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Nonlinear absorption of terahertz waves by electrons in a semiconductor heterostructure is calculated. We
solve the quantum transport equation for electrons strongly coupled to terahertz photons. The electrical field of
the laser radiation is included exactly, and the electron-impurity interaction is included up to the second order.
It is found that Joule heating of the electronic system due to impurity scattering decreases rapidly due to the
strong electron-photon interaction. Our result is the dynamic equivalence of electron localization in a strong
field. In the limit of weak radiation field, the current is linear in the field strength.
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Electromagnetic radiation in the frequency range of tera-
hertz(THz) plays an important role in probing and studying
the optical and transport properties of low-dimensional semi-
conductor systems. Because of the nearly resonant match
between the photon energy(of order of THz) and all charac-
teristic energies of the electronic system such as Fermi en-
ergy, cyclotron energy, subband energy, etc.(all of order of
meV or a few THz), various resonant phenomena and non-
linear properties in the electronic systems can be investi-
gated. THz lasers have been applied to experimental investi-
gation of nonlinear transport and optical properties in
electron gases such as those in semiconductor quantum wells
and heterostructures.1–8 The discovery of a new magnetore-
sistance oscillation and zero-resistance state in high-mobility
electronic systems9–11 has stimulated new theoretical interest
in the transport properties of electrons under electromagnetic
radiation.12–15 A satisfactory understanding of the observed
dc magnetoresistance oscillation has been achieved.12,14,15

There are three different theoretical methods of calculating
the electrical transport under a radiation. The first is the bal-
ance equation approach12 which calculates the resistivity di-
rectly. The second approach14,15 employs the Green’s func-
tion formalism and Kubo formula to calculate the
conductivity or resistivity. We have developed a quantum
transport equation method16 to study the frequency-
dependent phenomena.

All existing theoretical work deal with the electrical cur-
rent response of a strongly coupled electron-photon system
to a weak ac or dc force. In these works, the terahertz field
sEgd is strongly coupled to the electrons and the coupled
system is responding in a linear fashion to another weak
potential(or probing fieldE). In a recent paper,16 we calcu-
lated the linear response of a coupled electron-photon system
to a weak ac probing field,j sv ,Vd=ssv ,VdE, wherev is
the radiation frequency andV is the probing frequency. It is
found that the resonant absorption of the probing field can be
achieved when the probing frequency is in the vicinity of the
frequency ofEg. In Ref. 16, we used the terahertz fieldEg to
tune the absorption ofE or j sv ,Vd. However, we did not
calculate the direct absorption of the terahertz fieldEg by the

electrons. The absorption ofEg is much stronger than the
absorption ofE. The absorption ofE goes to zero asE goes
to zero. However, in the absence of the probing fieldE, there
is still a strong absorption ofEg. To calculate the absorption
of the THz radiation, electrical current in the absence of any
probing field must be calculated. Such a current cannot be
obtained from the previous theory12–16 because the current
obtained there vanishes when the probing field is removed.
Furthermore, in the limit of zero radiation field, all existing
theories predicted a quadratic dependence of the current on
the radiation field while the experiment11 clearly shows a
linear dependence.

In this paper, we study the nonlinear absorption of an
intense THz electrical field by electrons. We calculate the
electrical current driven directly by the THz radiation field
(i.e., without any probing field) to the second order of the
electron-impurity interaction. It is found that photon absorp-
tion due to impurity scattering decreases very rapidly at high
THz field, indicating a suppression of electron-impurity scat-
tering by intense photon radiation. Our result of the electrical
current is linear in the radiation field asEg approaches zero.

Our model system is a two-dimensional electron gas un-
der an intense laser radiation. We choose the laser field to be
along thex direction, Egstd=E0 cossvtdex, whereE0 and v
are the amplitude and frequency of the laser field. For the
notational convenience, both" and the speed of lightc have
been set to unity. Let us choose the vector potential for the
laser field to be in the form

Ag = sE0/vdsinsvtdex. s1d

The time-dependent Schrödinger equation for a single elec-
tron is given as

i
]

]t
csr ,td = Hcsr ,td =

sp − eAgd2

2m*
csr ,td. s2d

The time-dependent wave function can be written as
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cksr ,td = exps− i2g1vtdexphig0kxf1 − cossvtdgj

3expfig1 sins2vtdgexps− iektdexpsik · r d, s3d

whereg0=seE0d /m* v2 andg1=seE0d2/ s8m* v3d. The effect
of electrical field is included in this wave function exactly.

Electrical current of the system driven by the terahertz
laser due to electron–random-impurity scattering can now be
calculated. The Hamiltonian of the system can be written as

H = H0 + Hee+ HeI, s4d

where H0 is the Hamiltonian of a noninteracting many-
electron system,

H0 =
1

2m* o
p

fp + eAgg2bp
†stdbpstd s5d

where

bkstd = bk exps− i2g1vtdexphig0kxf1 − cossvtdgj

3expfig1 sins2vtdg

andbk
†sbkd is the creation(annihilation) operator for an elec-

tron with momentumk in the absence of THz photon radia-
tion. The termHee is the electron-electron interaction

Hee=
1

2 o
p,p8,q

Vqbp+q
† stdbp8−q

† stdbp8stdbpstd, s6d

whereVq=2pe2/q is the Fourier transform of the electron-
electron interaction in two dimensions.HeI is the interaction
between the electrons and random impurities:

HeI = − o
p,q

Vqbp+q
† stdbpstdo

i

eiq·Ri , s7d

whereRi is the position of theith impurity which is assumed
to be singly charged. Now the total average two-dimensional
(2D) current density of the system is defined as

j =K dH

dAg
L =

e

m* o
p

kfp + eAggbp
†stdbpstdl. s8d

The current given in Eq.(8) is directly driven by the
radiation field; i.e., it is not a linear response to any probing
field. The method developed in Ref. 16 can be used to obtain
nonlinear current for the present system. There are two basic
equations to describe the quantum transport of the system.
The first equation is the equation of motion for the single-
electron density matrixFsp ,p+kd=kbp

†stdbp+kstdl,

i
]

]t
Fsp,p + kd = fep+k − ep + kxg0v sinsvtdgFsp,p + kd

+ o
q

VqFnsq,td − o
i

eiq·RiGfFsp,p + k − qd

− Fsp + q,p + kdg. s9d

Here ep=p2/2m is the kinetic energy of an electron having
momentump and

nsq,td = o
p

Fsp,p + kd. s10d

The second equation describes time-dependent current den-
sity j 1std:

i
dj 1std

dt
=

− e

m* o
q

Vqqns− q,tdo
i

eiq·Ri . s11d

The key difference between this work and Ref. 16 is that
the present work does not seek a linear current response to a
probing field. Instead, we solve the exact current density
driven by the radiation field. The solution of Eqs.(9) and
(11), up to the second order in electron-impurity scattering,
can be written as

j 1svd =
− ne

m* v
o
q

qVq o
mÞ0

s− idm

m
Jmsqxg0deiqxg0

VqQsq,mvd
Dsq,mvd

,

s12d

where

Dsq,mvd = 1 −VqQsq,mvd s13d

is the dielectric function in the random-phase approximation
and

Qsq,vd =E dp

s2pd2

fp+q − fp

ep+q − ep − v
s14d

is the polarizability for free electrons. Here,fp is the Fermi-
Dirac distribution andJmsxd is the Bessel function of the first
kind. The terms with differentm represent various photon
emission and absorption processes.

Here it is necessary to point out that the appearance of the
equilibrium distributionfp in the final result does not mean
that the original nonequilibrium density matrixFsp ,p+kd
=kbp

†stdbp+kstdl has been treated in an equilibrium fashion.
Our theory involves decomposing the nonequilibrium den-
sity matrix into successive density matrices for photon side
bands. Such a density matrix for themth photon sideband is
written in the form of theF0

smdRsmdstd whereF0
smd is the den-

sity matrix in the absence of radiation field.16 Because of the
different time dependences ofRsmd for different photon side-
bands,F0

smdRsmdstd is still a nonequilibrium quantity and has
to be determined by the equation of motion including the
electron-impurity scattering. Such an equation of motion is
then solved to the lowest order in electron-impurity scatter-
ing. In the equation of motion, for thoseF0 terms multiplied
by a term proportional to impurity potential, only a zeroth-
order solution is required. Our choice of a zeroth-order solu-
tion is the Fermi-Dirac distribution function.

For isotropic systems, the electric current is along the
direction of polarization of the laser field. The real part of the
electric current is given as
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Refj 1xsvdg = −
ne

m* v
o
q

qxVq o
mÞ0

Jmsqxg0d
m

3HImF 1

Dsq,mvdGsinsqxg0 − mp/2d

− ReF 1

Dsq,mvdGcossqxg0 − mp/2dJ .

s15d

We now make use of the following facts:(a) The dielec-
tric function is only dependent on the magnitude ofq; (b) the
Bessel functions are symmetric for evenm and antisymmet-
ric for odd m with respect to the argumentqx. Therefore the
integration over the direction ofq will be zero for the second
term in the curly brackets. The real part of the electric cur-
rent is now written as

Refj 1xsvdg = −
ne

m* v
o
q

qxVq o
mÞ0

Jmsqxg0d
m

3ImF 1

Dsq,mvdGsinsqxg0 − mp/2d. s16d

The parameter that controls the electrical field depen-
dence of the current isg0. We consider the two limiting
cases.(i) At small g0 (low field and high frequency), we only
retain the linear and cubic terms inE0. The real part of the
current is given as

Refj 1xsvdg < −
ne2

sm* d2v3o
q

qx
2Vq ImF 1

Dsq,vdGE0

+
ne4

sm* d4v5o
q

qx
4Vq ImF 1

Dsq,vd

−
1

Dsq,2vdGE0
3. s17d

The current is linear inE0 asE0→0. This is in contrast to the
E0

2 dependence predicted by other theories. It is consistent

with the linear dependence found in the experiment.11 Since
the magnetic field is absent in the current calculation, we
cannot make a direct comparison with the experiment. How-
ever, we do not expect that application of a constant mag-
netic field will alter such a linear dependence. It is also im-
portant to note that terms of high order inE0 also represent
high-order multiphoton processes.

(ii ) At large g0, Jmsqxg0d,Î2/pqxg0 cossqxg0−mp /2
+p /4d. Therefore the dissipative part of the electrical current
vanishes in the limit of strong electrical field. This is the
dynamic equivalence of electron localization in a strong
static electric field. When electrons are strongly coupled to
the photons, electron-impurity scattering approaches zero.

We have numerically calculated the real part of the cur-
rent. The parameters used in our calculation are those of
GaAs, m* =0.067m0, and rs=m* e2/e0kF=1.0. All energies
and frequencies are in units ofEF, and all wave numbers are
in units of kF. Here a=kFeE/ sm* v2d is the dimensionless
electron-photon coupling parameter.

Figure 1 shows electric field dependence of the real part
of the electric current divided by the reduced electric field,
r =kFeE/ sm* v0

2d (wherev0=1 THz). In the plot, we multi-
ply Res jd / r by the frequency squared so the valuesR
=v2 Res jd / r at three different frequencies are comparable.
The quantityR is a direct measure of the absorption of THz
photons by the electronic system due to electron-impurity
scattering. At weak electric fields or high frequencies, the
current is almost linear in the electric field. The electron-
photon coupling is inversely proportional tov2. Therefore
the absorption increases as frequency decreases. At fixed fre-
quency, as the laser intensity increases, the current starts to
deviate from the linear dependence and the absorption coef-
ficient j /E starts to decrease with the field intensity. This
behavior is a direct consequence of the electron-impurity
scattering time being affected by electron-photon coupling.
At low field intensity or weak electron-photon coupling, the
scattering time is independent of the electric field. As the
field intensity increases, the electron-photon coupling be-
comes stronger and, as a consequence, the electron-impurity

FIG. 1. Plot ofR=v2 Res jd / r versus the reduced electric fieldr
for several different frequencies: the solid line is forv=1 Thz, the
dotted line is forv=2 Thz, and the dashed line is forv=5 Thz.

FIG. 2. Plot ofR=v2 Res jd / r versus the laser frequency. The
solid line is forr =0.1, the dotted line is forr =0.5, and the dashed
line is for r =1.0.
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scattering becomes less effective. This reduced electron-
impurity scattering is the origin of the reduction of the dis-
sipative current at high fields.

In Fig. 2, we plot the quantityR=v2 Res jd / r versus the
laser frequency. At low frequency, the absorption increases
with frequency due to the increasing phase space for
electron-impurity scattering. The energy loss of the electro-
magnetic waves is weaker but increases more rapidly at
strong field. At high frequency the real part of the current
decreases with frequency due to rapidly decreasing electron-
impurity scattering at the high-frequency region. At high fre-

quency, electron-photon coupling is weak and therefore the
conductivity under the strong field is very close to that under
the weak field.

In conclusion, we have presented a study of the nonlinear
electrical transport in low-dimensional systems under intense
THz laser radiation. Due to the strong electron-photon cou-
pling, the electron-impurity scattering and its effect on the
energy loss of the laser field are significantly reduced.

This work is supported by the Australia Research Council
and the National Natural Science Foundation of China.
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