PHYSICAL REVIEW B 70, 193411(2004

Low-temperature phase diagram of condensegara-hydrogen in two dimensions
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Extensive Path Integral Monte Carlo simulations of condernsad-hydrogen in two dimensions at low
temperature have been carried out. In the zero temperature limit, the system is a crystal at equilibrium, with a
triangular lattice structure. No metastable liquid phase is observed, as the system remains a solid down to the
spinodal density, and breaks down into solid clusters at lower densities. The equilibrium crystal is found to
melt at a temperature close to 7 K.
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A fluid of para-hydrogen(p-H,) molecules has long been of condenseg-H, in two dimensions, based on Path Integral
regarded as a potential superfluid, due to the light mass andonte Carlo(PIMC) simulations. The temperature range ex-
the bosonic character of its constituehts. bulk p-H,, how-  plored is between 1 and 8 K; we extrapolate the results ob-
ever, superfluiditySP) is not observed because, unlike he- tained at low temperatures to obtain fie0 thermodynamic
lium, molecular hydrogen solidifies at a temperature€quation of state. _ _ _
(T~ 14 K) significantly higher than that~4 K) at which In agreement with previous calculations, we find
such phenomena as Bose Condensation and, possibly, Spat the eq“"'b”Hm phase of the system &0 is a
might occur. This is due to the depth of the attractive well ofti@ngular crystal; V‘%\% estimate the equilibrium density
the potential between two hydrogen molecules, significantyf>=0:066 8£0.0005 A" We also estimate thespinodal
greater than that between two helium atoms. Several a_hensny_fas, nan;]ely, the Iot\)/vest denhsrgl %0\?/” tob wh|ch
tempts have been madeto supercool bulk liquig-H,, but e uniform phase can be stretched, before becoming

. ) unstable against density fluctuatiorgat which point it
no observation of SF in the bulk phase piH, has been ) qaus down into individual clustersOur computed value

reported to date. o _of 6 is 0.0585+0.0010 A& Analysis of our numerical

Reduction of dimensionality is regarded as a plausiblgegyits suggests that no metastable liquid phase exists in
avenue to the.s.tablllzatlon of a liquid ph_asepc-)H?_at tem-  this system at lowT; that is, the system remains a solid
peratures sufficiently low that a superfluid transition may bey)| the way down tod, below which it breaks down
observed. This has been the primary motivation underlyingnio solid clusters. We also study the melting of the 2D tri-
the experimental investigation of adsorbed filmspeii; on  angular solid and determine its melting temperature at
different substrates. For example, the phase diagram a%proximately 6.8 K.
structure of monolayep-Hj films adsorbed on graphite have * Ajthough the PIMC method utilized in this work allows
been studied by various technigie$One of the most re-  or the sampling of permutations of particles, which is essen-
markable aspects is that the melting temperaflifeof @ {jg| in order to reproduce in the simulation any effect due to
solid p-H, monolayer can be significantly less than bulk q,antum statistics, permutations are not seen to occur in the
p-H, (Ref. 9. This motivates our interest in the study of the emperature range explored. This is because in the crystal
phase diagram op-H, in two mathematical dimensions, nhase, the only one observed here at Tpypermutations are
WhICh.IS Stl||. relatively ungxplore(la systematic study of the suppressedas in most solidsby the localization ofp-H,
one-dimensional phase diagram at zero temperature has begp|ecules; at higher temperatures, on the other hand, though
recently carried 0_&?)- _ _ _ _the crystal melts and molecules are less localized, they also

Some information has been provided in previous numeripehave more classically, as their thermal wavelength de-
cal work Zb}’S Gordillo and Ceperléy and by Wagner and  ¢reases. Consistently with permutations not being important
Ceperley}>** for example, it is known that, in the low- (e p-H, molecules obeying Boltzmann statistics in the
temperature limit, the equilibrium phase of the system is &emperature range explored hereo evidence of SF can be
triangular solid, with a two-dimensiona(2D) density ggepi8

~ -2 P ' . .
0.~0.067 A% On the other hand, little is known about  our system of interest is modeled as an ensemble of
t_he possible exlstence ofraefcastabldlqmd ph_ase, at densi- p-H, molecules, regarded as point particles and whose
ties below 6. (i.e., at negative pressyrewhich one may oiion is restricted to two physical dimensions. The

be able to investigate experimentally by “stretching” qyantum-mechanical many-body Hamiltonian is the follow-
the equilibrium uniform solid phase. Conceivably, such ajnq-

liquid phase ought to turn superfluid at sufficiently low tem-
perature. - 5
Microscopic calculations for condensg@H, have re- H=- %E Vit E VAri)- (1)
cently focused on realistic models of adsorbed films, both on
graphite!*1% as well as on alkali metal substratés’ Here,  The system is enclosed in a simulation cell shaped as a par-
we present results of a theoretical study of the phase diagraallelogram of area, with periodic boundary conditions in
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0 FIG. 2. Typical many-particle configuration generated by the
PIMC simulation afT=2 K for a system of 144-H, molecules at
FIG. 1. Energy per molecule (in K) vs coveraged (A%,  a densityg=0.067 A2 i.e., near the computed equilibrium density.

computed by PIMC for a 2[p-H, film of 64 moleculegdiamond$.  Periodic boundary conditions are used in both directions. The ar-
Estimates shown are obtained at a temperafwe K, but are in-  rangement of molecules on a triangular lattice is clearly seen. Each
distinguishable, ~ within  statistical uncertainties, from thoseplack “cloud” consists of 320 points, each representing the position
computed at lower temperatures. Dashed line is a polynomiabf a p-H, molecule along its path in imaginary tineee, for in-

fit to the data. Also shown for comparisgaircles are the results  stance, Ref. 22

of the same calculation carried out by Gordillo and Cepérey,
also using PIMC(at T=1 K) but on a system of 30 molecules

or less The two calculations agree insofar as locating the equilib-

rium density; there is a numerical discrepancy between
our calculation and theirs, which can be attributed to the
difficulty of determining quantitatively, on a small-size

system, the contribution to the potential energy associated
with the periodic images of the system outside the simulation
cell. The H intermolecular potential has a long-range

consistency with existing, comparable caIcuIations.attraCtive tail whose overall contribution to the potential en-

However, this potential has also been shown to provide afray is considerably greater than that obtained, for example,

acceptable quantitative description of bulk condenseéOr qondensc_ad helium at equilibrium, in spite of the fact _that
p-H,.2021 the interparticle potentials decay ag4 4t long distances in

both cases. All of our energy estimates are obtained by com-
(ﬂuting the above-mentioned contribution to the potential en-
gray by setting the value of the pair correlation function to
one outside the simulation cell. On comparing results ob-
tained on systems witN=64 andN=144 particles, we esti-
mate the systematic error on the energy values furnished
here, due to the finite size of the system, to be less than
0.15 K per particle whemN=64, and less than 0.03 K per
rticle forN=144.

Figure 2 shows a typical many-particle configuration gen-
erated by the PIMC simulation for a system of 144,
molecules at a density @f=0.067 A2 (i.e., close tod,), at a
temperaturél =2 K. The arrangement of molecules on a tri-
é\_ngular lattice is clearly seen. Each fuzzy “cloud” represents
8 p-H, molecule, the typical size of each cloud being a mea-
sure of quantum delocalization. There is essentially no over-
lap of clouds associated with the different molecules, which
is qualitatively an indication that quantum exchanges are un-
important, and molecules can be regarded as obeying essen-

all directions. The density i9=N/A. In Eq. (1), m is the
p-H, molecular mass and/ is the potential describing
the interaction between two-H, molecules, only depending
on their relative distance. The Silvera-Goldman potetftial
was chosen to model the interactiod, mostly for

The PIMC method is a numericéQuantum Monte Carlo
technique that allows one to obtain accurate estimates
physical averages for quantum many-body systems at finit
temperature. The only input of a PIMC calculation is the
many-body Hamiltoniar{1) (i.e., the potential energy func-
tion V). Because thorough descriptions of PIMC exfst4it
will not be reviewed here. The main technical details of this
calculation are illustrated in Ref. 17.

Most of the results provided in this paper pertain to aP?
system ofN=64 molecules. We also obtained results for a
system of 144 particles at tAe=0 equilibrium densityy, and
near the spinodal densit§. At the beginning of the simula-
tion, molecules are arranged on a triangular lattice. No sig
nificant dependence of the estimates on the size of the sy
tem can be observed for the physical quantities studied her
with the exception of the energgee below.

Figure 1 shows computed values of the energy pét,
molecule (in K) versus the 2D densitycoverage 6, ex-
pressed in A? | for a system ofN=64 molecules. Energy

estimates are found to be nearly independent of temperaturgglg Boltzr:nannl stat|s.t|c|:?. h d h in Fi
below T=3 K. Thus, the results shown in Fig. 1 are essen- sing the polynomial fit to the energy data shown in Fig.

tially ground-state estimates. A polynomial fit of the datal’ we computed the low-temperature chemical poteptia)

yields an equilibrium density 6. (corresponding through

to the minimum of thes(¢) curve) of 0.066 8+0.000 5 A2. de

This result is in agreement with a recent, independent M(0)26(9)+9d—0- 2
Quantum Monte Carlo calculation at zero temperafre.

Also shown in Fig. 1 are the estimates obtained by GordilloThe chemical potential is shown in Fig. &olid line).
and Ceperley: who carried out PIMC calculations at The equilibrium densityé, is identified by the condition
low temperature on a system of 30 molecules or lessu(6.)=€(6.). Asecond density of interest is tspinodal(6;),
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FIG. 5. Energye (K) per p-H, molecule as a function of tem-
FIG. 3. Chemical potentigk(6) (in K) vs densityd (A% com-  peraturg(K), at 6=0.067 A2 Numerical estimates pertain to a sys-
puted based on Eq2) for a 2D p-H, system, using the low- tem of N=144 p-H, molecules. The extrapolatefi=0 value is
temperature energy data shown in Fig. 1. Also shedotted ling  -23.25+0.05 K. The clear change of slope B+6.8 K corre-
is the polynomial fit of thee(6) results of Fig. 1. sponds to the melting of the 2D triangular lattice. Dashed line is a

. . guide to the eye.
corresponding to the conditiaifiu/d#=0. Based on oue(6)

data, we obtairg;=0.058 5+0.001 0 A2, down to 6, and breaks down into solid clusters at
The spinodal density is the lowest density down to whichlower densities. In order to study the melting of the equilib-
the uniform phase can bstretched(at negative pressure rium 2D crystal, we computed the energy per partiel€)
before becoming unstable against density fluctuations. Ags a function of temperature for a systen\of 144 particles.
any density lower thard,, the uniform film breaks down For simplicity, we have kept the density fixed at its
into “puddles.” We can observe this effect directly by exam-T=0 equilibrium value, namely, 0.067°A The results are
ining many-particle configurations generated by a PIMCshown in Fig. 5.
simulation of a system of 14g-H, molecules; an example At low T, &(T) follows the expected- T2 behavior, which
is shown in Fig. 4, for 2Dp-H, at a density of s consistent with phonons being the low-lying excitations of
6=0.056 A i.e., slightly lower thand,. Such visual obser- the 2D quantum crystal. The extrapolafd0 energy value
vations strongly suggest that such puddles are not liquidis —23.25+0.05 K, which is in satisfactory agreement with
rather, the system retains therein its triangular crystal structhe value of -23.4 K recently reported by Cazorla and
ture. Boronat?®> who carried out a&l=0 calculation. We estimate
In their 1997 calculation, Gordillo and Ceperley madeour uncertainty in the determination of the potential energy
the suggestion that a metastable liquid phase may exist & amount to less than 0.03 K per molecule on a system of
densities below=0.059 A%, however, they did not attempt  this size. There is a difference of approximately 0.1 K be-
to locate the spinodal density in their studyAs it turns  tween the above extrapolated energy value and that obtained
out, 6, as obtained in this work, lies precisely in correspon-on a system of 64 particles; the latter being the higher one.
dence of their proposed location of the solid-liquid transition. A sudden change of slope is seen to occuf 6.8 K,
By direct observation of configurations, such as thosewhere the specific hea{T)=de/dT takes on a peak, which
shown in Figs. 2 and 4, as well as by examining the pailcorresponds to the melting of the 2D crystal. This value of
correlation function and the static structure factor, wethe melting temperature is comparable to that found in
have confirmed the conclusion of Ref. 11; namely, that thetydies of p-H, films on alkali metal substratés,

system is a crystal fog> 6s. Because the uniform phase and slightly higher than that of p-H, surface(computed
breaks down belowd,, we further conclude that no meta- by PIMC)!3 and of an adsorbeg-H, monolayef This
stable liquid phase ofp-H, exists in two dimensions in  syggests that melting may occur at a lower temperature in
the T—0 limit. The system remains a solid all the way three dimensions, as zero-point motion of molecules in the
direction perpendicular to the substrate promotes evapora-
tion. In any case, these melting temperatures are still too
high to expect that a superfluid transition pfH, may be
observed.

In conclusion, we have carried out extensive PIMC
studies of 2D condenseg-H,, determining its low-
temperature equation of state and inferring its equilibrium
and spinodal densities, as well as the melting temperature
of the equilibrium system. Consistently with previous
study, we found the system to be a triangular crystal at
equilibrium; this 2D crystal melts at a temperature of
approximately 6.8 K.

FIG. 4. Same as in Fig. 2 but at a density0.056 A2 i.e., We have found no evidence of any metastable liquid
below the spinodal densitg; (see text phase at lowl. The system is found to remain a solid all the
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way down to the spinodal density, below which it breaksRef. 11, namely, stabilizing a liquid at low temperature by
down into solid clusters. This result, perhaps unexpectedneans of an external potential incommensurate with the
raises some doubts about the long-term prospects of obsergrystal structure op-H,.

ing a superfluid phase gi-H, on supercooling the liquid.

Observing novel phases pfH,, including a(superfluid lig- This work was supported in part by the Petroleum Re-
uid, may require achieving a substantial renormalization osearch Fund of the American Chemical Society under re-
the interaction ofo-H, molecules, possibly through their in- search Grant No. 36658-AC5, and by the Natural Science
teraction with the surface electrons of a metal substrate or afind Engineering Research Council of Canada under research
a nanostructure. An alternate route might be that suggested fBrant No. G121210893.
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