver and dielectric medium. Here, we borrow
their idea and introduce the optical gain in the 2D PC super-
lens.

Figure 11(a) shows the intensity distribution as a function
of transverse coordinatesy/ad for the S wave at the image
plane (5.5a away from the second interface). Curve A is
corresponded to the perfect case without absorption and
curve B to that with absorption, in this caseg is taken as
340 THz. Comparing curve A with curve B, we find that the
central peak of image decrease with the introducing of ab-
sorption, which agrees with the analysis of Ref. 38. This is
also consistent with the numerical studies of left-handed
structures constructed from split-ring resonators in Refs. 7
and 8. The result by introducing gain to remove the absorp-

tion for the corresponding case is plotted in Fig. 11(b).
Curves B in Figs. 11(a) and 11(b) are the same one, and
curve C in Fig. 11(b) is the result with the dielectric constant
e=11.4−0.08i for the dielectric part of coated cylinder. We
do not find any difference between curve A in Fig. 11(a) and
curve C in Fig. 11(b).

Similar phenomenon can also be found for the P wave.
Figures 12(a) and 12(b) show the corresponded case of the P
wave. Figure 12(a) represents the intensity distribution as a
function of transverse coordinatesy/ad for the P wave at the
image plane(5.5a away from the second interface). Compar-
ing curve A without absorption with curve B in the presence
of absorption in Fig. 12(a), we find that the absorption de-
creases the central peak of the image as the case of the S
wave. However, with the introducing of gain such ase
=7.0−0.06i for the dielectric part of coated cylinder, the loss
due to absorption can be compensated completely. Curve C
in Fig. 12(b) represents such a case. In fact, for any cases of
absorption, the losses can always be compensated by intro-
ducing fitted gain for both polarized waves. Thus, the lens
based on the earlier 2D PC can work well even in presence
of absorption.

V. SUMMARY

Through the exact numerical simulation and physical
analysis, we have demonstrated all-angle single-beam left-
handed behavior for both TE and TM modes in the 2D

FIG. 10. (Color online) The intensity distribution of point source
and its image across a 11a 2D PC slab at frequencyv
=0.43s2pc/ad for the P wave.(a) and (b) represent the cases with
different source positions, 2a and 9a distances from the left surface
of the slab, respectively.

FIG. 11. Intensity distribution along the transversesyd direction
at the image plane for the S wave.(a) The case with absorption(B)
and that without absorption(A). (b) The case with absorption(B)
and that with absorption and gain(C). The crystal and parameters
are identical to those in Fig. 6.
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coated photonic crystals. More interestingly, the relative re-
fractive index of −1 for both polarized waves have been
found. Furthermore, the refracted angle is linearly propor-
tional to the incident angle in the whole angle region for both
polarized waves have been demonstrated. These features are
close to the ideal LHM system that can serve as a perfect
superlens. The imaging behaviors by 2D coated photonic-
crystal-based superlens have been investigated systemati-

cally. Good-quality images and focusing, with relative re-
fractive index of −1 and explicitly following the well-known
wave-beam negative refraction law, have been observed in
these systems for both polarized waves.

Our earlier results are in contrast to the previous investi-
gations about the image behaviors for the LHM-based super-
lenses and the PC-based microsuperlenses at the lowest va-
lence band. For these cases, the images only appear in the
near-field region, which does not follow the rules of geomet-
ric optics.22–27,38,39According to Pendry’s analysis,5 the per-
fect image arises from the enhancement of evanescent com-
ponents of incoming waves, and surface plasmons play an
important role in the perfect imaging.5,21 So, the quality of
the image is affected by many factors such as interface fea-
ture, finite-size and cavity resonance.22–27 These will limit
further applications. Here, our superlens based on the coated
PC systems with triangular lattice can overcome these re-
strictions. Thus, extensive applications of such a phenom-
enon to optical devices are anticipated.

In addition, the absorption and compensation for the
losses by introducing optical gain in these systems have also
been discussed. In general, for the PC structures with metal
components, increased absorption in metals prohibits the
scaling of these structures to the optical wavelengths. How-
ever, since the losses by absorption can always be compen-
sated by introducing fitted gain in our coated PC systems,
many negative refraction phenomena that have been ob-
served in the microwave regime can also be found in the
optical wavelengths. These features make the PC slabs con-
sisting of coated cylinders promising for application in a
range of optical devices, such as a superlens for visible light.
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