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We present a theoretical and experimental study on the low-temperature electron mobilities due to ionized
impurity scattering in a multisubband quasi-two-dimensional semiconductor system. The scattering rate is
obtained from the solution the Lippmann-Schwinger equation in momentum space and the screening is con-
sidered within the random-phase approximation. A quantitative agreement is reached between the theoretical
and experimental results for both the quantum and transport mobilities.

DOI: 10.1103/PhysRevB.70.193312 PACS number(s): 73.63.Hs, 73.61.Ey, 73.50.Dn, 72.20.Dp

The electron mobility in two-dimensional(2D) semicon-
ductor systems has been studied extensively. At low tempera-
tures, the mobility in most 2D systems is dominated by ion-
ized impurity scattering. Surprisingly, the seemingly simple
impurity scattering mechanism is not fully understood yet.
Although the basic physics is clear, there are theoretical de-
tails which are difficult to calculate and problematic to test
against experimental data. A quantitative agreement between
the experimental measured electron mobilities and theoreti-
cal calculations is still lack. In the regime where the ionized
impurity scattering dominates, the electron mobility is sensi-
tive to several factors, such as the Fermi velocity, the overlap
between electrons and impurities, the screening of the elec-
tron gas and intersubband coupling through dielectric matrix,
as well as the wave vector dependence of the screening po-
tential. Other factors also affect the electron transport such as
multiple scattering and weak-localization effects. In highly
doped samples, spatial correlation among the impurities can
also play roles. To confirm the contribution of the different
effects, a quantitative agreement of theoretical calculations
with experiments is of particular importance to examine the
validity of the theoretical model and to understand correctly
the scattering mechanism.

In a previous work, we studied in detail the electron trans-
port mobility and quantum mobility due to impurity scatter-
ing in multisubband quasi-2D systems at low temperatures
and showed that the intersubband coupling plays an essential
role on the screening and transport properties.1,2 The electron
transport and quantum mobilities are determined from the
different scattering times connected to the average time be-
tween the scattering events. The quantum lifetime(or the
single particle relaxation time) is the average elastic scatter-
ing time. On the other hand, in order to obtain the transport
lifetime (or the momentum relaxation time), every scattering
event is averaged over its projection of the outgoing wave
vector on the incident direction. In comparison with the ex-
perimental results, the calculated quantum mobility was in
good agreement with the experimental results in the system
with up to four occupied subbands,3 but the calculated trans-
port mobility was about two times larger than the experimen-
tal results even for the lowest subband. In fact, this differ-

ence has existed since the very earlier work about the
transport properties in 2D systems.4–6 The discrepancy be-
tween calculated transport mobility due to impurity scatter-
ing and the experimental results at low temperatures is usu-
ally attributed to other scattering mechanism such as
interface roughness. However, with improvement of sample
quality of the quantum well structures with almost perfect
interfaces in GaAs/AlGaAs heterostructures, this discrep-
ancy still remains. In the present work, we are interested in
the ionized impurity scattering dominated electron mobili-
ties. We study the Q2D system ofd-doping layers where no
interfaces are present, the low-temperature mobility is purely
determined by ionized impurity scattering. On the other
hand, Zhang and Singh studied the electron transport in
AlGaN/GaN heterostructures. They found that even small
amount of interface roughness has very strong effect on the
2D electron gas properties. Low-lying electronic states are
strongly localized and transport through these states is de-
scribed by phonon-assisted hopping.8

Why is the quantum mobility in quantitative agreement
with the experimental results but the transport mobility is
not? This leads to several speculations. First, does the solu-
tion of the Boltzmann equation within the relaxation time
approximation yield correctly the transport mobility? This
question arises because the quantum mobility is obtained di-
rectly from the scattering rate while the transport mobility is
calculated from the Boltzmann equation within the relaxation
time approximation. A possible factor to reduce the transport
mobility is the weak-localization effect which the Boltzmann
equation is incapable to deal with. However, previous study2

indicated that the weak-localization effect leads to a very
small correction only. Second, is the RPA theory capable to
describe correctly the screening effects in the electron-
impurity scattering events? It is well known that the RPA
screening violates the Friedel sum rule for an interacting
electron gas and yields negative electronic compressibility.7

The reliability of the RPA theory in the impurity scattering
process is still an open question. Third, is the Born approxi-
mation (BA) valid to describe the scattering events? Al-
though the BA is widely used due to its simplicity to calcu-
late the scattering rate, one knows it is not valid in many
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cases. Sahu and Patnaik10 claimed that they examined the
condition of validity of BA in coupled double quantum well
structure and found that it is satisfied in their systems. How-
ever, their calculations neither went beyond the BA nor com-
pared with experimental results. Other factors such as impu-
rity correlations in highly doped systems could also affect
the transport mobility, but they only slightly enhance the
electron mobility.11 Multiple scattering could reduce the
transport mobility,12 but it also reduces the quantum mobility
which was not expected. Considering previous theoretical
studies and experimental results, we believe that the effects
of impurity correlation and multiple scattering are not domi-
nant in the present problem.

In this work, we study both the transport and quantum
mobilities in multisubband Q2D systems. In the calculation,
we obtain the impurity scattering rate from the numerical
solution of the Lippmann-Schwinger(LS) equation. To do
this, we solve the multisubband LS equation in full 2Dk
space within the discrete momentum representation.13 This
allows us to start with the scattering matrix within the BA.
On the other hand, the screening is considered within the
RPA because(i) the screening is basically one-particle prop-
erty, (ii ) more sophisticated screening theory STLS including
exchange and correlation effects yielded almost the same im-
purity scattering rate in 3D systems,9 and (iii ) quantitative
agreement on the quantum mobility strengthens our confi-
dence on the RPA screening potential.

The calculations are applied to thed-doped semiconduc-
tor systems and compared to our experimental results. The
eigenenergy and wave function are obtained by the self-
consistent solution of the coupled Schrödinger and Poisson
equations and the mobilities are calculated for each subband
as a function of the total electron density. Notice that in all
our calculations no fitting or adjustable parameters are used.
Our main result in this work is that we simultaneously obtain
the quantitative agreement between the theoretical and ex-
perimental results for both the quantum and transport mobili-
ties. The long-standing puzzle about the electron transport
mobility in 2D systems may have a simple explanation. Such
a quantitative agreement also confirms the validity of RPA
screening for the impurity scattering problem in 2D electron
transport.

A full application of the LS equation in momentum space
to the problem of electron scattering on an atomic and mo-
lecular target can be found in the literature(see, for example,
Refs. 14–18). The theoretical procedure consists basically
in carrying out the partial-wave expansion of the LS equation
and then numerically solving a set of coupled one-
dimensional LS integral equations in momentum space.
Though this procedure is applicable in the present problem,
it is not recommended once the calculation of the 2D partial-
wave projection of the potential matrix elements requires the
knowledge of the interaction potentialun,n8 in the real 3D
space. However, the LS equation can be numerically solved
using the discrete momentum representation(DMR) pro-
posed by Polaseket al.13 and applied to the calculations of
the e−-H2 (Ref. 13) and e−-CH4 (Ref. 19) elastic scattering
cross sections. In this method, the transition matrix is written
in the full 3D momentum space using numerical quadrature

kkW fuTn,n8uk
W

il = kkW fuun,n8uk
W

il +E d3kW
kkW fuun,n8uk

WlkkWuTn8,nukW il

ki
2 − k2 + ie

.

s1d

Here, we extend the DMR method to multisubband scat-
tering problem in Q2D system. We also notice that for a Q2D
system of symmetrical confinement potential with two occu-
pied subbands, the intersubband scattering potential van-
ishes. In this case, we need to carry out the diagonal transi-
tion matrix elements only in the LS equation so that the
solutions can be obtained in an independent way for each
conduction channeln. For the system with more than two
occupied subbands, the intersubband interaction is finite be-
tween two subbands of the same parity. In this case, we treat
the off-diagonal matrix elements within the BA for simplicity
because the intersubband scattering is not dominant. We ex-

press the LS equation in polar coordinateskW ;sk,ud as

kkW fuTnukW il = kkW fuunukW il +E
0

`

kdk
fnskW f,kW i ;kd
ki

2 − k2 + ie
s2d

with

fnskW f,kW i ;kd =E
0

p

dukkW f,kW iuunuk,ulkk,uuTnukW il, s3d

whereukiu=kFn
=Î2EFn

. In Eq. (2), the first term on the right-
hand side is the first BA matrix element. We solve the above
equation through an integral discretization by an appropri-
ated quadrature set. In the numerical calculations, we first
change the integration intervals0,`d for the radial part to an
interval s−1,1d through the relationx=sk−kid / sk+kid and
this interval is divided as 2N points of a Gauss-Legendre
integration quadrature, while the angular part is equally di-
vided into l points in the 0øuøp interval. This quadrature
application permits us to write the LS equation in matrix
form

T̃n = Ũn + ŨnG̃n
s0dT̃n, s4d

whereGn
s0d is the free particle Green function in the 2D mo-

mentum space.20 The transition matrixT̃ can be obtained
through a matrix inversion operation

T̃n = s1̃ − ŨnG̃0,nd−1Ũn. s5d

The scattering rate is given by GnskFn
,ud

=sm* /p"3duTnskFn
,udu2 from which we can obtain the elec-

tron mobilities.1

Starting from the electron-impurity scattering rates within
the BA, we obtain here the mobilities from the solution of
the LS equation within the DMR in the Sid-doped GaAs
system. Thed-doping layer is 20-Å thick and all the impu-
rities are ionized. The background acceptor density is taken
as 1014 cm−3. In Figs. 1(a) and 1(b) we plot the ratio of the
scattering rates obtained within the DMR and the BA as a
function of the scattering angle for the conduction electrons
in the first and the second subbands, respectively. The calcu-
lated results are presented for different electron densities
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(Fermi energies) in the system. This ratio is larger than 1 as
expected and it increases with increasing the scattering angle
because the BA underestimates the scattering especially for
large-angle scattering.

Figure 2 shows the theoretical and experimental results of
(a) the quantum and(b) transport mobilities of the electrons
in the first and second subbands as a function of total elec-
tron density in the Sid-doped GaAs systems. In general,
both the quantum and the transport mobilities are reduced
with the rigorous treatment of the scattering rate, but the
transport mobility becomes significantly smaller in compari-
son to that within the BA. Quantitatively, the quantum mo-
bility is still in good agreement with the experimental results.
At the same time, the transport mobility becomes very close
to the measured results. For the first subband, they are in
excellent agreement. For the second subband, though they
become close to each other, full quantitative agreement is not
achieved yet. We believe the experimental results for the
second subband could be of a large error because they are
obtained with a two-subband model where there are actually
three occupied subbands forNe.1.6231012 cm−2.

The experimental measurements of the electron mobility
in each subband are not a simple task in a multisubband
system.21 The subband quantum mobility, defined by the
quantum lifetime of the electrons in each subband, is ob-
tained with a relatively good precision by analysis of the
Shubnikov–de Haas oscillations of the longitudinal magne-
toresistance. The error of the measured quantum mobility is
in order of 15% for lower subbands. However, the transport

mobility (which determines the electrical conductivity) of an
individual subband is difficult to be determined from the
magnetoresistance measurement. They are estimated by the
so-called mobility spectrum technique which is considered
the best way one can do. Even though, this method works
reasonably well just for the system of two occupied subbands
with weak intersubband scattering, actually, in most cases,
we can obtain reliable results for the lowest subband only.
Furthermore, the ratio of the transport mobility to the quan-
tum mobility is an interesting parameter. Ford-doping lay-
ers, the experimental value is about 2 to 3 which is in agree-
ment with the present theoretical results. It increases with
increasing electron density.

To understand better the impurity scattering problem, we
calculate the screened impurity potential in real space due to

FIG. 1. The ratio of the scattering rates obtained within the LS
equation and the Born approximation for conduction electrons in(a)
the first and(b) the second subbands for thed-doped systems with
different densities.

FIG. 2. (a) The quantum and(b) the transport mobilities for the
first sn=1d and secondsn=2d subbands in thed-doped system. The
solid and dashed curves are obtained within the LS equation and the
Born approximation, respectively. The experimental mobilities are
indicated by the symbols.
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a multisubband Q2D electron gas.22 We obtain the electron-
impurity interaction potentialunsr ,zd within the RPA for an
electron atrW=srW ,zd in subbandn (the impurity is atrW=0 and
center of thed layer is z=0). Figure 3 shows the bare and
screened potential in real space at thez=0 plane in the
d-doped system. The screening reduces substantially the im-

purity potential which is significant only forr ,aB. There-
fore, the spatial impurity correlation only enhances slightly
the electron mobility.11 The BA is failed for the transport
mobility because the large-angle scattering occurs for short-
distance scattering. We show that the screening theory within
the RPA is good enough for the electron-impurity scattering
in doped Q2D semiconductor systems even with multisub-
band occupation.

In conclusion, we have studied both the electron transport
and quantum mobilities in a consistent fashion in a Q2D
semiconductor system. We have achieved a quantitative
agreement between the theoretical and the experimental re-
sults both for the quantum and the transport mobilities. We
apply the method of the discrete momentum representation
for the Lippmann-Schwinger equation to study the multisub-
band ionized impurity scattering and the electron transport in
Q2D systems. Our results show that is the widely used BA
responsible for previous higher theoretical transport mobility.
On the other hand, our quantitative agreement between the
theory and experiment for both mobilities confirms that the
screening within the RPA for the ionized impurity scattering
describes the multisubband electron transport in Q2D sys-
tems reasonably well.
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FIG. 3. The bare(thin curves) and screened(thick curves) im-
purity potential at thez=0 plane in the real space for electrons in
the first (solid curves) and the second(dashed curves) subbands.
Ne=1012 cm−2, Ry=5.48 meV,aB=99.8 Å, EF1=25.50 meV, and
EF2=4.18 meV. The inset shows the Friedel oscillations.
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